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Abstract 

The constructions of the virtual Euler (or moduli) cycles and their prop- 
erties are explained and developed systematically in the general abstract 
settings. 
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Introduction 

In many mathematical studies, one encounters the following Moduli Prob- 
lem: E ~^ X is a vector bundle and S : X ^ E is a section, the zero locus 
Z{S) := S^^{0) contains a lot of information of about the triple {X, E, S). 

A classical differential topology fact is: If X is a closed smooth 
manifold of finite dimension and E X is a smooth vector bundle, then 
a generic smooth section S : X ^ E is transversal to the zero section and 
Z{S) is a closed submanifold of X which is a representative cycle of the 
Poincare dual of the Euler class of E. 

For the general moduli problem above it is expected to get some analo- 
gies. A nice historical discussion of work related to this question can be 
found in the introduction of [CMSaj . The goal of this paper is to explain 
and study constructions and properties of (virtual) Euler chains and classes 
of the following four kinds models of moduli problems. 

I. {X, E, S) is a Banach Fredholm bundle of index r and with compact 
zero locus. Namely, X is a separable Banach manifold, ii^ ^ V is a 
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Banach vector bundle and is a Fredholm section of index r and with 
compact zero locus. When the determinant bundle det(S') Z{S) 
is oriented, i.e., it is trivializable and is given a continuous section 
nowhere zero, (X, E, S) is said to be oriented. 

II. (X, S) is a Banach Predholm orbibundle of index r and with 

compact zero locus. Namely, X is a separable Banach orbifold, E ^ X 
is a Banach orbibundle and S" is a Fredholm section of index r and with 
compact zero locus. {X, E, S) is called oriented if the determinant 
bundle det(5') Z{S) is oriented, (cf. §2.1 for precise definition). 

III. Roughly speaking, {X, E, S) consists of a separable PS (partially smooth) 
Banach manifold (Defl2H), a PS Banach bundle E X (DefEU) and 
a PS section S : X ^ E which has a compact zero locus Z{S) and 
whose restriction to each stratum is Fredholm and restrictions to the 
lower strata have less indexes. (See Def l3.5l for precise definition). The 
bundle E is also required to have a class of PS sections A which is rich 
near Z{S) fDef l3.8p and S is /c-good relative to the class A fDef l3.13)) . 
{X, E, S) is said to be oriented if the restriction of the determinant 
bundle det(S') — > Z{S) to the top strata Z{S) fl Xq is oriented. 

IV. {X, E, S) is, roughly speaking, consisting of a PS Banach orbibundle 
E ^ X over a separable PS Banach orbifold X and a PS stratawise 
Fredholm section S : X ^ E with similar properties as in III. 

Clearly, the Model IV includes the first three models as a special case. For 
each model we shall give a detailed discussions since their precise forms can 
be more suitable for different problems and we can get very refined results. 
For Model II and IV we shall adopt the method developed by Liu-Tian in 
[LiuTl] - [LiuT2j . The study of some properties is motivated by [Lu2| - [Lu3] . 
Related works were done by Hofer et al in the language of polyfolds |Ho| , by 
Cieliebak-Mundet i Riera-Salamon for an oriented G-equivariant Fredholm 
section of a Hilbert space bundle over a Hilbert manifold [CMSafl . and by 



McDuff in the language of groupoids [McSj . In |Mc3j , McDuff proposed an 
intrinsic definition of a weighted branched manifold and used it to construct 
the virtual moduli cycle in a finite dimensional setting. She also adapted 
the method of Liu-Tian and expected to carry this construction to certain 
infinite dimensional setting which covers at least Gromov-Witten invariants. 
It will be interesting to compare the construction here to hers. 

Section 1 will explain the constructions of the Euler classes of Banach 
Fredholm bundles though many of them are known. We here present them 
so that to have a good understanding and guide for other complex cases. The 
readers only need to skim over it. For a Banach Fredholm bundle {X, E, S) 
of index r as above, one can give it a small perturbation section a so that 
the section 5 + tr is still a Fredholm one with index r and is transversal to 



^ Here G is a compact oriented Lie group such that the isotropy group of G at each point of 
the zero locus is finite 
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the zero section. Then Z{S + cr) is a compact manifold of dimension r and 
is called a Euler chain of {X, E, S). If Z{S + a) has no part of codimension 
one then it is a cycle in X of dimension r, determines a homology class in 
Hr{X, Z2) (resp. Hr{X, Z) if 5* is orientable), denoted by e{E, S) and called 
a Euler cycle of {X, E, S). In this case its homology is independent of such 
a generic small perturbation section a, called a Euler class of the triple 
{X,E, S). This classical result and properties of Euler classes have a very 
important position in the global analysis, geometry and topology. 

In the second section we shall consider the case of the Model II. That 
is, for Banach Fredholm orbibundles we develop a corresponding construc- 
tion theory with Section 1. However, it is not hard to see that the usual 
arguments for Banach Fredholm bundles cannot be directly applied to the 
Banach Fredholm orbibundle {X, E, S) though one can prove that the zero 
set Z{S) is still an orbifold when S is transversal to the zero section. In 
most cases, S is not transversal to the zero section, moreover, one can- 
not add an arbitrarily small section ct to S* to get a section S + a which 
is transversal to the zero section. For example, let X be a closed smooth 
manifold of finite dimension, and F a finite group which has not only an 
automorphism representation on X but also a linear one on R*"'. Assume 
that 7 acts on X effectively. Denote by X = X/T. Then the natural pro- 
jection p : E = {X X R'^) /r ^ X /r is a.n orbibundle of rank k over orbifold 
X — X/T. A smooth section S of p may be identified with an equivariant 
smooth section S : X ^ X x R'', i.e. S{g ■ x) — g ■ S{x) for any x ^ X and 
g G r. If such a section S : S : X ^ X x M.'^ is not transversal to the zero 
section it follows from Theorem lLSt B) that there exists a sufficiently small 
section a : X ^ X xM.'' such that + (t is transversal to the zero section. 
But we can not guarantee that the section a and thus S* -I- is equivariant. 
So S + a can not descend to a single value section of the orbibundle E ^ X 
in general. So to deal with the Banach Fredholm bundles one needs to de- 
velop new methods. See [FilO] . pT] , |LiuTl| - [LmT3] . [R2] and ^ for 
some previous works. These works concern the important case of Gromov- 
Witten invariants. We are more interested in constructing virtual classes in 
the most general cases. More precisely, for an oriented Banach Fred- 
holm orbibundle {X, E, S) with compact zero locus, if X satisfies 
Assumption [27451 i.e., each x e X*™^ n Z{S) has the singularity of 
codimension at least two, we shall construct its (virtual rational) 
Euler class. These will be completed in Sections 12.3112.81 after we give an 
overall strategy in a special case in Section 12.21 

§3 deals with the case of the Model III. We abstract two essential no- 
tions in Definition 13.101 and Definition 13.121 and use them to develop the 
corresponding theory with §1. 

Finally, in §4 we combine the methods in §2 and §3 to construct the 
virtual Euler chains and classes for the PS Banach Fredholm orbibundles in 
the Model IV, and study their properties. Our settings are motivated by 
constructing the Floer homology and Gromov-Witten invariants on general 
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symplectic manifolds, but more general. We firstly discuss the general con- 
structions, and then divide into two concrete frameworks. One of them. 
Framework I, is designed for the closed string Gromov-Witten invariants, 
under the Assumption 14.71 we construct the virtual Euler chains and classes 
and also get all corresponding results with those in §2. Framework II is 
designed for the Floer homology and the open string Gromov-Witten invari- 
ants, Theorem l4.20l is enough for the Floer homology. In actual applications 
to them the goodness conditions relative to A can be checked by the gluing 
arguments. Our attention is how to complete global constructions under the 
least local assumptions. 

In this paper we shall always assume: our Banach manifolds (resp. 
orbifolds) are separable if we need to use Sard-Smale theorem, and admit 
smooth cut-off functions if we need them (for example, Hilbert manifolds 
(resp. orbifolds) and those Banach manifolds (resp. orbifolds) modelled and 
Sobolev spaces with p an even integer). 

A guide for the reader. The second section is the core of this paper. 
In that section, we explain ideas and methods of overcoming the difficulties 
of orbifolds in our construction in details as much as possible. In particular, 
the reader should be able to get a clear overall strategy for the construction. 
Having a good understanding of Section 2, one can easily understand Section 
4 in which the related constructions are presented in a more general category 
including one for GW-invariants and Floer homologies. 

Acknowledgements. The first author would like to thank the Ab- 
dus Salam International Centre for Theoretical Physics and the Institut des 
Hautes Etudes Scientifiques for their hospitality and financial support where 
much of the work was done. We also warmly thank the referee for chasing 
an uncountable number of mistakes, and suggesting many improvements. 

1 The Euler cycle of Banach Predholm bun- 
dles 

We first construct the Euler class of a Banach Fredholm bundle with compact 
zero locus, and then give two localization formulas and some properties. 
They are useful for us constructing and understanding the virtual Euler 
chain (or class). The basic references of our arguments are [AS], [Bru], §4.3 
in [DoKr] , [LiT] and [R] . We here adopt a way that is closely related to our 
generalization in the following sections though the method appears to be 
more complex. 

1.1 The construction of the Euler cycles 

Let p : E ^ X he a, Banach vector bundle over a Banach manifold X with 
corners, and S : X ^ E he a C^-smooth section with zero locus Z{S) := 
{x eX\ S{x) = 0}. If Z{S) ^ 0, for each x e Z{S) let DS{x) : T^X -> E.^ 
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is the composition of the projection n(a;) : T(j. — > and the differential 
dS{x) : T^X T(^x,o)E. We call DS{x) the vertical differential of S at x. 
Using a connection V on _E ( which in general may not exist on a Banach 
bundle) we can extend DS from Z{S) to M by VS. In the literature one 
often meets the following two definitions of the Fredholm section of index r. 

• For each x G Z{S), DS{x) : T^X is a Fredholm operator of 
index r. 

• In each local trivialization S may be represented by a Fredholm map 
of index r from the base to the fibre, (cf. page 137 in [DoKr].) 

Clearly, the second definition seems to be stronger than the first one, and 
is always well-defined whether Z{S) 7^ or not. Later we say the section 
satisfying the second definition to be strongly Fredholm. It is not hard 
to see that a strongly Fredholm section is stable under a small perturbation 
near a compact subset. The following result shows that these two definitions 
have no essential differences in the most cases. 

Lemma 1.1 Let p : E X be any Banach bundle over a Banach manifold 
X with corners, and S : X E be a Fredholm section. If the zero locus 
Z{S) is nonempty then there exists an open neighborhood U{Z{S)) of Z(S) 
such that the restrictions S\ij(^z{S)) strongly Fredholm. 

Proof. For x G Z{S) let Ox be an open neighborhood of a; in X and 
^■.OxXH ^E\o^, {y,O^MO 

be a local trivialization. Here ^jy : H ^ Ey is the topological linear isomor- 
phism from a Banach space H to Ey. Then o (5*10^) '. Ox ~^ Ox y. H 
may be written as the form ip^^ o {S\o^){y) — {Ut S^{z))yy £ Ox, where 

S^:Ox^H,y^ip-\S{y)) 

is called the local representation of S under the trivialization ■0, or a 
local representation of S near x. For x G Z{S) one easily proves that DS{x) 
is Fredholm if and only if the differential dS^{x) : TxX H is Fredholm 
for some (and thus any) local representative of 5* near x. Since the 
Fredholmness of bounded linear operators between Banach spaces is stable 
under small perturbations we may assume that the differential dS^{y) : 
TyX H is also Fredholm and has the same index as dSji,{x) for each 
y € Ox hy shrinking Ox if necessary. Setting U{Z{s)) — Ux^z(s)Ox it 
is easy to see that the restriction of S to U{Z{S)) is strongly Fredholm. 
Lemma [TTT] is proved. □ 

Assume that p : E ^ X is a. Hilbert vector bundle over a Hilbert man- 
ifold. Since the tangent space of a fibre Ex at any point ^ G Ex may be 
identified with Ex, using the orthogonal projection from T^E to Ex, de- 
noted by P^, we have a "connection" D defined by 

DSix):^Psi.)°dS{x):TxX^Ex. (1.1) 
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It is still called the vertical differential of 5 at a; without occurrence 
of confusions. Here we put the word connection between quotation marks 
because the projection can only depend on ^ continuously if both 
the rank of E and the dimension of X are infinite. So we can only know 
that DS{x) is continuous in x even if S is smooth. However, it is easily 
checked that for any local representative S^, DS{x) and dS^{x) have the 
same linear functional analysis properties. For example, DS{x) is Fredholm 
(resp. onto) if and only if dS^{x) is Fredholm (resp. onto) and have the 
same index. These arc sufficient for our many arguments. 

A Fredholm section S : X ^ E is called orientable if the real (de- 
terminant) line bundle dct(Iud(DS)) is trivial over Z{S), i.e., it admits a 
continuous nowhere zero section on Z{S). Clearly, such a given section de- 
termines an orientation of S. In this case we say the Banach Fredholm 
bundle {X, E, S) to be oriented. 

The following two lemmas are elementary functional analysis exercises. 

Lemma 1.2 Let both A and B he two continuous linear operators from 
Banach spaces Y to Z. Suppose that A is onto. Then there exists a e > 
such that B is also onto as \\A — B\\ < e. 

Lemma 1.3 Let X,Y and Z be Banach spaces, and both A : X ^ Z and 
B :¥ ^ Z be continuous linear operators. Define 

A® B : X xY ^ Z, {x,y) i-^ Ax + By. 

(i) // A is Fredholm and A® B is onto, then the restriction of the natural 
projection X xY ^Y to Ker{A ® B),Il: Ker{A ® B) —>-Y is a Fredholm 

operator with Indcx(n) ~ Index(A); 

(ii) // dim Y < +oo then A(B B is Fredholm if and only if A is Fredholm, 
and in this case Index(^ B) = Index(A) + dimF. 

Proof. We only prove (ii). Since dimY < +oo we have a direct sum 
decomposition Y = Yq (B Yi, where Yq = Kev{B). Then B\yi ■ Yi ^ Z is 
an injection. Set Yio = (i?|yJ~^(Im(A)) and decompose Yi into Yiq ® Fh. 
Then B\Y,{Yii)nlm{A) ^ {0} and Im(AffiB) = Im(A)©B|y, (Yn). This and 
Kei{A) C Kei{A © B) imply that A is Fredholm if A © i? is so. Conversely, 
if A is Fredholm we can decompose X = Xq (B Xi, where Xq = Ker(A). So 

Ker(^ © B) = (Ker(A) x {0}) © ({0} x Ker(B)) 

®{{x,y) eXiX Fio I A\x,x + B\Y,y = 0}. 

Since A\xi : Xi ^ Y is injective and B\y^{Yio) c Im(A) = Im(74|xi) we get 

dimKer(A © B) = dimKer(A) + dimKer(B) + dimFio 

= dimKer(^) + dimKer(B) + dimF - dimFn - dimFo 
= dimKer(^) + dimF - dimFn. 
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Hence dimKer(A©i?) < +00 and thus A(BB is Fredholm (using lm{A®B) = 
Ini(A) © B\yi{Yii) again). To get the final index equahty we decompose 
Z = lm{A © B) e = Im{A) © B|y,(Yii) © Z2. Then Coker(A ® B) ^ Z2 
and Coker(y4) ^ B\yi (^11) © ^2- It follows that 

Ind(yl © -B) = diniKer(yl © B) - dim Coker(^ © B) 
= dim Ker(yl) + dim Y — dim Yii — dim 
= dimKer(^) + dimF - (dim Bly^ (yn) + dimZ2) 
= dimKer(y4) + dimF — dimCoker(A) 
= Index(A) + dimF. 

The desired result is proved. □ 

Let {X, E, S) be a Banach Fredholm bundle of index r and with compact 
zero locus Z{S). By Lemma ll.ll we may assume that the section S : 
X ^ E is strongly Fredholm. For each x e Z{S) we can take a small 
open neighborhood Ox of a; in X and a local trivialization V'*-^-' : Ox x 

Ex — *■ E\o^- Let : Ox — > Ex be the corresponding trivialization 

representative of 5'|o^, i-e., it is defined by ^'■■^\y, ^^cx) (y)) = S{y) Vy £ Ox- 
Then it is a Fredholm map. So there exist nonzero Vxi, ■ ■ ■ ,Vxk G Ex, such 
that 

dS^(^){x){TxX) + span({wia;, • • • ,Vxk}) = Ex- 
By Lemma 11.21 we may shrink Ox and assume that 

dS^i.,iy)iTyX) + spiiii{{vix, ■ ■ ■ ,Vxk}) = Ex, '^y e Ox- (1.2) 

Take a smooth cut-off function (3x ■ Ox ^ [0, 1] such that it is equal to 1 
near x. Denote by 0° :— {y E Ox\ (3x{y) > 0}. (This is where we need 
to require X having smooth cut-off functions.) Then (2) implies that 

dS'^(x) {y){TyX) + span({/?^(y) • vix, ■■■ , Pxiy) ■ Vxk}) = Ex (1.3) 

for any y g O^. For i ~ 1, - ■ ■ ,k, defining axi : X E hy 

I . / Px{y)■1|^^''\y,vx^) iiy^Ox, 
10 ity^Ox, 

they have trivialization representatives Px • Vxi under ^p^^\ and 

supp(cr:ri) C Cl{Ol) cOx, i = l,--- ,k. 

It follows from ((Tl]) that for y € 0° n Z{S), 

DS{y){TyX) + spMWxiiy), - ■ ■ ,<Jxkiy)}) ^ Ex. (1.4) 

Since Z{S) is compact it can be covered by finitely many such open subsets 
Ox,,i = l,--- ^n. Setting 0{Z{S)) = U^^iOx, we easily get: 
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Lemma 1.4 There exist an open neighborhood 0{Z{S)) of Z(S) in X and 
finitely many smooth sections di, (T2, • • ■ , cr„j of the bundle E ^ X such that: 

(i) DS{y){TyX) + s^a.n{{a^{y),--- ,a^^{y)}) ^ Ey for any y e Z{S). 

(ii) supp(cr,) C 0{Z{S)) /or i = 1, 2, • • • , TO. 

Let t = (ii, • • • , im) G . Consider smooth sections 

m 

$ : X X ^ n^i?, (y,t) ^ +^t,fT,(y), (1.5) 

rn 

$t y^5(y)+^t,(7,(y), (1.6) 

i=l 

where Hi is the projection to the first factor of X x M™. Lemma [1.4f iil 
impHes that 

Z{S) X {0} c $-1(0) c 0(^(5")) X R". 

Theorem 1.5 There exist an open neighborhood W C 0{Z{S)) of Z{S) 
and a small e > such that: 

(A) The zero locus of ^ in Cl(W x _Bj(M'")) is compact. Consequently, for 
any given small open neighborhood lA of Z(S) there exists a e G (0, e] 
such that Cl{W) n $^7^(0) C U for any t e Be(M™). In particular, 
each set W fl $^7^(0) is compact for t e _Be(M™) sufficiently small. 

(B) The restriction of ^ to W x B^IJSJ^) is (strongly) Fredholm and also 
transversal to the zero section. So 

u, {{y,t) e w X i?aR'") I <^{y,t) = 0} 

is a smooth manifold of dimension m + Ind(S'), and for t G B^{W^) 
the section ^t\w '■ ^ ~^ E is transversal to the zero section if and only 
if t is a regular value of the (proper) projection 

P,:Ue^B,{W-), {y,t)^t, 

and $jr'^(0) n W = ^^-^(t). (Specially, t — Q is a regular value of P^: 
if S is transversal to the zero section). Then the Sard theorem yields 
a residual subset B^{M.™)res C B^{M.™) such that: 

(B.l) For each t £ Bi;(R"^)res the section $t|w "is a Fredholm section 
of index Ind(S') and the set ($t|w)-nO) « (*t|w)-i(0) x {t} = 
P^^{t) is a compact smooth manifold of dimension Ind(S') and all 
k-boundaries 

9'=($t|w)-'(o) = (d^'X) n ($t|w)-'(o) 

for k — 1,2, ■ ■ ■ . Specially, if Z{S) C Int(X) one can shrink e > 
so that (<i>t|w)-i(0) is a closed manifold for each t G Bs{MJ")res- 
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(B.2) If the Banach Fredholm bundle {X,E,S) is oriented, i.e., the 
determinant bundle det{DS) —>■ Z(S) is given a nowhere vanishing 
continuous section over Z(S), then it determines an orientation 
on Ue. In particular, it induces a natural orientation on every 
($t|w)"HO)/orteB,(R™Ve.. 

(B.3) For any I € N and two different t(i),t(2) g B^{R"')res the 
smooth manifolds (<&t(i) lw)~^(0) and {^t(^)\w)~^{0) cobor- 
dant in the sense that for a generic -path 7 : [0, 1] Bi,{W^) 
with 7(0) = t(i) and 7(1) = t^^) the set 

$-1(7) :=U,e[04]W x (<i>^(t) |w)"'(0) 
is a compact smooth manifold with boundary 

{0} X |w)"'(0) U (-{1} X |w)"'(0)). 

In particular, if Z{S) C lnt[X) and e > is suitably shrunk so 
that ($t|w)-i(0) C Int(X) for any t £ S^(M™) then $"^7) has 
no corners. 

(B.4) The cobordism class of the manifold {^t\w)^^{0) above is in- 
dependent of all related choices. 

When a smooth map f : M ^ N is transversal to a submanifold S C N, 
the hiverse image f^^{S) is either a manifold or an empty set. In this paper 
we always follow the usual convention: not mentioning the second case. 

Proof of Theorem 11.51 The direct computation shows that the vertical 
differential 

D<i>{y,0) : T(,,o)(^ x R™) ^ (nji?)(,,o) = Ey (1.7) 
of <i> at any point (y, 0) £ Z{S) x M™ is given by 

m 

D^y, 0){t,n) = DS{ym+Y.^k ■ <Jk{y) 

fc=i 

for ^ G TyX and u — {ui,U2, ■ ■ ■ ,Um) G R™- By Lemma [1.4r i'). the linear 
continuous operator D^{y,0) is surjective for each (t/,0) £ Z{S) x {0} C 
<I>~"'^(0). Lemma [T3r ii) also implies that D^{y, 0) is a Fredholm operator of 
index Ind(5') + m. From the compactness of the subset Z{S) x {0} C X x M™ 
and Lemma 11.11 it follows that in some open neighborhood of Z{S) x {0} 
the section $ is (strongly) Fredholm and also transversal to the zero section. 
Using the properness of the Fredholm map again we may derive that there 
exist an open neighborhood W C 0{Z{S)) of Z{S) and a small e > such 
that: 

• The restriction of $ to W x B^{W^) is a (strongly) Fredholm section 
of index Ind(S') + m and is also transversal to the zero section. 

• The zero locus of $ in Cl{W x B^{R"^ j) is compact. 
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step 1 . Let us prove that the first claim in Theorem ILSf A) implies oth- 
ers. Suppose that there exist a small neighborhood U of Z{S) in W and a 
sequence of zero points {(y^jt^^^)} of $ in >V x i?e(R"') such that t^*) 
as i ^ oo and y, U ioi i = 1,2, ■ ■ ■ . Since $^i(0) n Cl{W x B,{W^')) 
is compact there exists a subsequence of {yi}, still denoted by {yi}, con- 
verging to some 2/0 e Cl{W). So $(j/o,0) = or ^(yo) = 0. That is, 
2/0 G This implies that yi G for very large i, which leads to a 

contradiction. Next we prove the second claim. Take a neighborhood V of 
Z{S) in W such that Cl{V) C W. By the first claim, after shrinking e > 
we get that Cl{W) n $t~^(0) C V for any t e ^^(K"). For any sequence 
{Uk} C Wn'l>^^(0), as above we can derive from the first claim that {yt} has 
a subsequence {yki} converging to yo £ CZ(V) C W. Specially, <i>(?/o,t) = 0. 
Therefore yo G W fl $^^(0). The desired conclusion is proved. 

We only need to prove (B.2), (B.3) and {B.4) since other claims in The- 
orem ll.Sf B) are clear. (In fact, the claim above Step 1 implies that 
is a smooth manifold of dimension m + Ind(S'). So the projection has 
Fredholm index Ind(S'). Then the first claim in (B.l) follows from the fact 
that the kernel Ker(D$t(a;)) = 'Kex{DP^{x)) has dimension Ind(S') and 
dimCoker(D$t(a;)) = dimCoker(i:)P^(a;)) = for any x e ^(^^(O) n W.) 
The following proofs are in three steps. 

Step 2. In order to prove (B.2) let us consider the homotopy sections 

m 

: W X B,(R™) -> T\IE, {y, t) ^ S{y) +tY,Ua,{y) 

i=l 

for < t < 1. By shrinking e > we can assume that they are all Fredholm 
and thus have the same index as By the construction of above, 

T(j,,t)t/. = Ker(i?$)(2/,t) and Coker(i?$)(2/, t)) = {0}. 

So an orientation of is equivalent to giving a continuous nowhere zero 
section of det(L»$). Note that Z{S) x {0} C (**)^H0) for any t e [0, 1]. We 
have 

det(D$)U(5)x{o} = det(Z?*i)|z(s)x{o} 
= det(DvI/°)|^(S)x{o} 
= (det(i?5)®det(K'"))|2(s)x{o}. 

Let o{S) be the given continuous nowhere zero section of (let{DS)\z(s) ■ Then 
o{S) ® 1 is such an section of (dct(DS') (g) det(IR™))|2(s)x{o} and thus gives 
that of det(D$)U(s)x{o}- 

Since E is local trivial, so is det(D$)|(7^ . It follows that the nowhere zero 
section o{S) ® 1 may be extended into a continuous nowhere zero section of 
det(Z3<I')|;7, . The latter naturally restricts to such a section of det(il'$t) on 
($t|w)"nO) for each t e B,{W^)res- 

Step 3. Now let us to prove (B.3). Let ^'(t^i^t^^)) denote the space of 
aU C'-smooth paths 7 : [0,1] B^{W^) with 7(0) = t^^) and 7(1) = t^^). 
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Consider the section 



jr:Wx [0,1] xV''it^^\t^'^^) ^niE, 

m 

(a;,T,7) S{x) +^Ji{T)ai{x), 

i=l 

where Hi : W x [0,1] x ^'(t^^^t^^)) ^ W is the projection and 7 = 
(71,- •• ,7m) e P'(t(i),t(2)). The (vertical) differential of ^ at any zero 
(a;, r, 7) of it is given by 

DT{x,T,^) : T^X X R X r,^P'(t(i). t'^)) ^ 

(^,e,a) ^ £)$(x,7(r))(^,a(r) +e7(r)). 

For T = and t = 1 it is surjective as a function of ^ alone since the 
sections ^^(-,0,7) = <i>j"'^-'|w and JF(-,t, 7) = (f>j^-'|w arc transversal to the 
zero section. For r G [0, 1] \ {0, 1} we can choose aij) arbitrarily and thus 
derive that this operator is also surjective as a function of ^ and a. Hence 
T is transversal to the zero section. Let P be the projection from J^~^{Q) 
to the third factor. For (x, r, 7) e ^~^(0) we have 

= {(e,e,a) G T^X X R X T^V\t'^^\t^'^^) \ 

£'$(a:,7(T))(C,a(r) +e7(T)) =0}. 

So e, a) e Ker(DP(a;, r, 7)) if and only if a = and 

£)$(a;,7(r))(^,e7(T)) =0. 

Note that = T{x,t,^) = $(x,7(t)). This means that e7(r)) G 

T(x,-,(T)}Ue- It follows that dimKer(DP(a;, t, 7)) Ind(S') + 1. Hence P 
is a Fredholm operator of index Ind(5) + 1. One also easily prove that 
7 G ^'(t^^), t'^^) is a regular value of P if and only if the section 

m 

J'^-.Wx [0, 1] ^ nji;, (a;,r) ^ S{x) + J2li{r)<Ti{x), 

is transversal to the zero section. (This also implies T-^ to be a Fredholm 
section of index Ind(S') + 1.) Hence the Sard-Smale theorem yields a resid- 
ual subset P^^g(t(i),t(2)) c 7''(t(i),t(2)) such that each 7 G P^gg(t(i),t(2)) 

gives a compact cobordsim P~-'^(7) = jF~-'^(0) between (<&t(i) lw)~"'^(0) and 
(^t(2) |w)~^(0)- The second claim easily follows from the second one in (B.l). 
(B.3) is proved. 

Step 4. Finally wc prove (B.4). As above assume that e' > 0, an open 
neighborhood W" of Z{S) and another group of sections of i?, cr'i, - ■ ■ , a!^, 
such that the section 

m' 

* : W X Se'(K™') - nt^;, (y,t') ^ S{y) + ^t^a^y), (1.8) 

i=l 
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is Fredholm and transversal to the zero section and that the set ^E'^., (0) is 
compact for each t' e B^i (M'" ) . Here the section : W — * i5 is given by 
^'t,(y) = ■^{y,t'). Let B^,{W^')res C Be/(R™') be the corresponding resid- 
ual subset such that for each t' G i?£/(M'" )res the section ^I^t' is transversal 
to the zero section and that any two t',s' S i3e'(R™ )res yield cobordant 
manifolds (^-tO'HO) and (^'sO'HO)- 

For < < min{e, e'} let us consider the section 

e : W n W X S^(R'") X B„(M™') X [0, 1] "> UlE, (1.9) 
(2/,t,t',r) S{y) + (1 - r) + r ^ i^fr* (j;). 

Then Z(S') x {0} x {0} x [0, 1] C 9-^(0) and the vertical differential 

De{y, 0, 0, r) : TyX x K™ x M™' x R ^ i;^^ 

is Fredholm and surjective for any (2/,0, 0,t) G ^'(5') x {0} x {0} x [0,1]. 
The standard arguments lead to: 

Claim 1.6 There exist an open neighborhood W* C W fl W of Z{S) and a 
small r] > such that: 

(ii) The set 9-1(0) n Cl(W* x B,,(R") x -B^(R'"') x [0, 1]) is compact. So 
for any given small open neighborhood V of Z{S) there exists a small 
e e (0,77] such that for any point (?/,t,t',r) in @~^{0) fl Cl(W* x 
S,(R™) X B,(R"') X [0, 1]) one has y eV. 

(ii) The restriction of Q to W* x B,,(R"') x B,,{W^') x [0,1] is transver- 
sal to the zero section. So there exists a residual subset (i?^(R™) x 
B^{W^'))res C B^(M™)xB,,(M™') such that for any (t,t') G (B,,(R")x 
i3^(R™ ))res the section 

9(t,t') : W* X [0,l]^ni{E\w^), (y,r)^9(y,t,t',r) 

is Fredholm and transversal to the zero section, and thus 9j^"'^j,j(0) is a 
compact manifold of dimension r+l and with boundary (and corners). 

To finish the final proof we also need the following lemma. 

Lemma 1.7 (LeOj Let X and Y be metric spaces which satisfy the second 
axiom of countability. Suppose that S is a countable intersection of open 
dense subsets in the product space X xY . Consider the space Xs consisting 
of those X €z X such that S D {x} x Y is a countable intersection of open 
dense subsets in {x} x Y . Then Xs is a countable intersection of open dense 
subsets in X . 

Take an open neighborhood V of Z{S) in X so that Cl{V) C W* . By 
Claim 11.61 and Lemma 11.71 we may take 

(t,t') e ((B,(R") X Br,{R"''))res) H {B,{R"')res X B^' (»'"' ),.e.) 
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so small that y e V for any (y, r) £ 0^\/)(O). Note that e(-,t,t',0) = 
$t|w and 6(-,t,t',l) = *(-,t'). The manifold 6^\,)(0) forms a cobordsim 
between ($t|w)"HO) « ($t|w)"HO) x {0} and ^'^-^(O) « ^-^-^(0) x {!}, 
i.e. 5e-,i,,)(0) - ($t|w)-'(0) X {0} U {-^^,\0) x {!}). If {X,E,S) is 
oriented then it is also oriented cobordsim. From this and (B.2) it follows 
that for any t e SJ'^f (M™) and t' e B^f^(R'"') the corresponding manifolds 
($t|w)~^(0) and 4'^^(0) are cobordism. In summary we have shown that 
the cobordant class of the manifold ($t|w) ^^(0) is independent of all related 
choices. Theorem II .51 is proved. □ 

Each (<i>t|w)^HO) is called the Euler chain of {X,E,S). If it has no 
boundary ($t|w)~^(0) is a cycle, called the Euler cycle of {X,E,S). In 
this case the homology class [(<&t|w)~^(0)] in Hr{X,Z2) (resp. Hr{X,Z) if 
{X, E, S) is oriented) is only dependent on {X, E, S), called the Euler class 
of it and denoted by e{E, S). 

Some authors, ex. |R1| . [R2| and [CMSaj . like to view e{E,S) as a 
homomorphism /i(£;.s) from H*{X,'E.) to M by 

M(iJ,5)(a) = («,e(£;,5)) for a e H-{X,R), 

and fi(^E,S)io;) — for other a. Let : i3e(M™) be as in Theo- 

rem [T31;B). Take a Thom form r on with support in B^{W^). Then 

ms)(a)= / (i?:a) A (P;r), 

where is the composition of the projection [/^ ^ W and the inclusion 
W ^ X, and we have used the same notation R*a to denote its closed form 
representative. This sometimes is convenient. 

Remark 1.8 By the arguments in lemma \TM we may require that at least 
one of 171(2;), a2{z),--- ,cr,„(z) be nonzero at each point z G Z{S) even if 
DS{y){TyX) = Ey for some y e Z{S). In this case the linear map 

m 

L,j, : R" Span({CTi(a;), • • • ,a^{x)}), t ^ ^t,cr,(x). 

i=l 

is nonzero for any x G Z{S). So the subspace Ker(ij,) C M™ has at least 
codimension one. Denote by 5'™ the unit sphere in R™. Take a small open 
neighborhood ^(5"" n Ker(L^)) of S'"' n Ker(L:,)) in 5". Then L^{t) ^ 
for any t £ 5" \ ^^(5™ n Ker(i^)). Note that 5" \ UiS"' H Ker(L^)) is a 
compact subset in S"^. By a contradiction arguments one easily shows that 
there exists a small open neighborhood Ox of x in X such that Lz{t) ~ 
J2iLi ti'^i{z) 7^ for any z £ Ox- Let ZL({S"^ fl Ker(ij;)) be the open cone 
spanned by ^(5"" n KeT{Lx)). Then B^(R"')res \ Z-U{S"^ n Ker(L^)) is a 
residual subset in ^^(R'") \ ZW(5'™ n Ker(L^)) and for any t e B^{W^)res \ 
ZU{S"' HKeiiLx)) the manifold (<E>t|w)"^(0) satisfies 

{^t\w)-\o)n{Oxnz{S))^$. 
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So for a given finite subset F C Z{S) one can choose ($t|>v) ^(0) so that 

(*t|w)-no)nF = 0. 

Question. Is tliere t e B^{W)res such that ($t|w)"HO) n Z{S) = or 
(<i>t|w)"HO) n is nowhere dense in (<i>t|w)~^(0)? (Some attempts: 

Using the compactness of Z{S) we can find finitely many subspaces of 
codimension at least one in R™, saying Hi, ■ • ■ , Hr, and a very thin open 
neighborhood Zi(U[^iS"" n Hi) of U^^iS"" n Hi in 5" such that in some 
open neighborhood of Z{S), X^IILi ti'^iiu) for each t e M™ \ {0} with 
t/|t| S W(U[^jS"" ni/i). Since we have assumed X to be a separable Banach 
manifold it possess a countable base. It follows that the compact subspace 
Z{S) has a countable base and thus is also separable.) 

Remark 1.9 Carefully checking the above construction one easily sees that 
for any compact subset A C Z{S) (even if Z{S) is not compact) we can find 
open neighborhoods W(A) C 0(A) of A, smooth sections ai with supports 
in 0{A), i — 1, - ■ ■ ,1, and e > such that: 

(a) The section 

I 

: W(A) X B,(M') ^ niE, {y, t) ^ Siy) + ^ t^y) 

is Fredholm and transversal to the zero section. 

(b) The zero locus ($'^)-i(0) has compact closure in C;(>V(A) x Be(M')) 

and thus ($^)"H0) n (A x {0}) is compact. 

Then there exists a residual subset i3e(E')res C i3e(M') such that for each 
t e i3£(R'),.es the section 

a>^W(A)^i^, yK^ci>^(y,t) 

is transversal to the zero section and each intersection (${^)^^(0) n A is com- 
pact. As before any two different t.t' G i3e(M')res give smooth cobordant 
manifolds ($^)-i(0) and (${^,)"H0) in the sense that there exist generic 
paths 7 : [0, 1] S,(R') with 7(0) = t and 7(1) = t' such that 

(<i>^)-i(7) :=U,,[o,i]Wx(<i>^(,))-i(0) 

is a smooth manifold with boundary {0} x (<i){*^)~i(0) U (-{1} x (<i>^/)~^(0)) 
which is relative compact in [0, 1] x CZ(W(A)). Note also that each inter- 
section An (<I>{^)^^(0) is compact since A is compact. Later each ("I>^)^^(0) 
is also called a local Euler chain of (AT, S) near A. Moreover, for any 
given open neighborhood U (A) of A in X we can shrink e > so that each 
($^)~H0) is contained in C/(A) for any t G ^^(M')- 

Remark 1.10 If Z{S) is not compact we can extend Theorem 11.51 to the 
case that Z{S) is ti-compact, i.e., it is the union of countable compact sets. 
In this case we can similarly define the Euler class of the triple {X, E, S) 
sitting in the homology of the second kind H^ {X,Z2) (resp. H^^{X,Z) if 
the real (determinant) fine bundle det(Ind(DS)) is trivial over Z{Sj). 
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1.2 Localization formula 

In applications we often meet the following model: Let {X, E, S) be a 
Banach Fredholm bundle of index r and with compact zero locus Z{S). 
Assume that it has the Euler class e{E, S) as above. Let P be a manifold 
of finite dimension, and f : X ^ P he a, smooth map. For a € H'^{P, M) let 
a* be a differential form representative of it. If (<&t|w)^^(0) is a Euler cycle 
of {X, E, S) that is a closed manifold as above then 

{ra, e{E, S)) = {a, f,e{E, S)) = / (1.10) 

"'(*t|w)-i(0) 

Proposition 1.11 (T'irst localization formula/ If a has a representa- 
tive form a* such that f*o* has support supp(/*Q;*) contained in a compact 
subset A C Z{S) then for the family {{<^^)-^{Q)\t £ B^(R^)res} in Re- 
mark [ITffI there exists a residual subset _Be(R')*g^ C i?e(M')res such that 

{eiE,S)J*a)= [ f*a* 

-1(0) 

/ortei3,(M0*e.- 

Proof. We always assume that Z{S) is compact in the following proof. 
Assume that the family {($^)-i(0) |t G B^{W)res} is as in Remark [Ol 
Fix a small open neighborhood W(A)o of A in W{A) so that 

W(A)o cc W(A). 

Hereafter we write A CC B to mean that A has closure contained in 
B without special statements. Note that Z{S) \ W{A) is compact. We 
furthermore take finitely many points Xi G Z{S) \ W(A) and their open 
neighborhoods Oi in X , i — k + 1, ■ ■ ■ , n, and smooth sections aj of E with 
supports in 0{A)2 := U"^j._|^jOi, j = I + 1, ■ ■ ■ ,m, satisfying 

Z(S') \ >V(A) c 0(A)2 and C'(A)2 n W(A)o = 0. 

As before one can find an open neighborhood W C W{A) U 0{A)2 and 
e C (0, e] such that: 

(I) The section 

m 

$ : W X B,(M™) ^ niE, {y,s) ^ 5(j/) + ^ s,a,(y) 

is Fredholm and transversal to the zero section. 

(II) The zero set $-i(0) has compact closure in Cl{W x ^^(M'")). 
Then one has a residual subset Bi.{M."^)res C i?e(M™) such that the section 

m 

: W ^ niE, y ^ S{y) + ^ s,a,{y) 

i=l 
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is transversal to the zero section for each s G B^{M.™)res- 

Let n™ denote the projection from onto the former / coordinates. 
By LemmaO nj"(Be(M™)res) is still a residual subset in ^^(R'). So is the 
intersection 

Note that for any s' ~ (si,--- ,si) G i?e(R')*gs we can always choose 
si+i,--- ,Sm in M such that s = (si,-'' i^m) & Bs{R"^)res- For such s 
it is easily checked that '^~^{0) n >V(A)o agrees with ($^,)"^(0) n >V(A)o 
because the sections ai, i = I + 1, ■ ■ ■ ,m have supports outside W(A)o. It 
follows from supp(/*Q;*) C A that 

f*a* = / f*a* 
($A)-i(o) J($A)-i(o)nw(A)o 

„ * 

a 

(*s)-i(0)nW(A)o 



f*a* 

(*b)-M0) 
= (e(i?,5),ra). 

The desired result is proved. □ 

If A is a connected component of Z{S), it is also compact and we can 
require that the above small neighborhood >V(A) of A is disjoint with Z{S) \ 
A. In this situation {(${')-i(0) 1 1 G B,{R^)res} is a family of cobordant 
cycles and thus determines a homology class in Hr{X), denoted by e{E, S)\. 
Let Ai, i = 1, • • ■ ,p, be all connected components of A. Then 

p 

e(i;,5) =^e(£;,5)A.. 

i=l 

The second localization formula is as follows: 

Proposition 1.12 ('Second localization formula/ Let {X,E,S) be an 
oriented Banach Fredholm bundle of index r and with compact zero locus 
Z{S). Suppose that a closed subset Y d X is a Banach submanifold of finite 
positive codimension. Then {Y, E\yt S\y) is still a Banach Fredholm bundle 
with a natural induced orientation and there exist the Euler chains M of 
{X, E, S) and N of {Y, E\y,S\y) such that M n y = N. Moreover, M and 
N can be chosen as closed manifolds if both e{E, S) and e(i?|y , S\y) exist. In 
particular, if P is an oriented smooth manifold of finite dimension, Q G P is 
an oriented closed submanifold and a smooth map f : X ^ P is transversal 
to Q, then for Y f ^^{Q) C X ( a Banach submanifold satisfying the 
above requirements!), when bothe{E,S) and e{E\Y , S\y) exist, it holds that 

IqM -p f,ie{E, S)) = a-Q fMEW, S\y)) 

for any class a G i?,(Q,M) of codimension r. (This should imply that 
f^{e{E\Y,S\Y) = f*ie{E,S)) n PD{Q).) Here Iq : Q ^ P is the inclu- 
sion map, -p (resp. -q) is the intersection product in P (resp. Q). 
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Proof. By Proposition lC.il the restriction of a bounded linear Fredholm 
operator to a closed subspace of finite codimension is also Fredholm. So from 
the fact that Y has finite codimension in X it easily follows that (Y, E\y, S\y) 
is also a Banach Fredholm bundle. As before we can take an open neighbor- 
hood W of Z{S) in X, e > and smooth sections ai : X E, i = 1, ■ ■ ■ , to, 
such that for each t G i3e(M'")res both sections 

m 

m 
i=l 

are transversal to the zero section. Note that Wny is an open neighborhood 
of Z{S\y) = Z{S) n y in y. Then ($t|w)"HO) n F = ($^)-H0) and thus 
M = (<I>t|w)^^(0) and N = (<1>^)"^(0) are the desired Euler chains. 

In particular, suppose that Y — f^^{Q) is as above. Let Og be a differ- 
ential form representative of the Poincare dual a £ H^,{Q,M.) and Rq be a 
retraction from a tubular neighborhood of Q in P onto Q. If Q* is a repre- 
sentative form of the Poincare dual of Q in P whose support is contained in 
the above tubular neighborhood, then a* := RQ{aQ) AQ* is a representative 
form of the Poincare dual of a G H^{Q,R) C i?,(P,M) in P. So 

a -Q /*(e(^|y,S'|y)) = / a*Q 

Jf{N) 

/(A/)nQ 

RQ{f{M)nQ) 

f(M)nQ 

R*Q{a*Q)AQ* 

f(M) 

a* = a-p f^{e{E,S)). 

Here the fifth equality is obtained by jiggling so that it is transversal 
to Q. The desired result is proved. □ 



1.3 Properties 

Our first property is a stability result, which comes from Proposition 14 in 
[Bru]. But we here requires slightly strong assumptions because our proof 
actually give the relations of the corresponding Euler cycles. 

Proposition 1.13 (Stablityj Let {X,E,S) be a Banach Fredholm bundle 
of index r and with the Euler class e{E,S). Assume that there exists a 
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smooth direct sum decomposition of Banach bundles E ~ E' ® E" over a 
neighborhood yV of Z{S). LetPs' andPE" be the fibrewise projections onto 
E' and E" respectively. For the natural sections 

S' ^Pe' o S -.W ^ E'\w and S" ^ P e" o S : W E"\w 

(Z[S) — Z{S') n Z{S") and Z{S) — Z{S'\z(s")) '"'g clear), suppose that 
DS"\z(s) *s surjective, i.e. for any x G Z{S) the vertical differential DS" {x) : 
TxX — > is onto. Then 

(a) for some small open neighborhood lA of Z[S) in X the intersection 

Z{S")* Z{S") C\IA is a smooth manifold; 

(b) D{S'\z{s")) ■ iTZ{S"))\zis) ^ E'\z(s) is a Fredholm bundle map of 

index \Tid{D{S'\z(s")) — Ind(-D>S') and there exists a closed manifold 
representative N of e{E'\z(s")* ^ S'\z(s")* ) and that M ofe{E,S) such 
that M = N . In particular it implies 

e{E, S) = fe(s")0*e(i?'U(5")*,^'U(5")0, 

where {iz{S")*)* is the homomorphism between the homology groups 
induced by the inclusion iz(s")* ■ Z{S")* > X. 

Proof. The conclusion (a) is obvious. For x G Z{S) = Z{S') n Z{S"), 
it is easily checked that the linear Fredholm operator DS{x) : T^X Ex 
may be decomposed into DS{x) = DS'{x) ® DS"{x) : T^X ^ E'^ ® E" . 
So the induced operator DS{x) : T^X E^/E'^ ( as the composition of 
DS{x) and the quotient map E^ E^/E^ ) may be identified with DS"{x) 
since we identify E'^ = E^/E'^. Then we can identify Ker(DS'(a;)) with 
KeT{DS"{x)) = {DS{x))-^{E'x) and the map 

DS{i) : Ker(z55(x)) E'^, v ^ DS{x){v), 

with one 

D{S'\zis"))i^)--TxZ{S")^E'^ 

because the surjectivity of DS"{x) implies that TxZ{S") = Kei{DS"{x)). 
By Proposition lC.3l in Appendix [Cl we get that D{S'\z[s")){x) is a Fredholm 
operator with index lnA{D{S'\z(S")){x)) — lnd{DS{x)). 

Next we prove the second claim in (b). Since Z{S) is compact we may 
take finitely many points xi, - ■ ■ , Xm in Z{S) and their open neighborhoods 
Oj in X which can be required va lA, j = I,-- - ,m such that Z{S) C 
0{Z{S)) U"LiOj and that there exist trivializations : OjXE^j E\oj 
so that for any y G Oj the maps ipjy — ipj{y,-) : Ey —^ Ex preserve the 
splitting Ey ^ E'y® E'^ ^ Ex^ = E'x^ © E'^^, i.e., = E'x^ and 

^3y{E'^) = Let S'^ : O, ^ E'^^ (resp. S'; : O, ^ E':^^) be triviahza- 

tion representatives of S'\oj (resp. S"\oj), i.e., 'ipj{y,Sj{y)) — S'{y) (resp. 
i'jiy,Sjiy)) = S"iy), j = I,-- - ,m. Then := S'^ + S'^ are trivializa- 
tion representatives of S\oj, i.e., il^j{y, Sj{y)) = S{y), j = 1, ■ ■ ■ ,m. Note 
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that DS"\z(s) is surjective. As before we may choose finitely many sections 
fj'i,--- , dl of E' such that their trivialization representatives under , 



satisfy: 



1, • • ■ j = 1, ■ 



(1.12) 



dS,iy)iTyX) + span({al/y), • ■ • , = E^^ 

e Oj, j = I,-- - ,m. 

For t £ R*^ consider the sections 

k 

: 0{Z{S)) ^ E'lo^zis)), X ^ S\x) + ^t.^Kx), 

k 

1=1 

As before it follows from p. lip and p.l2p that exist a small open neighbor- 
hood W C 0{Z{S)) of Z{S) in X and e > such that for the open neigh- 
borhood TV := 0{Z{S)) n W of Z{S) in Z{S")* and each t e B,{R'')res the 
sections 

<i>t\w ■■ W ^ E\w and $; Ia/- : ^ V 
are all transversal to the zero section. Let Rt — ^'tW- Note that 

Pe' o $t = Pe" o $t = 5"' and P^- o $t + Pb" o *t = ^-t- (1.13) 

We claim that for t G B^{R'^)res small enough, 

($t|w)-^(0) = i?r'(0). (1.14) 

Then the desired result follows from it. 

To prove (HIl note that P^- o $t(y) = S'{y) + Y.Zi Ua[{y) = Rtiy) 
for y e Z{S") n W. So Pg/ o $t(y) = for any y G Rt\0). It follows from 
prr^ that for any y £ Rt^{0) C Z{S") n W, $t(y) = and thus 

R^\0) C (<i>t|w)-^(0). 

On the other hand, (|1.13p implies that 

(*t|w)"'(0) C (Fe' o $t|w)"'(0) n {Pe" o s)-\o) 

^{PE'o<ft\wr\o)nz{s"). 

By the definition of Rt we get ($t|w)"HO) C i?t"^(0) and thus (fTM)) . The 
desired result is proved. □ 

In the proof above it is important for us to assume that there exists a 
smooth direct sum decomposition of Banach bundles E = E' (B E" over a 
neighborhood W of Z{S). As a consequence we get the following special 
case of Proposition 2.8 in [Rl]. 
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Corollary 1.14 Let {X,E,S) be as in Provosition \1.13[ Assume: 

(i) dim Coker£'S'(j/) — k on Z{S), Z{S) is a closed smooth manifold of 

dimension r + k and thus CokeiDS forms an obstruction bundle £ 
over Z{S). 

(ii) There exist an open neighborhood W of Z{S) and a decomposition of 
the direct sum of Banach bundles 

E\w ^F^F" 

such that J^'^lz(s) is isomorphic to £ and that the Banach subbundle 
F of corank k restricts to lm{DS) on Z{S), i.e., Fy = lin{DS{y)) for 
any y G Z{S). 

Then there exist closed manifold representatives M of e{E, S) and N of e{£) 
such that M — N n Z{S), and in particular e{E, S) = £■{£) H [2'(S')]. 

Proof. Note first that e{F^\z[s)) — ^i^) because -F'^lz(s) is isomorphic to 
£. Let Pp ■ E\w F and Ppo : E\y\! F'^ be clear bundle projections. 
By the assumption above, the section P^oS'iVV— >Fis transversal to the 
zero section at each point y S Z{S). The desired conclusions follow from 
Proposition [TTTSl □ 

Proposition 1.15 (T'roduct ) For i — 1,2 let {Xi, Ei, Si) be Banach Fred- 
holm bundles of index ri and with compact zero locus Z{Si). Then the 
natural product [Xi x X2,-Bi x E2, Si x S2) is such a bundle of index 
r = ri +r2 and with zero locus Z{Si x 5*2) = Z{Si) x Z{S2) and for i = 1,2 
there exist compact submanifolds Mi of Xi, which are the Euler chains of 
{Xi, Ei, Si), such that the product manifold M = Mi x M2 is a Euler chain 
of {Xi X X2,Ei X E2,Si X 52). // both e{Ei,Si) and e{E2,S2) exist then 
e{Ei X E2, Si X S2) also exist and the compact manifolds M^ can be chosen 
to be without boundary. 

Proof. Let 5 := x Then S{ixi,X2)) = (5'i(a;i), S'2(a;2)) for x = 
{xi,X2) ^ Xi X X2. One easily checks that S is also a Fredholm section and 
^(5) =Ind(5i)+Ind{S2). 

Let open neighborhoods W C 0{Z{S)) of Z{S) in Xi x X2, e > and 
the sections aj = crj^^ x crj^' : Xi x X2 —^ Ei x E2 with supports in 0{Z{S)), 
j = 1, • • • , m, be such that Theorem 11.51 holds for them. Let 

m 

: X, X ^ niE,, X, ^ S^{x^) + ^t,af (x,). 

Then $ = ^[^^ X and Z($) = x Z{¥^^). For i ^ 1,2 let us take 

open neighborhoods Wi of Z{S^) in X^ so that Wi x W2 C W. Note that 
for X = {xi,X2) G Z{^) the vertical differential D^{x) : Tx{Xi x X2) — > 
Eix^ X E2X2 is onto if and only if both D^'-^\xi) : T^^Xi — > Ei^^ and 
D^^'^\x2) : Trc^X2 E2X2 are onto. By Theorem ILSf A). by shrinking 
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e > we can assume that (<I>t|w)"^(0) C Wi x W2 for any t e B^{W^). 
So for each t G Bg{R"^)res the sections $t|w and <i>[*'|w., i — 1,2, are all 
transversal to the zero section. In particular we get 

($t|w)-HO) - ($i''|wJ-'(0) X IwJ-^(O). 

This completes the proof of Proposition 11.151 □ 

Two Banach Fredholm bundles (X, 5'*^*^), i = 0, 1, of index r and 
with compact zero locus are called homotopy if there exists a Banach Fred- 
holm bundle {X x [0, 1], E, S) of index r + 1 and with compact zero locus 
such that — £'|{i}xx and 5*^*' = S\-[ijxx for « = 0, 1. The homotopy 
is called an oriented homotopy if {X x [0, 1],£;, S") and {X, E'''\ S^'^), 
i = 0,1, are also oriented and the orientation of {X x [0, 1],E,S) induces 
those of (X,£;W,S'«), i = 0,1. 

Proposition 1.16 (Homotopyj If two (oriented) Banach Fredholm bun- 
dles (X, i?^*^, S*'*^), i = 0,1, of index r and with compact zero locus are 
(oriented) homotopic, then they have the same Euler class. 

Proof. By the arguments before Theorem 11.51 we may choose points 

(xoi, 0) e Z{S), i 1, • • ■ , Too, 
{xu, 1) e Z{S), i = l, - ■■ ,TOi, 
(y,,i,) e Z{S) n{Xx (0, = 1, . . . ,TO2 

and their open neighborhoods in X x [0,1], Opi, i = I,-- - jTIq, Oii, « = 
1, • • ■ , TOi and Oj, j ~ 1, • • ■ , rn2, and smooth sections spi, i — 1, • • ■ , ?^0J 
Sii, i — 1, - ■ ■ , ni, Sj, j = 1, ■ ■ ■ ,n2 such that: 

(i) ZiS) C (U™\OoO u (ul^l^iOi,) u (uji\o,), 

(ii) z{s^°))cluZ^Oo^n{x x{o}), 
(ii) z(5W)cu^^\0Hn(Xx{i}), 

(ill) each Oj is contained in X x (0, 1), j = 1, ■ • ■ , m2, 

(iv) the support of each sqi (resp. Sii, Sj) is contained in some Oq^ (resp. 
On, 0,), 

(v) span{soi(p),--- , sonoip), sii{p), ■ ■ ■ , si„,(p), si(p), • • • ,s„2(p)} 

+ Im(i:iS'(p)) = Ep for any p G Z(S'), 

(vi) span{soi(a;), • • • , So„„ (a;)} + ImpS^ (x)) - for any x e Z(5(o)), 

(vii) span{sn(a;),-- • , si„,{x)} + lia{DS^'^\x)) = for any x e Z(S'(i)). 

It follows that there exists e > 0, the residual subsets B^{W>)res C Be{W'°), 
C Be{W^), Be(M")res C with n = uq + m + ?i2, and a 

small open neighborhood W of Z{S) in X x [0, 1] such that for any 

t° — {toi, ■ ■ ■ , tono) G B^{R"'")res, 
t"'" = • • • , tim) G B^(R"''^)res, 
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the sections 



no ni ni 

$r : W ^ E\w, p (-^ S{p) + ^roiSoi(p) + ^rikSik{p) + ^rjSj{p), 

1=1 fc=i j=i 

no 
1=1 

fc=i 

are all transversal to the zero section. By Lemma 11.71 we can take r° = 
(r-oi,-- - ,?-0no) e B,(M"«),,,, ri = (rn,--- , ri„ J e Be(R"i).es such that 
r — (r°, r^, ri, • • • , rn^) e i?e(R")res some ri, • ■ • , r„2 £ K- Then for this r 
it is easily checked that 

a(a>r)-i(o) = ($^^^1(0) u (-($«)-i(o)). 

This implies the desired result. □ 

Finally we study the functoriality of the Euler classes of Banach Fredholm 
bundles. We shall give two kinds of results in two propositions. In some 
senses they might be viewed as generalizations of Proposition 11.121 

Let {X, E, S) and {X', E', S") be two oriented Banach Fredholm bundles 
with compact zero loci. A morphism from {X,E,S) to {X' , E' , S') is a 
pair (/, F) with following properties: 

(i) / is a smooth embedding and is a smooth injective bundle homomor- 

phism covering /, i.e. € X the restriction F^ : E^ ^ ^fix) ^ 
continuous linear injective map; 

(ii) 5 o / = F o S" and Z{S') = f{Z{S)); 

(iii) For any x e Z{S) the differential df{x) : T^X Tfi^,^)X' and the 
above restriction Fx induce isomorphisms 

df{x) : Ker{DS{x)) -> Ker(i:>5"(/(a;))) and 
[Fx] : Coker(i:iS'(a;)) Coker(DS"(/(a:))), 

and the resulting isomorphism from det(Z3S') to dct(£'S") is orientation 
preserving. 

By the definition (X, E, S) and {X\ E', S') have the same index. 

Proposition 1.17 Let {X,E,S) and {X' , E' , S') be two oriented Banach 
Fredholm bundles with compact zero loci, and (/, F) be a morphism from 
{X, E, S) to {X', E', S'). Then there exist Euler chains N of {X, E, S), and 
M of {X' , E' , S'), which are also compact manifolds of the same dimension, 
such that f{N) = M r\f{X). Moreover, ife{E, S) and e{E' , S') exist then M 
and N can also be chosen closed manifolds. In particular, {f*a,e{E, S)) = 
{a,e{E',S')) for any a e H*{X',X' \ f{X);R). (Since M and N have the 
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same dimension this means that any connected component of M either is 
disjoint with f{X) or is contained in f{X). All those components contained 
infix) formfiN).) 

Proof. By the definition of the morphism we may assume: X is a Banach 
submanifold of X' , E \s a subbundle of E'\x and S = S'\x- Of course, both 
/ and F are inclusion maps. By (ii) and (iii) it also holds that Z{S') = 
Z{S), and that for any x G Z{S), DS'{x)\t,x = DS{x), Ker{DS{x)) = 
KeT{DS'{x)) and the inclusion ^ E'^ induces an isomorphism 

E,/DS{x){T,X) ^ E'JDS'{x){T,X'), 
V + DS{x){T^X) + DS'{x){T^X'). 

The final claim implies: if e Ex,i = 1, ■ • • ,k such that DS{x){TxX) + 

spanjwi, ■ • • , Vk} = Ex then DS'{x){TxX') + span{wi, ■ • • , Vk} = E'^. So we 
can choose smooth sections of E', <t[, - ■ ■ ,<t!^ with supports near Z{S') such 
that (Ti = (t[\x,- " ) <^m = (^'m\x are smooth sections of E and that 

(I) the sections 

$ : (W n X) X Be(M") ^ HIE, {y, t) ^ S{y) + ^Mv) 

i=l 

m 

: W X B,{W^) ^ UlE', (2/,t) ^ S'{y) + Y.tia[{y) 

i=l 

arc Frcdholm and transversal to the zero section, 

(II) the zero sets $"^(0) and have compact closures in Cl{{W D 
X) X B^{W^)) and Cl{W x BeCM™)) respectively. 

Here e > is very small and W is an open neighborhood of Z{S') in X'. As 
usual there exists a residual subset i3e(IR™)res C B^{M.™) such that for each 
t G Bg{M."^)res one gets compact Ind(S') = Ind(S") dimensional manifolds 
(4>t)"H0) and ($;)-i(0). Clearly, ($t)'HO) C ($[)-i(0). Note that one 
of two connected closed manifolds with the same dimension cannot contain 
another. When e{E,S) and e{E',S') exist, ($t)~^(0) must consist of those 
connected components of ($J.)~^(0) which are contained in X. The desired 
results are proved. □ 

Proposition 1.18 (T'ull-backJ Let {X,E,S) be a Banach Fredholm bun- 
dle of index r and with compact zero locus Z{S). If f :Y X is a proper 
Fredholm map of index d from another Banach manifold Y to X then the 
natural pullback (Y, f*E, f*S) is also a Banach Fredholm bundle with com- 
pact zero locus Z(f*S). Moreover, its index equals to r -\- d and there exists 
a Euler chain M (resp. N) of {X,E,S) (resp. {Y,f*E,f*S)) such that 
f-^{M) = N. If both Euler classes e{E,S) and e{f*E,f*S) exist then M 
and N can be chosen as closed manifolds. 
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If (i = and X is connected the final claim implies 

fMrEJ*S))^deg{f)e{E,S) 

and thus {f*a,e{f*E,f*S)) = degif){a, e{E, S)) for any a e H*{X,R). 
Here deg(/) is understand as follows: If we do not consider the orientation 
of iX,E,S) and thus e{E,S) G HriX]Z2) and e{f*EJ*S) e HriY;Z2) 
then deg(/) denotes the topological degree of / mod-2; If {X, E, S) is ori- 
ented and one considers the oriented Euler classes e{E,S) G Hr{X;Z) and 
e{f*E,f*S) G Hr{Y;Z) then the notion of some kind "orientation" of / 
shall be needed to define the Z-value topological degree deg(/) of /. They 
shall be studied in the future. 

Proof of Proposition [TUH Note that Z{f*S) = f-'^{Z{S)) is compact 
because Z{S) is compact and / is proper. Moreover, for G O C X and 
a trivialization ijj : O x E^q — E\o one has, for a given j/o £ f^^i^o), a 
natural induced trivialization 

If S'^ : O — > Exg the representation of 5|o under the trivialization then 
f*S has, under f*'ip^ the corresponding trivialization representation 

irS)f,^ : /-i(0) ^ (ri?),„, y ^ S^ifiy)). (1.15) 

It follows that as the composition of Fredholm maps {f*S)f*^ is Fredholm 
and Ind((/*S') /-v-) = Ind(/) + Ind(S'^) = d + r. That is, {Y, f*E, f*S) is a 
Banach Fredholm bundle of index r + d. By (|1.15p . 

d{rS)f,^{y) = dS^ifiy)) o df{y) Vy G r\0). 

So if there exist finite elements Vi G Ef(^y^^ = E^^, i ^ 1, ■ ■ ■ , m, such that 

Im(d(/*5)/.^(?/)) + span{ui, • • ■ ,Vm} = E^o^ 

then it easily follows that 

lui{dS^{f{y)) + spanjwi, • • • , Vm} = E^^ 

because lm{d{f*S)f*^{y)) C lm{dS^,{f{y)). 

Let points G Z{S) and their i?-trivialized open neighborhoods Oi in X, 
i = 1, ■ ■ ■ ,n, and smooth sections of E with support in 0(^(5))) :— U^^iOi, 
(Ti, i = 1, • • • , m, be such that 

Im((iS'^,(a;)) + span{(Tii(a;), • • ■ , arni{x)} ^ E^^ e O^, (1-16) 

where S^^,,aji : Oi —>■ E\oi are representations of 5, CTj under the trivi- 
alizations ipi : Oi x E^^ E\oi, i = I,''' and j — 1, • • • , m. Taking 
G f~^{xi), i = 1, • • • ,n then we have 

lm{d{rS)f,^Ay)) + span{(rai),(y), • • • , (/V„)0(2/)} 

= {rE)y, Vy G 
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Here (/*5')/.^^. , (/Vj), : / ^(Oj) (/*£')|/-i(o,) are representations 
of f*S, f*aj under the above puUback trivializations f*ipi : f~^{Oi) x 
{f*E)y. — + (/*_E)|^-i(Q.-), i — ,n and j = I,-- - ,m. Consider the 

sections 

m 

$ : X X i?aK'") (a;,t) ^ ^(y) + ^ 

m 

/*$ : y X i3,(M™) ^ /*£;, (y,t) ^ /*5(y) + ^ i.(/VO(y). 

i=l 

Then it follows from p:TB|) and PTT)) that for any x G and y G 
the maps 

D^{x, 0) : X R" and 
D{r<i>){y,0) -.TyY xW- ^ {rE)y 

are onto. Thus there exist an open neighborhood W of Z{S) in X, that 
W* C /^HW) of ^(/*'5') in y, e > 0, and a residual subset B^{R"')res C 
Se(M") such that for each t e Be(K™)res the restriction of $t to W and 
that of (/*$)t = /*(*&t) to yy* are transversal to the zero section. So the 
sets ($t|w)~^(0) and ((/*$)t|w)~^(0) are respectively closed manifolds of 
dimensions r and r + d for small t G i?e(M™)res- Clearly, 

((r<f)tiwO"'(o)cri(($tiw)-^(o)). 

Moreover, since / is proper it is easily proved that for any open neighbor- 
hood U of Z{f*S) in Y there exists an open neighborhood V of Z{S) in 
X such that /"H"^^) ^ ^- It follows from this and Theorem [LST A) that 
/"H(*t|w)"HO)) C W* for t G B,{W'%es small enough. For such a t, one 
easily checks that /-H(*t|w)"HO)) C ((/*$)t|w*)"^(0). So we get 

ri(<i>,-i(0)) = (r$),-i(0) (1.18) 

for t G B,(R"')res small enough. Clearly, if both e{E,S) and e{f*EJ*S) 
exist then ($t|w)"^(0) and ((/*$)t|w)^HO) ^re closed manifolds for t G 
Be(R'")„5 sufficiently small. Note that e{f*EJ*S) = [((/*$)tlw* (0)] and 
e(£',5') = [/"H('J't|w)~^(0))]. The desired results are proved. □ 
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2 The virtual Euler cycles of Banach Fred- 
holm orbibundles 



As stated in Introduction the purpose of this section is to give a way in 
which we can construct an analogue of the Euler cycle in §1, called virtual 
Euler cycle, for the Banach Fredholm orbibundles. 

2.1 Banach orbifolds and orbibundles 

Orbifolds were first defined and studied by Satake in [Satl] and [Sat2] (he 
used the term "V- manifold" , the term "orbifold" is due to Thurston |Thu| ) . 
Before introducing our definition of a Banach orbifold we recall a basic result 
due to Newman in the theory of compact transformation groups. If a finite 
group r acts effectively on a connected manifold N of finite dimension, then 
Newman theorem jDr[ Theorem 1] claims that the set of points with trivial 
isotropy group is open and everywhere dense. (Here the effective action 
means that the intersection of all isotropy groups, CIx^n^x, only consists of 
the unit clement 1.) It follows that for any x ^ N the restriction action of the 
isotropy group to a rj.-invariant connected open neighborhood of x is also 
effective. However, when N is of infinite dimension, Newman theorem fails, 
for such a fact we can neither know how to prove it nor find a place where 
this fact is proved. Thus a notion of an induced chart cannot be defined 
in the effective category. This essential difference between finite dimension 
and infinite dimension shows that the effectness condition is weaker in the 
infinitely dimensional case and will not be able to be used to complete some 
important arguments as in the case of finite dimension if we completely 
imitate the definition of orbifolds of finite dimension to define orbifolds of 
infinite dimension. Our strategies are to drop the effectness condition in 
a definition of Banach orbifold charts of infinite dimension and then add 
stronger conditions when necessary. 

Definition 2.1 Let X be a paracompact Hausdorff topological space. A 
Banach (or B-) orbifold chart on X is a triple ([/, r^/, tt^/), where U 
(resp. U) is a connected open subset of X (resp. a Banach manifold), Tu 
is a finite group which acts on U by C°°-automorphisms of U, and ttu is 
a continuous surjective map from U to U such that for any x £ U and 
g e Ft/, TTu{gx) — Tru{x), and that the induced map U /Tu — * [/ is a 
homeomorphisni. (One often call [/ as a local cover, Vu as a local group, 
U the support of the chart, and ttjj as a local covering map). 

Note that ttu is always proper by Proposition 1.7 on the page 102 of 
[B] . In fact, a map from a Hausdorff space into another Hausdorff space 
is proper if it is closed and the pre-image of every point is also compact. 
For any x € U and x G {tt(j)~^{x) let Tij{x) be the isotropy group of 
Tu at X, i.e., Tij{x) = {g G Fy \ g ■ x = x}. Clearly, if y G {''^u)~^ix) is 
another element, then there exists g € Tu such that gy = x. It follows that 
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Tij{x) — > Tij{y), g ^hg, is a group isomorphism. If 

Tuix) = Ker{Tu, U) -.^ {g CzVu \ gx = x^x C U}, 

X is called a regular point, otherwise it is called a singular point. Denote 
U° (resp. [/"'"s) by the set of all regular (resp. singular) points of U. We 
also denote Tjjx by the orbit of x, i.e., Tjjx — {g{x) \ g £ Ff/}. 

The following lemmas come from Lemmas 1.1, 1.2 in [LuWj . For conve- 
nience we also write its proof. 

Lemma 2.2 Let {U,Tu,ttu) be a Banach orbifold chart as above. Then for 
any x E U and x G {Tru)~^{x), there exists a connected open neighborhood 
0(x) C U of X such that 

(i) 0{x) is Tu{x)- invariant, and 0(x) — > 0(5), y ^ g ■ y is a homeomor- 

phism for any g G Tu{x); 

(ii) h{6{x)) n d{x) = for any heTu\ Tuix); 

(iii) {d{x),ru{x),TT^ = TTjylQ^j^) and {gd{i),ru{gx),nfj'' = TTu\gd{x)) f^'^ 
any g S Tu are Banach orbifold charts on X; Moreover, h{gO{x)) n 
gO{x) = for any h G Tu \ Tu(gx). 

The Banach orbifold chart {0{x),Tu{x),TT'fj = t^u\o{s:)) Lemma [2.21 
is called an induced chart of (U ,Tu ,ttu) at x (or x). It follows from 
Lemma[^2]that the connected component of 7r^^(0(a;)) containing x is 0{x) 
because 7r^"'^(0(x)) is equal to the union of 0{x) and ^g£ru\T-u{i)9 ' 0{x). 

Proof of Lemma 12.21 If Tu{x) = Tu, we can take 0{x) — U . So we may 
assume Tu(x) ^ Tu- For any h g Tu \ Tu{x), h{x) ^ i, we can always 
find an open neighborhood Vh of x such that h{Vh) n 14 = 0. Then Vi := 
rihi£ru\ru(x)Vh is also an open neighborhood off and satisfies /i(Vi)nVi — 
for any h G F[/\F[/(i). Since g{x) — x for any g G Tu{x), there must exist an 
open neighborhood Vg of x such that g{Vg) C Vi. Set V2 := C\g(zTu{x)Vg, we 
have g{V2) C Vi for any g G Tu{x). Take a connected open neighborhood 
V oi X such that V C Vi n V2. Then 6{x) := Ugg rt7(£)3(^) is also a 
connected open neighborhood of x and satisfies (i) obviously. To see that it 
also satisfies (ii), note that for any h G Tu \ Tu{x), 

h{d{£))nd{i) =( U M^^))n( U 9'{v)) 

= U U ih9{V)ng'{V)). 

Since kg eTu\ Tu{x), V C Vi implies hg(V) nVi =9, and V C V2 implies 
g'iV) C Vi. Hence hg{V) n g'{V) = 0, and thus /i(0(i)) n 0(i) = 0. 

For (iii), it is clear that 0{x) = Tru{0{x)) is an open subset in U (and so 
in X) since ttu is an open map. Next, for any g G Tu{x) and y G 0{x), we 
have Xy := g~^{y) G 0{x) and (7(xy) ~ y because g~^ G Tu{x). It implies 
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9\d{x) • ^(^) — ^(^) ^ surjective map and thus a homeomorphism. 
Finally: we show that : 0{x) 0{x) induces the following homeomor- 
phism 

^ : d{S:)/Tu{S;) ^ 0(x), [y]r„(s) ^ T^uiv) ^ T^uiv)- 

where y S 0(i), [y]r[/(s) •= r(7(i)y. In fact, it suffices to prove that Tr^j 
is injective and open. Assume 7i^( [yi]r(j(5)) = 't^ {[y2]Tv(x)) for y\, m e 
0{x). Then 7ry-(yi) = 7r[/(yi) = 77(7(2/2) = 7i'y(2/2), and thus there exists 
a 50 € such that yi = go{y2)- Note that h{0{x)) n 0(i) = for any 
/i G \ rj/(i). We get Qq G Tc/^i) and [yi]Tu(x) = [v^^Tuix)- 

Let A be the open subset of 0{x)/Tu{x) and q'y^ : 0{x) — > 0(i)/r[/(a;) 
be the quotient map. Then {qfj)~^{A) is open in 0{x) (and so in U). Since 
TT^/ : ?7 ^ ?7 is an open map, ^{/{{qfj)^^ {A)) is an open subset of U . Note 
that T,u{{qh)-\A)) = 7r^((g^)-i(A)) cO(x). We get that 7r^(((z^)-i(A)) 
is an open subset of 0{x). Moreover, 77^(^4) = ■Kfj{{qfj)~^{A)). It follows 
that T^fj is open. 

For any g G Fjy, (gO(x), F[/(5x), tt^^ = 7rt/|^Q^j^) is also a Banach orb- 
ifold chart on X since Fi7(g2:) = {ghg~^ \ h G F!7(a;)}. □ 

For two Banach orbifold charts {U,Tu,ttu) and {V ,Tv,nv) on X, an 
injection from ([/, F;/, ttc/) to {V,rv,Trv) is a pair 6uv = (^c/yi7c/y)) 
where 7j/y : Tu Ty is an injective group liomomorphism and 9uv '■ U 
F is a 7(7y-equivariant open embedding such that nu = ny ° Ouv and the 
following maximality condition holds: 

Im{juv) = {ff G Fy I OuviU) n g ■ 0uv{U) 7^ 0}. 

The last condition implies that jjjv induces an isomorphism from Ker(F(7, U) 
to Ker(Fy,\/), where Kct{Tu,U) = {g € Tu\gx = x ^x e U} and 
Ker(Fy,y) = {g e Ty \ gx = x \/x & V}. In particular, ii U = V, 
juv is a group isomorphism, and 6uv is a diffeomorphism from U onto V, 
then these two B-orbifold charts arc called equivalent, and Ojjv is called 
an equivalence between them. Clearly, (0(x), F[/(x), tt^ = 7rr/|^|.-^) and 

{gO{x),Tij{gx),Trf^ = ''^u\gO(x)^' 9 ^ are equivalent Banach orbifold 
charts on X. 

Definition 2.3 Let X be a paracompact Hausdorff topological space. A 
Banach orbifold atlas on X is a collection A of B-orbifold charts on X 
satisfying the following properties: 

(i) The supports of all charts in A form a basis for open sets in X. 

(ii) For any two charts {U, Tu, ttjj) and {V, Fy , Try) in A with U C V there 

exists an injection Ouv = {0uv,luv) from (J7, Fy, tt^) to (y,Fy,7ry). 

Let A and A' be two Banach orbifold atlases on X. If for each chart 
{U, Tjj, TTu) iri A there exists a chart {V, Fy, Try) in A' and an injection from 
{UjTjjjTTu) to (y, Fy,Try) we say ^ to be a refinement of A'. Such two 
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atlases on X are said to be equivalent if they have a common refinement. It 
may be proved that this is indeed an equivalence relation among the Banach 
orbifold atlases on X . Denote by [A\ the equivalent class of the atlas A on 
X . It is called a Banach orbifold structure on X and the pair (X, [A\) 
is called a Banach orbifold, usually only denoted by X without occurring 
of confusions. Any atlas in [A\ is called an atlas of {X, [A\). We say that 
[U ,Tij ,TTu) is a Banach orbifold chart of {X, [A\) if it belongs to some 
atlas B in [A\ . Later we always assume that the atlas A is the maximal one 
in the equivalence class containing it. A Banach orbifold (X, [A\) is called an 
effective Banach orbifold if [A\ contains an atlas A such that each chart 
[U ,Tjj ,TTu) is effective in the sense that Vu acts on U effectively. In this 
case the atlas A is called an effective Banach orbifold atlas. It is easily 
shown that every Banach orbifold X induces an effective Banach orbifold. 

Let ^ be a Banach orbifold atlas on X, {U ,Tu ,ttu) and {V,Tv,nv) be 
two charts in A with U gV and 9uv — {()uv,"fuv) be an injection from 
([/, Fj/, TTjj) to (y, FyjTTv'). For x G [/ and 5; G nj^^{x) the maximality con- 
dition implies that jijy induces an isomorphism from Tu{x) to Ty{6ijY{x)). 
Thus using Definition 12.31 every x G X determines a group Fj. , unique up 
to isomorphism, which is isomorphic to the isotropy group of any lift of x 
in any chart of A. (Sometimes is simply called the isotropy group 
of X.) The orders of these groups define a locally constant function on X, 
which is called the multiplicity function mulx : X N. Given any finite 
group G, the connected components of the set of all x such that Tx = G are 
smooth Banach manifolds. This leads to a decomposition X = UiXi having 
the properties: Xi is a connected Banach manifold and consists of points 
of a fixed isotropy group, F^; moreover for i ^ j, Xi meets the closure of 
Xj only if F.^ is an abstract subgroup of F^ . Each connected component of 
X has a unique open connected stratum (called principal stratum) X^ on 
which the corresponding isotropy group F, is minimal, i.e. flF* = minmulx- 
A point X e X is said to be regular (resp. singular) if its lift in some 
chart of A is regular (resp. singular). Denote by X° (resp. X^™^) the set 
of regular (resp. singular) points in X. Clearly, X° is equal to the union of 
all principal strata of X. 

If each local cover U in the definition of Banach orbifolds above is re- 
placed by a connected open subset of some Banach manifold with boundary 
(resp. corner) and the action of Tu is required to preserve the boundary 
(resp. corner) we obtain the Banach orbifold with boundary (resp. 
corner). If each local cover U in the above definition is a connected open 
subset of some separable Banach manifold we say X to be a separable Ba- 
nach orbifold. It is not hard to prove that if X is a Banach orbifold with 
boundary then its boundary dX also inherits a Banach orbifold structure 
from X and becomes a Banach orbifold. 

A topological subspace Z of a Banach orbifold X is called a Banach 
suborbifold of X if it is a Banach orbifold with respect to the induced 
Banach orbifold structure obtained as follows: For each Banach orbifold 
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chart (J7, r(7, TTfy) of X with U Z ^ % there exists a Banach submanifold 
Zjj C U that is not only stable under Tjj but also compatible with the 
inclusion maps, such that the restriction {Zij,Tij\^ t''^u\z ) is a Banach 
orbifold chart for Z. 

A Banach orbifold X of finite dimension is called locally oriented if it 
has an atlas A such that for each chart (C/, F, -ku) in U is oriented and 
each element of Vjj is orientation preserving. In this case we say the chart 
([/, r, TTu) to be oriented. X is called oriented if it has an atlas A such that 
each chart ([/, F, ttu) in A is oriented, and that for any two charts ([/, F^/, ttu) 
and (F,Fv,7ry) in A with U C V the injection djjv — [Ouv ,luv) from 
{U,Tu,Trij) to {V ,Tv ,TTv) is orientation preserving. 

Lemma 2.4 Let (X, ^) be a Banach orbifold, (U,Tu,nu) be a chart in A, 
and (0(i), F[/(x), TTj; = '^u\o{i)) induced chart at x £ n^^{x) as in 

Lemma \2.'A Then 

(i) Any chart (VF, Fvi/, TTvy) in A with x & W <Z 0{x) has the proper- 
ties: the injection dwu = {(^wu,lwu) from {W,Tw,Trw) to (/7, F[/, ttj/) 
induces an isomorphism from Tw to Tij{gx) for some g G Tjj- So the 
chart [W ,Tw tT^w) is equivalent to the chart {Owu{W),Tu{gx),TTu\^^^^^-^) 

and thus to the chart {g^^9wu{W)^^u{S^)-:''^u\g-iQ^^{yY-^)- (INote that 
the last tv^ro charts are also the induced charts of ([/, Fjy, tt;/) at 
gx and a; respectively. j Hence for any given x (z U , x ^ tt^^{U) and 
a neighborhood V of x there exists an induced chart of (C/, F[/, ttj/) at x, 
(0(x), Ft/(x), TT^ = t^u\q(x)) is equivalent to a chart in A and such 

that 0{x) = iTuiO{x)) C V. This chart (0(x), F[/(x), tt^) is also effective if 
A is an effective atlas. 

(ii) For finite charts in A, {Ui,Ti,Tri), i = I,-- - ,n, if x e f^i^iUi and 
Xi e n~^{x), i = 1, • • ■ , then there exist induced charts of {Ui,Ti,Tri) at 
Xi, (0(ii), Fi(ii), tt^Iq^-^), i — \, ■ ■ ■ ,n having the same support contained 

in a given neighborhood ofx, and equivalences from (0(ii),Fi(ii),7ri|Qj.~^j) 

to (p(xi),Ti{xi),iTi\Q^^^ that map X I to x.^, i = 2, ■ • • ,n. Of course, these 
induced chart are also effective if the atlas A is effective. 

Proof, (i) Since W C 0{x) C U, it follows from the definition of the 
injection that 9wu{W) C tt^^{0{x)). By Lemma [2.21 and the arguments 
below Lemma 12.21 we may assume that 6wu(y^) C 0(i„) for some Xu G 
Tr^^{x). Let Xw G tt^{x) be such that Owu{iw) = a;«- By the maximality 
condition each g G Tij{xu) sits in jwui^w)- Moreover, for any h G Tw we 
have ^wuih)xu = Jwu ih)6wu (xw) = 9wu{hxw) C 0{xu) and 

^wu{h)xu = lwu{h)9wu{3:w) = Owuihx^) E tt^^s) 

because irw = t^u ° 9wu- It follows from Lemma 12.21 that jwuih)S:u = in- 
This shows that jwuiXw) — ^ui^u) and thus ^wu induces an isomorphism 
from Fn/ to F[/(5;„). Other claims are easily seen from the arguments above. 
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(ii) For the remainder we only need to prove the final claim. For a given 
neighborhood V of a;, since all supports of charts in A form a topology basis 
for X we can find a chart {W, Tw, t^w) in such that W CV. As above we 
can also construct induced charts of {Ui, Ti,ni) at Xi, {0{xi),ri{xi), T^iloii-)): 
i = 1, • ■ • , n such that they are all equivalent to {W, Tw, t^w) ^^^d that the 
equivalence from {0{xi),Vi{xi),i:i\jjf^~ ^) to {W^VwtT^w) can be chosen to 
map all xi,--- ,i„ to the same Xw G ir^lx). The desired claim follows 
easily. □ 

Now let us study the structures of X**"^ and X° . For points x G 
U n X'**"^ and x e 7r^^(x), it follows from Theorem IB. II that there ex- 
ists a r[/(i)-equivariant diffeomorphism F from a neighborhood N{{)x) of 
the origin in TxU onto a neighborhood of x in [/, A/'(i) — F{N{Ox)). 
That is, F{dg{x)v) = g ■ for any g £ r[/(i) and v £ iV(Oi). We 

may shrink iV(Oi) so that h{Af{x)) nAf{x) = for any h e Tu \ Tuix). 
This implies that Tij{y) — {g e r[/(i) \gy = y} for any y e M{x). Let 
v{dg{x)) = Ker(]l — dg{x)). It is easily proved that 

7r^i(X^™»)nA/-(i)= y F(7V(0s)nKdff(i))). (2.1) 

3ert,(i;)\Kcr(r[/,;7) 

So for each g € Tu{x)\KeT{Tu, U) the submanifold F{N{Os,)r\v{dg{i))) C 
[/, which is relatively closed in U , is exactly the set of fixed points of g in 
M{i), denoted by N{iY, and AA(S)-"s = Ug6r,(s)\Kcr(r„,a)-^(S)'- We 
define singular codimension of U near x £ and that of X near 

a; G denoted by 

codim^f/'^s and codim^X'**"s, 

to be min{codimA/'(a;)^ | g G Tu{x) \ Ker(r[/, J7)}. Clearly, the functions 

f ^ codim£[/"™f and x codim^r^"*"^ 

are upper semi-continuous. As it happens, it is possible that dg{x) — id 
for some g G r[/(i) \ Ker(r[/,?7). So in this case [/'^^f contains an open 
neighborhood of x in C/. This shows that U° cannot be dense in U. When 
codim^X*™^ > 1 at any x G X'^™^ , it is easily seen that the regular point set 
X° , is a dense open subset in X (in fact is a complementary set of a sparse 
subset of X). For integer fc > 1, we say the Banach orbifold chart {U, Tjj, t^u) 
to be fc-regular if the codimension of [/'^^f near any x G fj*™^ is not less 
than k. It means that the fixed point set of any g G Tu \ KeT{Tu, U) has 
codimension not less than k near any x (z . So for any fc-regular Banach 
orbifold chart {U, Tu, t^u), U° is a dense open subset in U. A Banach orbifold 
X is called a fc-regular Banach orbifold if every orbifold chart of it is fc- 
regular. In this case X''™^ is a sparse subset of X and X° — X \ X^™^ . 
Summarizing the arguments above we get: 
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Claim 2.5 For a 1-regular Banach orbifold X, X° is a dense open sub- 
set in X and X*™^ is the union of finitely many suborbifolds of positive 
codimension locally. 

If X is a 1-regular oriented orbifold of finite dimension then it is also 
2-regular because 1 can only be an eigenvalue of dg{x) of even algebraic 
multiplicity. Moreover, any 1-regular complex orbifold is 2-regular. From 
the definitions above it is easily seen that an effective Banach orbifold is 
not necessarily 1-regular, and conversely any fc-regular Banach orbifold is 
not necessarily an effective Banach orbifold. In Remark 1.4 of [Siej it was 
also shown how to construct a Banach orbifold structure on a Hausdorff 
topological space X with a family of 2-regular Banach orbifold charts on X 
whose supports cover X . 

Another important notion is a smooth map between orbifolds. 

Definition 2.6 For < fc < oo, a continuous map / from a Banach orbifold 
X to another Banach orbifold X' is said to be C'^-smooth if there exist 
Banach orbifold atlases Ax on X and Ax' on X' such that: 

(i) There is a correspondence 

Ax-^Ax', {U,Tu,Tr{j) ^ {U' ,r{j',Tru') 

satisfying: f{U) C U' and there exist a homomorphism (pjj : Tij — > Tjj' 
and a (py-equivariant C'^-map fu ■ U U' such that Tru'ofu ~ f^T^u- 
( Later we often say {fu,(pu) ■ {U,Tu,Tru) — * {U' ,Tu' ,Tru') to be a 
local representation of / near x. Note that for any x ^ U the 
homomorphism (pu maps the isotropy groups Tij{x) to Tiji{fu{x)).) 

(ii) If [fv,w) ■ {V,^v,Trv) — > {V' jTy: ,nv') be another local represen- 

tation of / as in (i), and U Ci V ^ 9, then for any x G U Ci V, 
Xu € {'^u)~^{x) and Xv € {nv)^^{x) there exist equivalent induced 
charts at x and f{x) respectively, 

{0{xu),Tuixu),TTu) and (0(5^,), Fy tt^), 
(O (/c/ (i„ )), Ft;, (/[/ (£u )), 4'"^ ) and (O (/y Fy, (/V 4^"^ 

and the corresponding equivalences (XuVtAuv) (mapping x„ to Xy) 
and {Xu'V',Au'V') (mapping /[/(x„) to fvixv)) such that 

fu{OiXu)) CO(/[/(Sn)), 

fy{0{£v)) C0{fv{iv)) and 
fv ° ^UV = ^U'V o fu- 

A smooth map / from orbifolds X to X' is called an orbifold embed- 
ding if it is a homeomorphism to the image f{X) C X' and each local 
representation fjj : U ^ U' as above is an embedding. 

Now we begin to introduce a notion of Banach orbibundles. Without 
loss of generality, we always assume that a finite group G acts on a smooth 
Banach vector bundle E by bundle automorphisms of E. 
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Definition 2.7 Let X be a Banach orbifold. A Banach orbibundle over 

X consists of a Banach orbifold E and a smooth surjective mapping p : E ^ 
X with the additional requirements: 

(i) For each Banach orbifold chart ([/, Fj/, ttj/) of X there exists a Banach 

orbifold chart {Ejj ,Tlu) on E with support Ejj = p^^{U), such 
that there exist a smooth Banach bundle structure pu : Eu U and 
an injective homeomorphism Xjj from Tu into the group of bundle 
automorphisms of Eu such that: 

(a) For each 5 £ Fj/, Xu{g) is a lift of g (in particular A[/(g) = 1 if 

.9 = ]1). 
(&) Ft; = {At;(g)|gGFy}. 

(c) t:u opu = P°^u Eu- 

(ii) If (t/, F[/, TTc/) and (F, Fy, ttv) are two charts in U with U CV, 9uv = 

{Ouv ,luv) is an injection from ([/, F[/, ttj/) to (V^,Fy,7ry), then there 
is an injection Quv — {Quv, ^uv) from Fc/, Iljy) to {Ev, Ty, Hy), 
such that 6'[/y opu = py o Quv and that Quv = (©c/y, Fj/y) is also a 
bundle open embedding. 

Such a Banach orbifold chart {Eu ,Tij on E is called the Banach or- 
bibundle chart corresponding with ([/, F^/, tt^/). 

Remark 2.8 Later we often write {Eu ,Tu ,^u) as {Eu,^u,^u) and un- 
derstand g gTu to act on Eu via G :— Xu{g), i.e. g ■ £, — G(^) for ,^ e iJy- 
If X is 1-regular, it follows from Definition 12. Tf i) that E is 1-regular as well 
as. 

Definition 2.9 Let p : E ^ X and p' : E' ^ X' be two Banach orbibun- 
dles, f : X ^ X' he a. C'^-smooth map for < k < 00 and Ax and Ax' 
be respectively Banach orbifold atlases on X and X' associated with / as 
in Definition 12.61 A continous map f : E ^ E' is called an C'^-orbibundle 
map covering / if the following are satisfied: 

(i) For each local representation of/, {fu,fu) ■ {U,Tu,ttu) {If ,ru' ,ttu') 

with {U,Tu,TTu) & -^x and {U' ,Tu' ,nu') G Ax', there exist corre- 
sponding B-orbibundle charts {Eu,Tu,Ilu) on E, {E'jj, ,ru' ,^u') on 
E' and a (/j^-equivariant bundle map fu ■ Eu — > E'jj, covering fu, i.e., 
fu being a bundle map satisfying pu' o fu = fu ° Pu and fu{g ■ v) = 
>^u{g)-fu{v)JoT any g G Fy and w G Eu, such that He// o/^/ = f\uoIlu- 
The triple {fuJu^'Pu) : {Eu,U,Tu) ^ {E[j, ,U' ,Tu') is called a local 
representation of (/, /) or /. For the sake of clearness we later also 
call the pair (/, /) a bundle map. 

(ii) Let {fv,fv,^v) ■ {Ev,V,Tv) {Ey,,V' ,Tv') be another local rep- 

resentation of (/, /) or / such that U f) V 9. For any x G U DV, 
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Xu € {ttu) ^{x) and x„ e (Try) ^{x) let 

{\uv,Auv) ■ {0{xu),Tu{S:u),TTu) (0(i„), Ty tt^) and 
{Xu'V',Au'V') ■■ (0(/c/(i„)),r[;,(/t/(£«)),4'"^) ^ 

be as in Definition 12.61 By shrinking 0{x) if necessary one can find 
Auv (resp. Au'V')- equivariant bundle isomorphisms 

Auv ■■ Eu\o(i^) ^v|o(i„) covering Xuv 
(resp. Ku'V ■ Eu'\oUu(x.)) ^ ^^'lo(/V(..)) covering Ac/'y) 
such that 

h°^uv ^ t^u'v o{Iu\d(i^))- (2-2) 

We say an orbibundle map / : _E — *■ £" to be an orbibundle embedding 
if it is also an orbifold embedding. (In particular, this implies that each 
local representation bundle map Ju '■ Eu — *■ E'^, as above is injective.) An 
orbibundle map f : E ^ E' is called an orbibundle open embedding 

(from E X to E' X') if f : E ^ E' (and thus f -.X X'}is an open 
embedding. {Note: It implies that for each local representation {fu, fuy fu) '■ 
{Eu, U, Tu) {E[j,U', Tiji) of / as above both fu and fu are smooth open 
embedding and the restriction of fu to each fibre {Ejj)i of Ejj gives a Banach 
space isomorphism to the fibre (^c/')/[;(2) "^f E[j,.) In particular, if / is also 
a diffeomorphism we call it an (orbibundle) isomorphism from E to E' . 

Definition 2.10 For a Banach orbibundle p : E ^ X as above, a continu- 
ous map S : X ^ E is called a C'^-smooth section if (i) poS = idx and (ii) 
for each x E X there exist a Banach orbifold chart {U, Tjj, t^u) of X near x, a 
corresponding bundle chart (-Ec/, Fy, liu) of E over [/, and a C'^-smooth Tij- 
equivariant Banach bundle section Sjj : U ^ Ejj (i.e. Sjj{g ■ y) — g ■ Sjjiy) 
hi y £ U and g G Tjj) such that: 

• It is a lift of on C/, i.e. Ilu o Su — So ttjj. 

• All Sjj are compatible in the following sense: For any two Banach or- 
bibundle charts {Eu, ^u, ^u) and {Ey, Ty , Ily), and corresponding Banach 
orbifold charts {U, Tu, ttu) and {V, Fy, Try), it holds that for any x & U CiV 
there exist an equivalence 

{Xuv, Auv) ■ {0{xu),Tu{xu),Tr^) (0(5^,), Fy (i^), Try) 

as in Definition 12.91 and a bundle isomorphism Auv ■ Eu\q(^^ ) -^vIq^j ^ 
covering Xuv such that 

Sv o Xuv ^ Auv ° Su on 0(£„). (2.3) 

We call Su a local lift of S in charts {Eu,Tu,ttu) and {U ,Tu,Tru)- Note 
that all these Su are uniquely determined by S. 
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It should also be mentioned that an orbifold map S : X ^ E satisfying 
p o S = idx is not necessarily to give rise to a section of E. 

Deflnition 2.11 We say S to be Fredholm if each local lift Sjj of S in 
charts {Eu,T^,U^) and {U ,^^,^^^) above is so. A triple {X,E,S) consist- 
ing of a Banach orbibundle p : E ^ X and a Fredholm section S : X ^ E 
is called a Banach Fredholm orbibundle. The index of S is called the 
index of {X,E,S). 

For a Banach Fredholm orbibundle {X, E, S) and the local lift Sjj of S in 
the above charts (i5(7, Fjy, Iliy) and {U ,Tij ^ttu) one has a determinant (real 
line) bundle det{DSu) over Z{Su). If this determinant line bundle <let{DSu) 
is trivial and is given a continuous nowhere zero section, i.e. Sjj is oriented 
we say S to be oriented on U or simply locally oriented. We call S 
oriented if the representative Sjj in each chart {Eu ^Vu ^liu) of E is ori- 
ented and the bundle open embedding dei{Quv) from {det{DSu),Yu i^u) 
to (det(DS'y), Fy, Ily) that is naturally induced by the bundle open embed- 
ding Qjjv from (i?(7, Fy, 11^) to {Ey , Fy , By) is orientation preserving in the 
following sense: If fj/ (resp. fy ) is the given continuous nowhere zero sec- 
tion of Aet{DSu) (resp. det(il'S'y)) then for each x , det(6;7y)(fy (x)) is 
a positive multiple of fu{9uv{x)) ■ In the case S is oriented we say {X, E, S) 
to be oriented. 

Two oriented Banach Fredholm orbibundlcs {X, E^''\ S'^'^) of index r and 
with compact zero locus, i = 0, 1, are called oriented homotopic if there 
exists an oriented Banach Fredholm orbibundle {X x [0, 1] , E, S) of index r+1 
and with compact zero locus such that E^''^ ~ ^-Ifijxx £^nd S^''^ — S'|{i}xx 
for i = 0,1, and that the orientation of {X x [0, 1],E,S) induces those of 

(x,i;w,s'«), i = o,i. 

Let S : X ^ E and S' : X' ^ E' be two smooth sections of Banach 
orbibundles. S is called a pullback of S' via an orbibundle map f : E ^ 
E' covering f : X ^ X' \i S' o f — f o S. It means: (i) For any local 
representation of / as above, {fu, fuifu) ■ {Eu ,U ,Tu) — > {E'^, ,U' ,Tu'), 
and the local hfting oi S , Su '■ U Eu, and one of S", S'jj, : U' E'jj, it 
holds that 

fuoSu = S[j, o fu. (2.4) 

(ii) If (/y, /y, fv) ■ {Ey , V, Fy) {Ey,,V' , Fy) is another local represen- 
tation of / with [/ n y ^ then for any x G J7 n in the notations of 
Definition 12.91 it also holds that 

^U'V o Ju o Su{v) ^ S'y, o fy o \uv{y) \fy e 0{Xu)- (2.5) 

A natural question is: Under what the conditions can the section S' be 
determined by S and /? 

Claim 2.12 The answer is affirmative if each local lifting of f restricts to 
a Banach isomorphism on each fiber. 
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Proof. Let {fu, fu,fu) ■ {.Eu,U ,Tu) {E[j, ,U' ,Tui) be a local represen- 
tation of / as above. By the assumptions, for any y d U, 

{fu)y ■ {Eu)y i^U')f^{y) 

is a Banach space isomorphism. So we can define a smooth section 

Su-.U^Eu, V^Clu)-y\S'u>ofu{v)). (2.6) 

If ifvifvTfv) ■ {Ev,V,Ty) {E'y, ,V' jTv) is another local representa- 
tion of /, we can also define another smooth section 

Sv-.V^Ev, {Iv)-,\S'y' o fv{~z)). (2.7) 

If J7 n y 7^ we need to prove that (|2.3p holds. Indeed, following the 
notations in Definition 12.91 for any y e 0(i„) let z = Xuv{y)- Then by 

am and nm . 

SyoXuviy) =Sv{z) 

= Clv)i\S'y, O fy{z)) 

= Uv)i^{S'y, ofyO \uv{y)) 

= {fv)2\-^u'V' o fuoSuiy)) 
= Auv o Su{y), 

where the fourth and fifth equalities come from (|2.5|) and (|2.2p respectively. 

□ 

Definition 2.13 Let p : E ^ X he a Banach orbibundle and f : Y ^ X 
be a smooth map between Banach orbifolds. A pull-back Banach orbi- 
bundle of E over Y via / is a Banach orbibundle f*E Y together with 
a smooth orbibundle map / : f*E E covering f : Y ^ X and such that 
each local lifting of / restricts to a Banach space isomorphism on each fiber. 
Claim 12.121 shows that for each smooth section S : X ^ E one can get a 
smooth section of f*E ^ F by puUback via /, denoted by f*S. 

Let {X, E, S) and {X', E' , S') be Banach Fredholm orbibundles, and / : 
X ^ X' he a, Fredholm map. An orbibundle map f : E ^ E' covering 
/ is called a Fredholm orbibundle map from {X,E,S) to {X',E',S') if 
S' o f = f o S, i.e., S is the puUback of S' via /. 

Let ^ AT be a Banach orbibundle and (A', E' , S') he a Banach Fred- 
holm orbibundle. Let f : E ~* E' he an orbibundle map covering a Fredholm 
map / : A ^ A' and S" : A ^ be the puUback of S' via /. From (EH) it 
is not hard to see that S is not necessarily Fredholm. Clearly, we have: 

Claim 2.14 /// satisfies the assumption in Claim [2.12\ then S is also Fred- 
holm and Index(S') = Index(/) + Index(S"). 
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Consequently, for a Fredholm Banach orbibundle {X, E, S) of index r and 
a Fredholm map of index d from a Banach manifold F to X, if / : f*E — > Y 
is a puUback bundle of iJ on F via / then one has a pullback Fredholm 
section f*S :¥ ~> f*E of index r + d. The Fredholm bundle {Y, f*E, f*S) 
is called the pullback Ftedholm Banach orbibundle of {X, E, S) via /. 

When the word "Banach" above is replaced by the word "Hilbert" we get 
the definitions of the Hilbert orbifold, Hilbert orbibundle and Hilbert 
Fredholm orbibundle. 

Similarly we have also the notions of complex Banach orbifolds, holo- 
morphic Banach orbibundles and holomorphic sections. 

2.2 An overall strategy and an example 

The method developed by Liu-Tian in [LiuTl]-[LiuT3] is beautiful and com- 
plicated. In this subsection we explain the overall strategy for their con- 
structions and then give an example to show that this method can be used 
to calculate the orbifold Euler characteristic of an orbifold. Without special 
statements we always assume that all Banach orbifolds are 1-regular 
in this section. 

Consider a Banach orbifold {X, A) and assume that there exist two charts 
in A, (VFi, Fj, TTj), j = 1,2, such that Wi U W2 = X. By them we can 
understand "orbifoldness" of X on Wi and W2 respectively. This means 
that on the intersection W12 := T4^i fl one has two kinds of understanding 
ways. By the definition of orbifolds (cf. Lemma [2. 4p we can know that one 
can get the same "orbifold information" near any point x £ W12 in these two 
kinds of ways (local change of coordinates). However, we have no a "global" 
understanding on W12. 

Firstly, assume X is a manifold and (M^i, F^, TTi) become the usual coor- 
dinate charts (Wi, {!}, TTi) = {Wi,TTi), i = 1,2. In this case there exists a 
diffeomorphism ip : 7rf ^(Wi n W2) — > it2^{Wi fl W2) such that n2 o ip = m. 
That is, (f is the change of coordinates (or transition function). It means 
that TTi and 7r2 give the same smooth topology information on Wi2. Consider 
the graph of (p in Wi X W2, Graph((^) = {{i , <p{S:)) \ S: e 7rfi(Wi n W2) C 
Wi}, which is a submanifold in Wi x W2- It is exactly the fiber product 
W12 := {(ii,X2) e Wi X W2 |7ri(a;i) = 7r2(i2)}- Note that the projection 
TTi2 ■ Wi2 W12, {xi,X2) — 7ri(a;i) = 7r2(i2) is well-defined. Denote by 
ttP : W12 Wi, (ii, ^2) ^ Xi, I ^ 1, 2. Then the existence of the transition 
function (diffeomorphism) Lp above is equivalent to the following claim: 

There exist a smooth manifold W12, a continuous surjective 
7ri2 : W12 W12, and smooth open embeddings tt^ : W12 Wi such 

that TTi ° ttP — 7ri2, i = 1,2. 

Now we consider the case that X is an orbifold. In the present case there 
is no a diffeomorphism such as ip above. We cannot expect that the claim 
above is true in general. However, the fiber product W12 and the projections 
7ri2 : W12 W12, ttP : W12 Wi, i = 1,2, are still well-defined, and also 
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satisfy TTj o = 7ri2, i = 1,2. Moreover, 7ri2 is invariant under the obvious 
action ri2 = Fi x r2 on W12 and also induces a homeomorphism from 
W\2/^i2 to W12] and for i = 1,2 the projections ii}'^ : W12 — > H^j, are 
equivariant with respect to group homomorphisms 

: ^12 r,, (31,52) ^ ffi- 

But it is regrettable that W12 is not a manifold in general! What is W12? 
For any x € W12 and Xi G 7r^^(a;), i = 1, 2, recall that we have induced charts 
of {Wi,Ti,-Ki) at Xi, {d{xi),Ti{xi),-Ki\Qf^-,-^), and an equivalence 

(Al2,^12) : (0(ii),ri(ii),7ri|Q(j^^) {d{2:2)j2{S-2),T^2\o(i^,)) 

consisting of a group isomorphism Ai_2 ■ ^i{xi) r2(a;2) and a ^12- 
equivariant diffeomorphism A12 : 0{xi) — > 0(x2). It follows that the graph 
of A12, Graph(Ai2) is a submanifold of the fiber product W12 which is dif- 
feomorphic to 0(ii) and 0{x2)- So the graph map Gr(Ai2) : 0{xi) — > 
Wi X W2, y I— > (y, Ai2(y)) is a smooth open embedding with image con- 
tained 14^12. Moreover, for any g G r2(a;2) the composition {Ix g)o Gr(Ai2) 
is also such an open embedding. Hence we get that 

T^i2{0{x)) = Ugeri(xi)(l X g) o Gr(Ai2)(0(a-i)), 

that is, an union of iJri(xi) copies of 0{xi). This shows that near {xi,X2) the 
fiber product W12 is a Banach variety (the union of finitely many Banach 
manifolds), rather than a Banach manifold in general! Such a good local 
structure suggests that there is a possible desingularization of Wi2- Call a 
nonempty connected relative open subset in {1 x g) o Gr(Ai2)(0(;ri)) as a 
local component of W12 near any point of this open subset. Two local 
components containing a point yi2 € W12 are said to belong to different 
kinds if their intersection is not a local component of Wi2. In the disjoint 
union of all local components of W12, a true Banach manifold, two points 
are called equivalent if both can be contained a local component of W12 
and are also same as points of W12 ■ It may be proved that this indeed gives 
rise to a regular relation in the disjoint union of all local components of 
Wi2- Let W12 denote the manifold of all equivalence classes. (Note that 
it is not necessarily connected.) The compositions of the natural quotient 
map from W12 to W12 and 7ri2, nj^ give the maps 7ri2 : W12 W12 and 
ttP : W12 — >■ Wi := Wi satisfying^TTi o tt^ = 7ri2, where ni = TTi, i = 1,2. 
Moreover, the action of on T4^i2 naturally lifts to an action of ri2 on 
W12 (which is also effective if the actions of Fi and r2 are effective) such 
that (i) wj'^ are also equivariant with respect to the group homeomorphisms 
AJ^ above, i = 1,2, and (ii) 7ti2 is invariant under this action and induces a 
homeomorphism from W12IT12 to Wi2. In addition the set of regular points 
in Wi2-, W12, is exactly (^i2)~n^i2)) and the restrictions of tt^ to W12 are 

nLi(r— ttKer(r„TyO + l) 

— — — — fold (regular) covermgs 

ri-ttKer(ri,m) + l 
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to lm{Ttj'^) n W° C Wi, i = 1,2. In summary, we have proved: 

There exist an orbifold chart (Wi2,ri2,^i2) for the open subset 
Wi2 (which is not necessarily in the given orbifold structure on 
X), surjective group homomorphisms X]"^ : T12 — > Fj and 
Aj^-equivariant smooth maps itj'^ : W12 — > Wi such that 

ottP = 7ri2, i = 1,2. 

It will be a substitute of the above claim in the case of manifolds. Such a 
system 

{(vi?„r„^,), W2,ri2,^i2),7ri2,AP I 1 = 1,2} 

is called a desingularization of X, and {(W^i2, ri2, 7ri2), itp, AP | i = 1, 2} 
will be used to replace the transition function between (Wi,ri,7ri) and 
(W2,r2,7r2) which does not exist in general. (In order to help the reader 
understanding the construction of W12 we consider a simple example. Let 
W12 be the union of x-axis and j/-axis ly in R^, i.e., W12 = Ix^-ily Then 
each local component of W12 is a relatively open subset in x-axis or y-axis. 
Let Ox and Qy denote the origin in x-axis and t/-axis respectively. As points 
in W12 both arc same, i.e. O^; = Oy G Wi2. A local component Cx containing 
Ox and one Cy containing 0^ are of different kinds if and only if one of both is 
a nonempty relatively open subset in and another is such an open subset 
in ly. Hence our definition of the equivalence above shows that W12 is the 
disjoint imion of Ix and ly.) 

Similarly, if p : E ^ X is an orbibundle, and pi : {Ei,Ti,ILi) —>■ 
{WijTijTTi), i = 1,2, are corresponding orbibundle charts, then we can get 
a system of Banach bundles 

{(^i,ri,ni),(£i2,ri2,ni2),nf,Af | i = i,2}, 

which is not only a desingularization of as a Banach orbifold but also 
there exists a Banach bundle structure pi2 : £^12 W12 such that 

7ri2 opi2 = p o ni2, TTiopi^poIli and j5,; o 11^ = tt,,-^ o p^, z = 1, 2, 

where Ei ^ Ei, Wi = Wi and pi — pi : Ei ^ Wi, i = 1,2. The Banach 
bundle system above is called a desingularization of the orbibundle E 
(associated with the above desingularization of the orbifold X). Moreover, if 
Si : Wi ^ Ei, i = 1,2, arc local representations of a section S : X ^ E, then 
we obtain a natural section 512 : T^i2 E12 such that it together Si = Si, 
i = 1,2, forms a collection S = {S12, Si,S2} that is compatible in the sense 
that 512 is ri2-equivariant and Si = (nP)*S'i := (ftP)"^ o 5^ o tt^, i = 1,2. 
This collection S is called a desingularization of the section S : X E 
associated with the above desingularization of the Banach orbibundle. Any 
collection with these properties is called a global section of the bundle 
system. 

Now assume that the zero locus Z{S) is compact. Choose open subsets 
Wl C Cl{Wl) CUl C Cl{Ul) cWi,i = l,2 such that Z{S) C W^ U W^. 
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Set 



Vi2 =Wxr\W2 and Vi = Wl\ Cl{Ul) n Cl{Ul), i = 1,2. 

It is easily checked that Z{S) C Vi U U V12 and Cl{Vi) n ^2 = = 
Cl{V2) nVi. Define 

= (7^i2)-'(142) and Vi = {7ri)-\Vi), i = 1,2, 
F12 = {Ui2)-\Ei2\v,2) and Fi = {Ui)-\Ei\v,) , i = 1,2. 
We get a system of Banach bundles 

(.^,9) :={(F,,r,,ii,),(Fi2,ri2,ni2),pi2,K,nf ,Af | 1 = 1,2} 

over the system of Banach manifolds 

{(y,,ri,7ri),(t/i2,ri2,7ri2),7rf,Ai2 I i = l,2}. 

The notion of a global section of this system is defined in the same way as 
above. One can prove that each smooth section & : Wi — > Ei with support 
in Wl := TTj^^{Wl) may yield a global section of the system above, denoted 
hya = {((t)i,(ct)2,((t)i2}- 

Furthermore, choose nonempty open subsets 

U^cCl{Uf)cWl,i = 1,2 

such that Z{S) C UU2- We also assume that 5 is a Fredliolm 
section of index r, and that pi : Wi ^ Ei has a trivialization % : Wi x 
{Ei)ii Ei, i = 1,2. Let Sj' : Wi —>■ iE^)ii be the representation of 
Si under the trivialization %, i = 1,2. Since S is Fredholm we can take 
finitely many sections a-- : Wi ^ Ei with supports in such that their 
triviahzation representations a-|^ : Wi — > {Ei)^^, j = 1, - ■ ■ ,mi and i = 1, 2, 
satisfy 

dSj{x){TiWi) + span({ar(5), • • • ,^^^(5;)}) = (^i)x, 

for any x e [/° and i = 1,2. Let aj = {{^i)i2, {^i)2} be the global 

sections of the bundle system {J-, V), j = 1, ■ ■ ■ ,mi and i = 1,2, and t denote 
points (ill,-- - ,iimi,i2i, - • • , t2m2) '^^ ■ Then it may be proved that 

for generic small t the section "Jf* = {(^'*)i, (^'*)2, (^*)i2} is transversal to 
the zero section. That is, the following three sections are transversal to the 
zero section, 

mi 1712 

**i2 : Vi2 ^Fi2, Si2{x) + Xl*ii('^i)i2(^) + Xl*2i('^)i2(^) 

3=1 3=1 
mi m2 

: V\ ^ Fi, f ^ Si{x) +J2tij{^Mx) + Y,t2j{&i)i{x) 

3=1 3=1 

mi 1712 

: ^2 ^ F2, X ^ S2{X) +J2tl3i^lh{x) +J2^2j{4)2{x). 

3=1 3=1 
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Let M\ = {^\)-\0), M\ = (*|)"H0), M\2 = (**i2)"^(0)- They are all 
smooth manifolds of dimension r. Denote by 

Mf^ := A?*2 n and Mf := M\c^V° , i = 1,2. 

Here V^^ = ^^12 n W^2 and F^" = n z = 1, 2. Then the maps 



are 



nLi(ttr»-ttKer(r^VFO + l) 

tiri-ttKer(ri,wo + i 



fold (regular) coverings, i = 1,2. 



Assume that X has at least codimension 2 singularity near Z{S) 
and C Int(X). Then the formal sum 

^ 1 ^ 

trttri-ttKer(r,,i^,) + i)^ 



1 



nti(ri-ttKer(r,,m) + l) 



{^12 : Mf^ ^ X} 



represents a rational singular cycle in X of dimension r, where wc only count 
once on the overlaps in the summation of the singular maps above. The 
homology class of e{E,S)\ e{E,S) = [e{E,S)*] e Hr{X,Q) is called the 
virtual Euler class of the Banach Fredholm orbibundle {E, X, S). We can 
prove that this class is independent all related choices. If r = one may get a 
well-defined rational number e{E, 5)*, called virtual Euler characteristic 
of (E, X, S). In particular, when X is an orbifold of finite dimension and E 
is its tangent bundle it is simply called the orbifold Euler characteristic 
of X (i.e. the Euler characteristic of X as an orbifold). 

Example 2.15 Calculating the orbifold Euler eharacteristie of a football 
orbifold: It is a weighted projective space. Let q = ((/i, 92) be a pair of pos- 
itive integers with highest common divisor 1, and 51,(72 > 1- The weighted 
(or twisted) projective space of q is defined by 

cpi(q) = (c2\{o})/e, 

where C* = C \ {0} acts by a • z = (a«i^i, a^^za) for z = (^1,^2) G \ {0} 
and a e C*. The C*-action above is free iff = 92 = 1- CP^(q) has only 
isolated orbifold singularities. Let [z]q denote the orbit of z e \ {0} under 

the above C*-action. It is a point in CP"'^(q). Clearly, X = <CP^{q) has two 
cone singularities, one of type qi (the north pole pn) and another of type 
q2 (the south pole ps)- The orbifold structure group Tg^ at pjv = [l,0]q 
(resp. Tq^ at ps = [0, l]q) is isomorphic to Z/giZ (rcsp. Z/q2Z). Other 
points are all smooth points. Thus X is an effective orbifold and 2-rcgular. 
(Topologically, it is a 2-sphere.) It can be covered by two open disks, Wi 
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containing Pat and W2 containing p5, that intersect in an open annulus W12. 
Then tti : Wi W\ (resp. -ki : W2 W2) is given by in polar coordinates 
{r,e) by {r,e) (r, 916') ^esp. (s,0) by (s,0) 1-^ (s,g2</>))- Z/giZ (resp. 
Z/g2Z) acts on Wi (resp. W2) by {r,9) 1-^ {r,9+i/qi), i — 0, ■ ■ ■ , gi — 1 (resp. 
(s, 0) (s, + j/q2), J = 0, • • • , 92 - 1). Here 6*, </) e 5*1 = R/Z. Choose 
smaller discs Vi , V2 in Wi , W2 respectively. Assume that the annulus V12 is 
given by {{t,9) : t e (l,4),6i e = M/Z} in the polar coordinate in Wi, 
and that 

Vi n V12 = (1,2) X and F2 n V12 = (3, 4) x S*!. 

The tangent bundle Ei = TWi Wi (resp. E2 = TW2 W2) can be 
trivialised away from p^r (resp. ps) by the vector fields dr,dg (resp. ds,dc/)) 
which are (resp. Tg^) invariant. So (resp. ds,d^) descend to 

sections dr,de of Ei —^Wi\ {pn} (resp. 9^, of i?2 — * W^2 \ {Ps})- On the 
overlap, dr — -de and 9s = —d^. Let di -.Wi ^ Ei (resp. (T2 : M^2 ^ -E'2) 
be a section of the form Pi{r)dr (resp. j32{s)ds) where the function /3i < 
(resp. (52 > 0) has an isolated zero at r = (resp. s = 0). Then the section 

o- = {{cfi)i + ('3-2)i, ('5-i)2 + [cr2)2, [cri)i2 + ((72)12} 

has only zeros pn and ps (we here have identified pn (resp. ps) with the 
unique point in t^i^[pn) (resp. ''T2~^(ps)))- Note that both pjv and ps are 
regular. However, by slightly perturbing a near p^ and we can achieve 
transversality, and in this case there is a zero near pN (resp. near ps) that 
counts with weight \/qi (resp. 1/52)- Hence the orbifold Euler characteristic 
of this orbifold is — + — . The reader may refer to |Mcl| for more details 
and examples. 

2.3 The resolutions of Banach orbibundles near a com- 
pact subset 

It is a key step of Liu-Tian's method in [LiuTl]-[LiuT3] to resolve a Banach 
orbibundle near a compact subset of its base space. We shall presently give 
a detailed exposition of this construction; see also [Lu3| . For the sake of 
simplicity we always assume that X is 1-regular and effective without 
special statements. (Actually, for a Banach Fredholm orbibundle (A, E, S) 
with compact zero locus Z{S) the condition that X is 1-regular can be 
weaken to the requirement that X is 1-regular near any x £ Z{S) because 
we can deduce that an open neighborhood of Z{S) in A is a 1-regular Banach 
orbifold.) In Remark 12.491 we shall point out how to change the arguments 
and results when the effectiveness assumption of A is moved. 

2.3.1 A general resolution 

Let p : £' ^ A be a Banach orbibundle and if C A be a compact subset. 
For each x £ K \et (W^;, r^,, tt^,) be a Banach orbifold chart around it. (This 
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chart can be required to be centered at x if necessary). Since K 
is compact we may choose finitely many points Xi ^ K , i = 1, ■ ■ ■ ,n (we 
assume n > 2 because of the arguments in ij2.2p and corresponding Banach 
orbifold charts {Wi, Ti, iTi) around them on X, i = 1, • ■ • , n such that their 
supports {Wijf^j satisfy: 

n n 

K c[jW^ and n " (^-^^ 

i=l i=l 

Let Af be the set of all finite subsets / = {ii, ■ ■ ■ , ik} of {1, • • • , n} such that 
the intersection Wj := Di^iWi is nonempty. Then each / G AA has the 
length |/| = tJ(/) < n. For / = {ii, ■ ■ ■ ,ik} G A/" we may always assume 
ii < • ■ ■ < ik- Denote by the group Tj :— Y['i=i ^ii ^^'^ the fiber product 

k 

= |({2,i,--- ,UiJ G J|W;, I 7r,(u,) = 7rj(Mj) Vi,j G /j (2.9) 
1=1 

equipped with the induced topology from Yl'i^i ^ii- Then the obvious pro- 
jection 

TTI -.Wl ^ Wl, (Uii, • • • ,UiJ ^ T^iA^ll) = ■■■ = TTiJ-SiJ, (2.10) 

has covering group Tj whose action on Wj is given by 

</>/ • {ui)i^i = ((/),; • Ui)iei, V0/ = i4'i)iei e T/. (2.11) 

(Hereafter we often write (vi-^,--- ) as {vi)i^i.) Namely, tt/ induces a 
homeomorphism from Wi/Tj onto Wi. Note that tt/ is always proper. 

Claim 2.16 The action ofTj on Wj in \2.11\l is effective. 

Indeed, since each (Wi^Tij-Ki) is 1-regular it follows from Claim [^31 that 
the nonsingular set W° is a dense open subset in Wi. Let 

:= {Hi G Wi \Ti{ui) = {1}} and Wf := 7r/(W?;), (2.12) 

where Ti{ui) is the isotopy subgroup of F/ at ui G Wi. Then Wf = 
7r~^(H/7) X • ■ • X iT~^{W1) is a dense open subset in Wi. Moreover, Wj = 
nie/7ri(VF°) n Wi is also a dense open subset in Wi. Note that 

Wl^Tlf^^Wl) x-.-XTir^Wi) 

and that gsy ^ y for any y G T^i^'^iWf ) and gs G F^^ \ {!}, s = 1, • ■ • , fc. 
Then for any (j) G r/\{]l} and {ufnei € it holds that (l)-{ui)i^i ^ {ufn^i. 
Claim [^m] is proved. 

Remark 2.17 As pointed out at the beginning of this section, the regular 
set X° in an effective orbifold of finite dimension is always an open, dense 
subset in X. So the proof of Claim [^TTBl and thus all arguments till the 
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end of Subsection 12.51 are still true even if X is not 1-regular. However, 
for an effective orbifold of infinite dimension we need the 1-regularity of X 
to complete the proof of Claim 12.161 Moreover, if we do not assume 
that X is effective and do not make the arguments in the effective 
category, Claim [2.161 is not needed. See Remark 12.491 

Actually, we can give a precise description for singularities of Wj locally. 
For each / £ A/" we also denote by 

:= {ui G Wi I Tjiui) ^ {!}} and := TTj{Wr')- (2.13) 

Clearly, they are relatively closed subsets in Wi and Wj respectively. For 
any u £ Wp"'^ and uj — {ui^, ■ ■ ■ ,Ui^) G nj^{u) C Wj, as in the arguments 
above (j2.ip there exists a F^j^ (ui ^ )-equivariant diffeomorphism F from a small 
neighborhood N(Ou._^) of the origin in Tui_Wi-^ onto a neighborhood of Ui-^ 
in Wii, 7V(m,J = F{N{Qu^^)), such that 

AA(u,J-^ := ni^\wr')^^f{0 = U F(7V(0,.J n^(dg(^i.J)). 

g6r,,(il.j\{]l} 

By Lemma |2 .41 by shrinking N(Qui^ ) if necessary we can find group isomor- 
phisms -4iji^ : Fij({tij) — > Ti^iui^) and diffeomorphisms A^^^^ : J\f{ui-^) — > 
J\f{ui^) that map Ui-^ to Ui^ , and such that Xi^i^ ocf) = Ai-^i^ {(j>) o Xi^^i^ for any 
(j) e Fi^({(iJ and 1 < s < A;. It follows that 



1=1 



For any J C / G AA there are also projections 

-Kj -.Wi ^ Wj, {ui)i!zi {uj)je.Ji 



(2.14) 



Later we also write Aj as A ; if / = {i}. Note that ttj is not surjective 
in generaL To see this point let us consider the case / = {1,2} and 
J = {1}. JThen 14^ = {{ui,U2) G Wi x VF2 | tti (ui)^= 7r2j(u2)}. Assume 
that TTj : Wi Wj is surjective. For each ui G Wj = Wi there exists 
U2 G W2 such that (ui,U2) G Wi and 7r^(('iti, M2)) = ui- It follows that 
ui = 7ri(ui) — 7r2({t2) — U2 ^ W2- That is, VFi C W2- Clearly, it must not 
hold in general. 

For any J C / G JV, by the definition one easily checks that Wj = 
(7r5)-i(lm(7r5)nW^j). These imply that for every uj G = tti{W^) C 
the inverse image nj^{ui) (resp. tTj^{ui)) exactly contains |r/| (resp. iFjj) 
points. So for each uj G Wj nlm(7r5) the inverse image (Trj)~^{uj) has ex- 
actly IF/I/IFjI points. If (_Ei, F;, ni)(= F^, 11^)) are the Banach orbibun- 
dle charts on E corresponding with (Wi, Ti,TTi), i — I, ■ ■ ■ ,n. Repeating the 
same construction from Ei one obtains the similar projections 11/ : — > Ej 
and : Ej — > Ej for J C /. In summary we get: 
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Proposition 2.18 For any J CZ I ^ Af the projections ttj , Xj and tTj, and 
H] and IIj satisfy: 

(i) -Kj o-Kj = lYj o TTj (on (7rj)~^(W^j)J for the inclusion ifj ■ Wj ^ Wj . 

(ii) Tr'jO(f)j ^ >^ji<Pi) ° TTj for any (pi eVi. 

(iii) TT/ induces an homeomorphism from the quotient Wi/Tj to Wi, and 
the restriction ofiTi to Wj is a \Ti\-fold covering ofWj. 

(iv) The generic fiber of tTj contains |r7|/|rj| = ITlie/XJ^il points. Pre- 
cisely, for each uj G Ini(7rj)nWj the inverse image {tTj)~^{uj) C Wj 
exactly contains |r7|/|rj| points. 

(v) n J o n J — if J o 11/ for the inclusion ifj ; Ej ^ Ej . 

(vi) Uj o (pi — Xj{(pj) o Uj for any J <Z I E M and any (pi 6 F/. 

(vii) The obvious projection pi : Ei ^ Wi is equivariant with respect to the 
induced actions ofTi on them, i.e. pi oipi = tpi opi for any ipi G F/. 

(viii) TTi o pi — p o Hi for any (pi G F/, and TTjopi — fjj o Hj for any 
J Cl eAf. 

(ix) The generic fiber of Hj contains |F/|/|Fj| points. 

However, as showed in Lemma [2.191 below the projection pi : Ei Wi 
is not Banach vector bundle if |/| > 1; accordingly we instead temporarily 
call it the the virtual Banach vector bundle. Therefore we get a system 
of virtual Banach bundles 

{£{K),W{K)) = {{Ei,Wi),^i,XIi,Vi,t:'j,TI'j, X'j \JcIeM]. (2.15) 

Lemma 2.19 For each / G A/" with \I\ > 1, pi : Ei ^ Wi is a Banach bun- 
dle variety in the sense that locally Wi is a finite union of Banach manifolds 
and the restriction of Ei on each of these finitely many Banach manifolds 
is a Banach vector bundle. 

Proof. Let / = i^fc} G A/" with k > 1 and ii < i2 < ■ ■ ■ < ik- 

For a given ui G Wi and ui = tti{ui) we choose a small connected open 
neighborhood of ui in Wi , O (that is a support of a Banach orbifold chart in 
A) and consider the inverse image Oi, = n^^^{0) of O in Wi, , I = 1, - ■ ■ ,k. 
Then each Oi, is an open neighborhood of Ui, in Wi, , and the isotropy 
subgroup T{ui, ) of F^^ at Hi, acts on Oi, . ( To see the second claim, for any 
(p G Ti, and x G Oi, we have (p{x) G Wi,. So it follows from Tri,{(p{x)) = 
TTi, (i) G O that (p{x) G Oi, . ) If O is small enough, for any fix s G {1, • • • , fc} 
it follows from Lemma l2.4l that there exist diffeomorphisms Xi^i, : Oi^ — » Oi, 
that map Hi^ to Ui,, and group isomorphisms Ai^i, : F({ii^) — > T{ui,) such 
that 

Xi^i, o(p = Ai^i, ((p) o Xi^i, (2.16) 

for any (pi G r(uij and I €{!,■■■ ,k} \ {s}. Those diffeomorphisms Xi^i, 
(s 7^ /) in (j2.16p are unique up to composition with elements in F({ti^) and 
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r({ti,). Namely, if we have another diffeomorphism A-^j^ : Oi^ that 
maps Ui^ to Uj, , and the group isomorphism A!^^^^ : ^{ui^) — > r(ujj) such 
that 

A^o0 = ^^(0)oAU (2.17) 

for any (j) G r(u,J, then there exist corresponding e r('Uj^) and G 
r(ui,) such that 

Ai^ii = fpii ° ^^'^ ^isii = ^'isi, ° (2-18) 

In particular these imply that 

Kiis ° ^is'h = (t>is and Aiji^ o Ai,ij o Ai^i, = (2-19) 

for some 4'i,^4''i, ^ ^({ii^), s ^l,t and / 7^ i. For convenience we make the 
convention: A,^,^ = irf^. and = lr(«i^)- Then we have |r({(i^)|*'~^ 

smooth open embeddings from Oj^ into Wi given by 

o Af : o Ai,i(xs)) .gj., (2.20) 

where Af = with Aj^j^ = ic^Q , and 0/ = belongs to 

k 

T{ui), := {(<^i)ie7 G n I -^^^ = (2.21) 

Hereafter saying (/i/ o Af to be a smooth open embedding from Oi^ into Wi 
means that (pioXj is a smooth embedding from Oi^ into the Banach manifold 
X • • • X Wi^, and that the image (pi o A|(OiJ is an open subset in Wj. 
Clearly, (ij^, • • • ,Xii^) G nf=i C nf=i contained in W/ if and 

only if 

(iii, • • • ,XjJ = o Af(iiJ 
for some </)/ G T{ui)g. So the neighborhood 

_ k ^ 

0{ut) := 7r7^(0) = (iJOi,) n T^/ (2.22) 

1=1 

of uj in Wj can be identified with an union of |r(u,J|*~^ copies of O,,, 

y cPioXjiOiJ. (2.23) 

0/6r(-ii7), 

Furthermore, for any two different (pi, cp'j in r(M/)s we have 

(Pi o Af (OiJ n <P'i o Af (0,J = {((/., o A,,,,(f;)),ej | 5 G O,, & 

(<^i o Ai3i(i}))ie/ = {(P'i o Ai,i(^))ie/} D {«/}. (2.24) 

In order to show that Wi is a Banach variety, wo need to prove that those 
|r({(j^)|'^~^ sets, (pioXj[Oi^), (pi G r{ui)s, are intrinsic in the following sense 
that 

{.Pi o Af (OiJ I <Pi G T{ui),} = {(Pi o a* (0,J I 0/ G T{ui)t} (2.25) 
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for any two s,t in {I,-- - ,k}. For simplicity we only prove it for the case 
that fc = 3 and s = l,t = 2. Note that we may identify T{uj)i (resp. 
r{ui)2) with r{ui2) ^ r(ui3) (resp. r({tij X r{ui^)). Then each set in 
{4>i o A}(OiJ I 0/ G r(?i/)i} has the form 

i2 ° -^1112 ("^41 ): 0*3 ° -^ilis (•^il )) I ■^ii ^ ^ii } 

for some (fiir^ x £ T{ui^) x r('u.i3). Similarly, each set in {(/i/oAKOij) | 6 
r('S/)2} has the form 

, 23^2 , 0^3 O Aijis (il2 )) I ^12 ^^12} 

for some (/)-^ x 0-^ S r({iij) x T{ui^). Thus in the present case the proof of 
(|2.25p is reduced to finding 0-^ x (/)-^ S r({tij x T{ui^) for given (/),i2 x e 
r(Mi2) X ^i^ia) such that 

(0,2 X(/..3)°A}(0,J = « x0^JoA?(O,2)- (2.26) 

For any (f)[_^ S T(ui-^), since (/)^^ o Ai2ii : Oi^ Oi-^ is a diffeomorphism it is 
easily checked that the set 

(0i2 X 0^3) ° A/ (Oil) 

= {(iij, 0i2 ° -^n 12(^*1) I 0J3 ° Ail J3(iii)) I ijieOil} 
is equal to that of all triples 

(0ji ° Ai2ii (ii2 ) ; '/'i2 °Aiii2(</'ii ° A,2ii(ii2))>*3 °Ai,,3(0-^ O Ai2ii(ii2))) 
= ('/'n ° Ai2 11(5*2) :'^i2 ° A,ii2 ° Ai2il(i»2):'^i3 ° A^iig Ocj)[^ O Ai2ii(£l2))l 

where takes over Oi^. By (|2.17p . (|2.18p and (|2.19p we may obtain that 

(Ala ° Aiii2 ° 0ii ° A,2ii = (/-ia ° -^iii2 ('/'n ) ° ^1112 ° Ai2ii 

= 0^2 ° Aii2('/'M)°C 

for some </)"^ e T{ui^), and that 

</'»3 ° Aiiia o (?!>ii o A^2n = </'j3 o Aiiig ((/)-^ ) o A,i,3 o Aj2ii 

for some (p'^^ € r(ui2)- Hence (|2.26p holds if we take 

4 =0.2°Ai.2«)°C and < =^^U0-'o(0^;)-i). 

Similarly, (by shrinking O if necessary) using the properties of orbibun- 
dles one has also smooth bundle isomorphisms 
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covering Ai^i, , i.e. 



Ph ■ Ai,ii, such that 



for any (p G T{ui^) and / G {1, • • • , A;} \ {s}. Hereafter 

E,,. 



$ : E, 



E'iJq. (resp. 



(2.27) 



is the bundle isomorphism lifting of (f> (resp. ((/))) produced in the 

definition of orbifold bundles. (As stated in Remark 12.81 we hereafter 
write {Eii^ , r^, , Hi, ) as {Ei^ , Ti^ , 11^, ) and understand G Ti^ to acts 



on Ei, via (^^, ■ C = (0 with 



to see that $j, maps Ei, \^ to i?. 



: Xwi^ifj^ii) ^iid ^ G Ei^.) It is easy 
In particular the restriction of it to 



Si, Iq is also a smooth bundle automorphism of I q covering 



it 

and (f)j 



and 



is still denoted by <i>i, . So for the above Af = (Ai^i)ie/ with Ai^i^ — iu,q. , 



4>i)iei € r(u/)s we get the corresponding 

($,)«£/ and Af (A,^,),ej, (2.28) 
where we have made the convention: 

$i = 1 and Ai i = id^ , ^ . 

Corresponding with (|2.20p we obtain |r({ti^)|'^^^ smooth bundle open em- 
beddings 

o Al : E,^ lo^^ ^Ei,^^ ($, o A,Ai)),^i (2.29) 

for (pi G T{ui)s- Here "smooth bundle open embedding" is to be understood 
in a similar way as is explained below (|2.2ip . Clearly, each map 

o Aj{E,^ o A1(0,J, (2.30) 

is a Banach vector bundle over the Banach manifold cpi o Xj{OiJ, and 
M $,oAf(S,Jo. ) = Ei 

Corresponding with (I2.23P and (|2.24p we have also: 
ci>,oAf(S,Jo,^)fl$;oAf(S,Jo, ) = 

{{^^oAUi)),^j I |eS,J5_^ &($,oA,,,(0),^^^ = ($^oA,,,(0)^^^}. 
for any two different 0/, ■0/ in r(u/)s, and 

{ci>,oAf(sjgj I 0,Gr(s,)4 I 

= {<i>,oA*(sj5j I 0/er(s,),} / ^ ■ ^ 

for any s, i G {1, • ■ • , k}. Hence Ej Wj is a Banach bundle variety. □ 



49 



Remark 2.20 By shrinking O we may also assume that each Ai,i, in (|2.16p 
is not only a difFeomorphism from Oi^ to , but also one from a neighbor- 
hood of the closure of Oi^ to that of Oi, . In this case the union in (|2.23p 
may be required to satisfy: 

If e U0,Gr(s,), 4>i ° Af (0,J and w ^ 0/ o \\{d,,) 
for somei, then -5 ^ Cl[(t)j o Aj(Oij)). 

It means that each ipi o X]{Oi^) is relatively closed in U</,jer({t/) '/'/°Af (0^^). 
Let us prove (|2.32p by contradiction arguments. Suppose that v E Cl[(t>i o 
A/(OiJ)\'/'/oA^(OiJ. Since C;(0/oA^(OiJ)= 0/oA^(CT(OiJ) there exists a 
unique x G Cl{Oi^), which must sit in Cl{Oi^)\Oi^, such that 0/oAj(a;) = w. 
Moreover, since v belongs to some o A|(Oi^) one has a unique y G O^^ 
such that o Af (y) = w. So (f)ioX\{x) = 0^ o Af (y). For the sake of clearness 
we assume t = 1 and s = 2 then 

(i, o Aiii2 (5), • • • , o Ai^i^ (x)) 

= ° A,2,i(y),y,0-3 o A,3,i(y), ■ • ■ ,(/)-^ o A,2i,(5)). 

Therefore x — 4>[_^ oXi^i-^ (y). Note that Xi^i^ : Oi^ — > Oi^ and : Oi^ — * 
are both diffeomorphisms. We deduce that x — 0-^ o Xi^i^ (y) S Oi^ . This 
contradicts that x G Cl{Oi^) \ Oi^. (|2.32p is proved. 
Similarly, we also require that 

If I e U*,er(«,). 'i'/ ° Af (0,J and | ^ o A* (0,J 
for some i, then | ^ C/($/ o A^(0,J) . 

Later we always assume that (|2.32p and (|2.33p are satisfied without special 
statements. 

In terms of [LiuT3] we introduce: 

Definition 2.21 The family of the smooth embeddings given by (|2.20p . 
{0/ o Af I G r(u/)s}, is called a local coordinate chart of Wi over a 
neighborhood 0{ui) of uj, and each (j>i o Af is called a component of 
this chart. Similarly, we call the family of the bundle embeddings given by 
(|2.29p . {(f>/ o A| I G r({t/)s}, a local bundle coordinate chart of Ej 
over 0{ui), and each <&/ o Af a component of it. For i/ G o Af (0^^), 
a connected relative open subset W C c/)] o Af (O^^) containing xj is called 
a local component of Wi near xj. In particular, 0/ o Af(Oi,) is a local 
component of Wj near u/. The restriction of <&/ o Aj{EiJ^ ) to a local 

component near uj is called a local component of i?/ near uj. Two local 
components of Wi (or near a point u of VP/ are said to be of different 
kind if the intersection of both is not a local component of Wj near u. Let 
^ be a family of local components of different kind near a point u G Wj. If 
the union of sets in A forms an open neighborhood 0{u) of u in Wj we call 
A a complete family of local components of Wi over 0{u). Clearly, 
we have also a notion of germ of complete families of local components. 
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Note that (|2.25p and (|2.31|) show that one can construct the same com- 
plete famihes of local components starting from two different s and t. More- 
over, suppose that Q C O is another small open neighborhood of uj in Wi. 
Then all constructions in the proof of Lemma 12.191 work as we replace O 
with Q, and the corresponding local components of Wi near uj and those 
of Ei near {Ei)uj are, respectively, given by 

{0/ o Af(Qi J I 0/ e r(u/)4 and 
{<^>ioAUE,JqJ I ^ieTiui)s}. 

Here Q^, — tt^^^{Q) are the inverse images of Q in 1^^, , I — 1, • • • , /c, and 
0/ o A| and $/ o A| as in (|2.25p and (|2.3ip . More general conclusions, stated 
in Lemma 4.3 of [LiuT3], will be: 

Proposition 2.22 The notion of local component is functorial with respect 
to restriction and projection, that is: 

(i) If {4>i o I (/)/ £ T{uj)s} is a local coordinate chart near uj G Wj, then 

for each point vi G U^^^r{ui)s4'i ° ^jiOi,) there exists a neighborhood 
Q of vj in Wi such that {Qr\4>i o Af(OiJ | 4>i £ r({t/)s} is a complete 
family of local components ofWj over Q. 

(ii) If {(pi o Xj \ (pj G r(?i/)s} is a local coordinate chart near uj £ Wj and 

is £ J £1 I , then {tTj o o Af | (/)/ £ T{ui)s} is a local coordinate chart 
near 7rj(u/) £ Wj (after the repeating maps 7TjO(j)jo Af is only taken 
one at a time). In particular, not only the projection tTj : Wj — > Wj 
maps the local component <j)i o A|(Oi,) near uj to the local component 
TT^j{(j)i o A|(Oi^)) near Trj{uj) in Wj but also the restriction 

is a smooth map. Actually one has 

7r5 o 0j o A? = \'j{(t)i) o A} = (pj o A}, 

where A} = {X,j)i^j. 
(ill) Correspondingly, the projection Hj : Ej — > Ej restricts to a smooth 
bundle map from i?/|^,oAj(o.J ^jl',i<PioXi{d.^))- 

Proof, (i) By (|2.32p we may choose a connected open neighborhood Q C 
7rJ^{0) of V in Wj such that for any 0/ £ r(u/)s, 

QnC/(0/ o Af(0,J) = as ^ 0/oAf(OiJ. 

If vj £ (pi o Af {Oi^ ) then the connected relative open subset Q n o Af {Oi^ ) 
in (pi o Xj (Oi^ ) is a local component of Wi near vj . It is easy to see that the 
union of sets in {QCi (pi o Af(OiJ | pi £ r(u/)s} is equal to Q. So (i) holds. 
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(ii) We may assume that / = {ii, • ■ • , i^} and J = {ii, ■ • ■ , ik'} with 
k' < k. By (|2.24p we may also take s = 1. Then by l|2.2ip we have 

r(u/)i = {{i,<j>i2,- ■ ■ ,<j>ij I e r({tj,),z = 2, • • • 
r(7r5(u/))i = {(1,0,,,. •• ,0,^,) I 0,, er(uO,^ = 2,... ,/c'}. 

That is, Aj(r(M/)i) = r(7rj(u/))i. So for a given local component 

(j>i o a} (Oil) = {{xi,(t)i2 o Aiii2(5i), • • • , o Ai^ijxi)) I ii e Oil} 

of Wi near {t/, we have a corresponding local component of Wj near ttj{ui) 
as follow: 

(/)joAj(OiJ = {(Si^ia o Aiii2(ii), ■ • ■ ,4'^ o Aiii^^, (xi)) I ii e Oil}. 

Here 0j = (l^^^,-- - ,0i^,,) = A5(0/) G r(7r5(u/))i and A^^ = {(kidieJ- 
Clearly, TTjO(j)jo\j = \^j[cf)i) o Aj = o Aj, and so T^j{(j)i o A}(Oii)) = 
0j o Aj(Oii). Moreover the restriction 

which maps (ii, ^i^ o Ajii2(xi), • • • , 0i^ o Aj^j^ (ii)) to 

o Aiii2(ii), ■ • ■ ,cj)i^, o Aiii^,(ii)), 

is explicitly a smooth map. (ii) is proved, (iii) is also proved easily. □ 

The arguments below Definition 12.211 and Proposition 12.221 show that 
the notion of local component is intrinsic. Using this, for each / = 
{ii, ■ • • , ife} G A/" with |/| > 1 we can desingularize Wi to get a true Banach 
manifold Wj. Consider the disjoint union of Banach manifolds 



Wi 



^= II II II {(«/,0/)}x'^/°A}(O.J, (2.34) 
uieWi 0/er(u/)i oeu(ui) 

where U{ui) is the germ of small connected open neighborhoods of uj = 
TTi{ui) in Wi (that are supports of charts in the atlas A) and Oi^ = 7r^_^^{0). 

we define a relation ~ as follows: For ui,u'j € Wj, and (pi e T{ui)i, 



In 



Wi 



(p'l € T{u\)i, and yi <E 4>i o \]{0,^) and y'l e (p'j o \'}{0[J we define 

(u/, 0/, yi) - {ui,(l)'i,yi) (2.35) 

if and only if the following two conditions are satisfied: 

(i) yi = ?/j as points in Wi; 

(ii) 0/ o A} (Oil) Cl't'i ° Aj^(0-^ ) is a local component of W/ near iji = y'j. 
By Proposition 12 . 221 we immediately obtain: 
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Claim 2.23 The relation 



\2.35]) is a regular equivalence in Wj 



Moreover, any two different points in {{ui, 0/)} x <pi o A}(Oij ) are not equiv- 
alent with respect to ~. 



In [MaOui Def.4.3.1, Def.4.3.3]) an equivalence relation C X x X on a 
C'^-manifold X is said to be regular if there is a C'°-difFerentiable structure 
on X/TZ such that the projection map q : X X/TZ is a C'^-submersion. 
This unique C'^-difFerentiable structure on X/TZ is called quotient difFer- 
entiable structure and the associated manifold is called quotient mani- 
fold given by 7?. on X. An equivalence relation 7?. on X is said to preserves 
the boundary if TZ{dX) — dX. For the precise relations between dX and 
X/TZ the reader may refer to [MaOul Th.4.3.14]) (and in particular [MaOui 
Cor.4.3.15] and [MaOui Th.4.3.17] in two special cases that dX ~ and 
d{X/TZ) = 0). 

Proof of Claim 12.231 We only need to prove the regularity. For the sake 
of simplicity we assume that X and thus 



subset in 



have no boundary. Let TZhe a. 
determined by the equivalence relation ^ . By Corollary 



4.3.15 in jMaOuj we need to show that 7?. is a submanifold of 
without boundary and that Pi\tz :TZ 



Wi 



Wi 



Wi 



is a submersion. Here Pi is the 



projection of 



Wi 



Wi 



to the first factor. Let {ui,(j)i,yi) ^ (u'j,(j)'j,y'j) 
be as in (|2.35p . Then (^{ui,(j)i,yi), {u'j , (p'j , y'j)) belongs to TZ. Note that for 



any zi G (j)i o X]{Oi^ ) H ° ^'i (O'l^ ) we have 

{{ui, (j>i, zi), {u'j, (f>'i,zi)) e TZ. 

So a neighborhood of (^{ui,(j)i,yi), {u'j , ipj , yj)"^ in TZ can be identified with 
0/ o A}(OiJP|0j o Aj^(0-J, and in this situation the restriction of Pi\ti 
to this neighborhood is the identity map. The desired conclusions follow 
immediately. □ 

Denote by the equivalence class of (w/, (/)/, y/), and by 



Wi = 



W, 



(2.36) 



if |/| > 1, and by Wi = Wi if I ^ {i} G TV. Then Wi is a Banach manifold, 
and each 

ch^j ■■ O,, -^Wi, o A}(£)], (2.37) 

gives a smooth open embedding (which is called a local coordinate chart 

of Wi near [iii, (j)i, u/]). The projections tt/ and ttj induce natural ones 



TTi -.Wi ^ Wi, [ui, (j>i, yi] ^ TTi{yi), 
tt'j -.Wi ^ Wj, [ui, (pi, yi] t-^ [uj, <j>j, yj] 



(2.38) 
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Here (j),j = \^j{(t)i) = MieJ, uj = 7r5(u/) = {ui)iej and yj = 7r5(?;/) = 
{yi)i^j. By Proposition I2.22f ii) the map tt^ is well-defined, and as in the 
arguments below (j2.14p we can show that tt ^ is not surjective in general if 
I J. Note that in the charts (pi o A) and 

•pj o X]j : Oj^ Wj, X ^ [uj, (f)j, cj),j o Aj(i)], 

the projection ttj may be represented by 

d^,-^dj,,£^K,j,ix) (2.39) 

because ji e J C /. Here Xi^j^ = 1q, if ji = ii- So ttj is a smooth map. 
Recall that the action of any ipj = [ipi)i^i e F/ on 

yj = (j>j o \]{S:) = {x,(j)i^ o Xi,i^{x), ■■■ ,(j),^o Aiiiji)) 

is given by 

= (V'ii(5),i/'»2 ° ° • • • ,ipi^o o Ai,,^(i)) 

= o A}* (i)) e cP} o A}* (V^H (Oh )). (2.40) 

Here cp} = {(p*i)iei e r(^/(u/))i, 0,* ^ ipi o cpi o ^^^^ for / g /, and A}* = 
(A*^,);e/, A*^; = V'/ o o i/)^:^^ for any I e I. Let us define 

ipi ■ {ui,(j>i,yi) = {ipi{ui),(p*j,i}i{yi)). (2.41) 

Then it is easily checked that (|2.4ip gives a smooth effective action of 

Wj . Observe that for each s G {1, • • • , A:} and (pi G T{uj)s 



F/ on the space 

the above cp} belongs to T{ipi{uj))s. Denote by Af* = {X*j)i(zj, X*j 
tpi o Xij o ip~ for any / G /. Then 



(P} o Af : (O.J Wi, is ^ o XliiS,)) 



lei 



is a smooth open embedding, and {0JoAf* | 0/ G r({(7)s} is a local coordinate 
chart of Wj over the neighborhood ipi(^0{ui)^ of ipi{ui) in the sense of 
Definition 12.211 In particular, we get a local coordinate chart of Wj around 
[ipi{ui),(p},ipi{ui)], 

cpfTx}^ ■.^.^{O.J^Wi, i^[i^i{ui),cP*j,<P}oX*j\x)]. (2.42) 
Let {ui,(pi,yi) {u'j,(p'j,yj) be as in (12. 35^ . Clearly, i}i{yi) = i>i{y'i) and 

<|^}oXY{^PM^)){^<t>'^o\'l*{^^^AO'^,)) 

is a local component of Wi near ^pi{yi) — ^/ji{yj). So we get: 
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Lemma 2.24 The action in {2.4^1^ preserves the equivalence relation r^, i.e. 
{ui,(j>i,yi) ^ {u'j,(j)'j,yj) if and only ij i^i ■ {ui,(l)i,yi)j^ %pi ■ {u\,(j)\,y\). So 
it induces a natural smooth effective action of F/ on Wi : 

ipi ■ [ui, (1)1, yi] = [i/Ji ■ (ui, (1)1, yi)] (2.43) 
for any tpj G Tj and [u/, 0/, yj] G Wj . 

Proof. We only need to prove that the action is smooth and effective. 
Indeed, in the charts in (jOT)) and ([^^ 

[ui,(l)i,yi] = [ui,(j)i,(j)i o X]{x)] ^ tpi ■ [ui,(l)i,yi] 

is given by the smooth map 



The effectiveness follows from the fact that the action of F/ on Wi is 



effective. □ 
Clearly, a continuous surjective map 

qi:Wi ^ Wi, [u/, (j)i,yi] yi, (2.44) 

is smooth as a map from Wj to Hie/ ^^'^ ^^^'^ satisfies ttj o qi = ttj. It 
follows from (|2.4ip and (|2.43p that qj commutates with the actions on Wi 
and Wi, i.e. qiO^i ■ [ui,(j)i,yi]) = ' (<?/([""/, (l)i,Vi])) for each [uj, y/] e 
Wi and tA/ £ T/. These imply that qi induces a continuous surjective map 
qi from Wi/Ti to Wi/Ti. In fact, qi is a homeomorphism, and hence 
TT/ induces a homeomorphism from Wi/Ti to Wi. To see this let 
[ui, (j)i,yi] e Wi, [u'j, (p'j, y'j] e Wi be such that ni{yi) = ■7Ti{yj). We need to 
prove that there exists ipi G T/ such that ipi ■ [ui, (/)/, y/] = [u'l, (j)'i, y'l]. Since 
7r/(y/) = ni{yj) there is V'/ S T/ such that il^i[yi) — y'j. Recall that yi G 
(1)1 o A}(0,J and G 0; o A;1(0^ J. By ^dvi) e 0} o >^}*{^^^ (O.J). 

That is, ?/'/•["/, 0/, ?//] = [i/"/ (m/ ),(/'/, ''/'/(y/)]- Note that the local structure of 
Wi near y/ is essentially the same as that of Wi near y'j. (By composing with 
a suitable element (pi € (r/)yj -0/ can be chosen so that the intersection 
0joAj (O- Jn(/)JoA}*(i/'ii (OiJ) is a local component of W/ near = ipi{yi). 
Let 

:= {uj G M?/ I F/(u/) = {!}} and 1 

Tyr^:-{ti/ei?/|rKti/)^{i}} J 



(2.45) 



where F/(m/) is the isotropy subgroup of F/ at u/ G W/. Then Wj is 
an open and dense subset in Wi, and Wp^^ is relatively closed in Wi. 
Moreover, tti{W^) and 7r/(M7f "») are equal to W^ in fiTm and I^f in 
(|2.13p respectively. Summarizing the above arguments we get: 

Proposition 2.25 (i) Wi is a Banach manifold and ttj is a smooth map. 
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(ii) There exists a smooth effective action of T i on Wi ( given by l{2.43^ ) 
such that TTj is invariant under the action and induces a homeomor- 
phism from Wi /Tj to Wj H 

(iii) TTjoTTj ~ lYjOtti for any J <Z I <Z M and the inclusion lYj ■ Wj ^ Wj . 

(iv) TTjO'ip] — \j{ipi) o TTj for any J <Z I d Af and ipi S F/. 

(v) For any L, J, I ^ J\f with L (Z J C I it holds that nj^ojr^j — ^l- 

(vi) For any I — {ii, ■ ■ ■ ,ik} G N the isotropy group ofTj at iij G Wj is 
given by 

riiiii) = Tiiui) = Tiu,,) X • • • X r(M,j, 

where uj = qi{ui) is given by \2.44^ and r(Mij) is the isotropy group of 
Fi, at Ui, as before. For I — 1, - ■ ■ , |(r/)iij-| = (|r({(i,)|)l-'^l because 
these T{uii) '^'^^ isomorphic. Moreover, for ui G Wj the inverse image 
(it J )^^{uj) contains 

\i\ 

\Tj\~\Tj{uj)\ + l = l[{\T,,\-\T{u,,)\ + l) 
I 

elements exactly. 

(vii) For any J <Z I ^ M and uj G Ini(7rj) the inverse image (7r^)^^(?ij) 
exactly contains 

\Tj\-\Tjiuj)\ + l ^^^^j 

elements, where uj G {ttj)^^{uj). In particular, if uj G Im(7rj) n Wj 
then {tTj)~^{uj) contains |r/|/|rj| elements exactly. 

(viii) For any J C I e Af it holds that (tt'j)-'^ {lm{T:'j) n Wj) = Wj and 
(tt j)""'^ (lm(7T j) n Wj*"^) = Wp"^ . Moreover the restriction of tTj to 
Wj is a \Ti\/\Tj\-fold (regular) covering to Im(7rj) HWj. 

(ix) For any J (Z I £ M and iij G Wi, Aj(r/(M/)) = Tjiuj), where 
iij = tt'j{ui). 

(v) may easily follow from (|2.38p . and the final (vi)-(ix) are also easily 
proved by the above construction. But (vii) is not derived from (ix). 

Remark 2.26 By (|2.25p it is not hard to check that Wi is intrinsic in the 

in (|2.34p is replaced by 



following sense. Assume that the space 



Wi 



II U U U <f'I°^mA^^J) 

uieWi oeu{ui) i<s<\i\ ,pier{ui). 



2 



This homeomorphism fact is not used in the arguments of this paper; we only need it to be 
a proper, continuous surjective map, which is obvious. 
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and that the equivalence relation in it is defined by 

{ui,(f)i,yi) ^ {u'j,(l)'j,y'j) 

if and only if the following two conditions are satisfied: 

(i) yi = y'j as points in Wj; 

(ii) 0/ o Af (OiJ n 'Z'/ ° ^'li^it ) ^ local component of Wj near yj = y'j. 

Here ui,u'j e Wi, 0/ S r({t/)s, and e r(u^)t, and j// e 0/oAf(OiJ, e 
0j o \^j{0[^), and U{ui) is the germ of small connected open neighborhood 
of ui in Wi, and (uj^) = '^i^{0), s = 1, • • • , |/|. Then we get the same 
Wi, tt/ and ttj. In particular W7 only depends on Wi. 

Similarly, we can define a desingularization £"/ of Ei and the bundle 
projection pi : Ei ^ Wi so that it is a Banach vector bundle. For later 
convenience we shall give necessary details. Corresponding with (I2.34p let 
us consider the Banach manifold 



E, 



II II II {{uiAi)}y-^ioK]{E,AoJ, (2.46) 

uji^Wi (t>i&^{ui)i 0&A(ui) 



which is a Banach bundle over 



Wi 



clearly. Here U(ui) and Oi^ — 'K^^{0) 
are as in (|2.34p . and $/ and Af as in (|2.28p . Let us define a relation ^ 
as follows: For ui,u'j G Wi, and (j)i E T{ui)i, £ r{u'j)i, and 



E, 



G $/ o A]{E,, U. ) and G $^ o A'l{E,, ) we define 

{ui,^i,ii)^{u'i,cj)'i,Ci) (2.47) 

if and only the following two conditions hold: 
(1°) ii = £,'i as points in Wi; 

(2°) $/ o A}(i?ii Iq ) n 'i'/ ° ^'i{Eii lo' ) is a local component of Ei near 

Pii^i) = PiiCi), where pi : Ei ^ Wi is the obvious projection. 

As in Claim [^T^ we can prove that ~ is a regular equivalence. It is easy to 
see that the relation is compatible with ^ in (|2.35p . That is, 

("/>/,!/) ^ {u'i,<l>'i,ii) =^ {ui,(j>i,pi{£,i)) {u'i,(l)'i,pi(ii)) and 
{ui,(j)i,yi) ^ {u'j,(l)'j,y'j) =4> {ui,(j)i,di{yi)) ^ {u'j,(l)'j,di(y'j)). 

Here 5/ : Wi — > i?/ is the zero section, which is well-defined though pi : 
Ei Wi is not a bundle projection. 

Let {ui,(f)i,^i) denote the equivalence class of (u/,0/,^/) with respect 
to ^. Denote by 

Ei=[¥^/ ^ (2.48) 
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if |/| > 1, and by Ei^E.iil ^ {i] e N. Then 

Pi-.Ei^ Wi, {ui,4>i,li) ^ [ui,<t>i,pi{h)] (2.49) 

is a Banach bundle, and each 

^JTk] : E,, Ig^^ ^ Ei, i ^ {ui, 0/, o A}(|)), (2.50) 

gives a smooth bundle open embedding, called a local bundle coordinate 
chart of Ej near {ui,(f>i,oi{ui)). The projections 11/ and Hj induce 
natural ones 



^i-Ej^ Ej, {Ui,4>i,ii) ^ n,(C/), 

ny. El -> Ej, {ui,(j)i,li) ^ {uj,(j)j,lj) 



(2.51) 



which are well-defined because of Proposition [^T^W iiil. Here (pj = Xj{(f)i) = 
{(f>i)iej, uj = 7r5(Mf) = (u/)iej and |j = n5(C/) = (|;)/eJ- Moreover, in the 
bundle charts $/ o A} and 

$j o Ai : Ej^ \^^^ Ej, f] ^ {uj, <j>j, $j o A],{f])), 

the projection Ylj may be represented by 

^nlo., ^^.ilo,,' i-^^nii) (2-52) 

because ji G J C /. Here Ai^j^ = Ij^ | if ji ~ ii. It follows that Hj is 

a smooth bundle map and also isomorphically maps the fibre of Ej at 
[ui,(j)i,pi{^i)] e Wi to that of Ej at [uj,(t)j,p,jiCj)] e Wj. 

In order to see how the action of Tj on Ej induces a natural one on Ej , 
note that ijjj — (V'z)ie/ G F/ acts on Ej via 

V'/-6 = */(6) = (*i(li))ie/. (2.53) 

So for 

1/ = $/oA}(?7) = (77,$,, oA,,,,(r7),--- o A,,,j77)) 
e $/oA}(i?,Jo^^) C Ei 

it holds that 

= {;^^Av),'^^2°'^^2°K^2if|),■■■ , ^-^^ O O A,,, Jt?)) 

= (*n(^),'i>:. °A,V,^(vI/,,(77)),... ,a>:^ oA*^,^(vI/,,(77))) 
= o A}* (*,, (ry)) e o A}* (vE-,, (^,, j^^^ )) , 

where = (^Die/ = (*/ o ° *r^)ie/' and A}* = (A*^,)/6/, A*^; = 
\E'/ o Aijj o \E'^^ for any I G /. These motivate us to define 

V'/ • (w/>/,l/) = (V^/(u/),0},^/ -6). (2.54) 
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Here (f)} = {(j)*i )iei = (V'/ o o tP^ e r(^/(M/))i as in (|2.40p . It gives a 

smooth effective action of Tj on Ej . As above <j>} belongs to T{ipj{uj))s 



as 0/ G r(u7)s. And for each s e {!,■■■ ,k}, if we define Af* = {A*j)i(=i, 
A* J = o A,;^; o for any I £ J, then 

$J o Af : vi/,^(^,J5^^^) ^ 6 - ($r ° A*^,(|,))^^^ (2.55) 

is a smooth bundle open embedding, and o AJ* | (j>j G r(?i/)s} is a lo- 
cal bundle coordinate chart of Ej over the neighborhood ^i[0{ui)) of 
ijji{ui). In particular, we get a local bundle coordinate chart of Ej around 
{ipi{ui),(j)*j,5i{tfji{ui))), 

^JTa}' : ^,J^^^(5^^) ^ o Aji(e)). (2.56) 

Let (u/, </)/,!/) - (u^,0^,|;) be as in I^M- Then */(e/) = ^-j^^) and 
$J o A}* 1^^^ ^^Jf] o A^i* 1^^^ (5,^ )) 

is a local component of £"/ near p/(^'/(C/)) = P/(^/(C/))- So the action in 



E, 



(|2.54p preserves the equivalence relation ^ in 

{ui,(i>i,ii) ^ {u'j,(i)'j,^j) -0/ ■ {ui,(i)i,ii) ^ tpi ■ {u'j,(j>'j,ij). 

It follows that (|2.54p induces a natural smooth effective action of F/ on Ej: 
i>i ■ {ui,<t>iM) = (V^7 • {ui,(t>iM))- (2.57) 
In fact, in the charts in (|2.50[) and (|2.56p the action 

{ui,(l)i,ii) = {ui,(j)i,<^i o A]{ij)) ^ ipi ■ {ui,(j>i,ii) 
is given by the smooth map 

The effectiveness is also easily proved as before. Moreover, the clear contin- 
uous surjective map 

Qj : Ej ^ Ej, {uj,(l)j,£,j) i-^ |/ 

commutates with the above actions of Tj on Ej and Ej and also satisfies 
11/ o Q/ = If/- As in the arguments above (I2.45P we can derive that the 
projection 11/ is invariant under the Fz-action and induces a homcomorphism 

Ej/Tj ^ Ej, {uj, cj}j,Ci) ^ UiiCi). 

These arguments yield: 

Proposition 2.27 (i) Each pj : Ej Wj is a Banach bundle. 
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(ii) There exists a smooth effective action ofTj on Ej (given by {2.51^ ), 
and 11/ is invariant under the action and induces a homeomorphism 
from Ei/Tj to Ej. 

(iii) The projection pj : Ej Wj is equivariant with respect to the actions 
ofTj on them, i.e. pj oipj — ijjj opj for any ijji G F/. 

(iv) rijollj = Lfjotlj for any J C / G A/" and the inclusion ifj : Ej ^ Ej . 

(v) For any J G I £ Af, 11 j is a smooth bundle map covering tTj and also 

isomorphically maps the fibre of Ej at iij G {'^j)~^{W,j) to that of Ej 
at Tfj{ui). Moreover, it is Tj -equivariant, i.e., IIj otpj = Xj{'4'i) oflj 
for ipi eTi. 

(vi) TTj o pj = p oHj for any (f)j G F/ . 

(vii) pj o = 71" J o for any J C / G M. 

(viii) For any L,J,IeJV with L C J C I it holds that o = ni • 
(vii) may easily follow from (|2.5ip . We get a system of Banach bundles 

{£{K),WiK)) = {{Ei,Wi),Tri,Ili,ri,TT'j,Il'j,X'j \JcIeM}, (2.58) 

which is called a desingularization of (^£{K), W{K)) in (|2.15p . 

Definition 2.28 A global section of the bundle system {£{K),W{K)) is 
a compatible collection S — {Sj \ I G JV} of sections Sj of Ej Wj in the 
sense that 

Si = {fl',rSj := (flS)"i o Sj o n'j, (2.59) 

i.e. Sj{¥j{x)) = iV^j(Si{x)) for any x £ Wi and J C I E J\f. S is said 
to be smooth if each Si is. 5 is called transversal to the zero section 
if each section Si : Wi Ei is so. Furthermore, a global smooth section 
S = {Si I / G Af} is called Predholm if each Si is a Fredholm section. If 
each section Si is F/-equivariant the global section S = {Si} is said to be 
equivariant. 

Lemma 2.29 For each I £ M with \I\ > 1, and I £ I we denote by Ii — {1} 
for 1 < I < n. Then each smooth section ai : Wi Ei can define one 
crii -.Wi ^ Ei by 

Wi-^Ei, f ^ ((nf)*aO(*) = {fiir'H^i.m)) (2.60) 

which is equal to ct; if I = Ii. Moreover, if ai is Fredholm then so is an. 

Proof. We first prove that the section an is smooth. To this end let us 
write it in the charts in (|2.37p and (|2.50p . Let x — (pi o Xj{x) — [ui, (pi, (pi o 
X]{x)] for X G Oil. Then 7r{^ (i) = [Hi, (pi, (pi o Xi^i{x)] = (f>i o X.i^i{x), and 
specially equals i if / = ii. So ai{4>i o X^^iix)) = {ui,(pi,ai{(pi oXi^i{x))). As 
in (|2.52p , under the bundle charts o A} in (|2.50p and 

f] ^ (ui, , (pi^ , o A}^ (fj)) = (u;, 0/, ?7) = 77, 
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the projection Ylj^ may be represented by 

It follows that an may locally be represented as 

On^^^ilo,,, {^ioA,,i)-\ai{(f>ioX,^i{£))). (2.61) 

This shows that au is smooth. The other claims follows from this clearly. 
□ 

A class of special sections of the bundle system {£{K), W{K)) may be 
derived from those of the Banach orbibundle E X. 

Lemma 2.30 Each (smooth) section S of the Banach orbibundle E X 
may yield a global (smooth) section of the bundle system {£{K),W{K)), 
denoted by S = {Sj \ I G M}. The section S is equivariant in the sense that 
each Si is Tj -equivariant. If S is Fredholm so is S and they has the same 
index. 

Proof. Let Si : Wi — > Ei unique Fi-equivariant lifts of S'jvFi, i = 1, ■ • • , n. 
They are compatible in the sense that 

Sj o ^ Aij o Si on Oi, z, j = 1, • • • ,n, 

where Ay , Aij and Oi are as above. Since Hi o Si = S o TTi, i — 1, ■ ■ ■ , n, for 
each I £ J\f we have a map 

Si -.Wi ^ Ei, XI = {xi)i(zi 1-^ {Si{xi))i(zi. 

This map determines a (smooth) section of the Banach bundle p/ : Wi — > Ei. 
In fact, let / = {ii, ■ ■ ■ ,ik}, and {ui,(f>i,(f>i o A}(i)) ~ (u'j , 4>'i , 4>'i ° A'/(i')) 

for x e Oi J and x' G O'^^ . Using the local chart (/>/ o A} in the proof 
of Proposition 12 . 221 we have 

S'/((/)/ o A}(x)) = (^S^,{x),S^^{(j),^ oA,i,2(i)),--- ,S',,((/),, oA,i,,(i))) 
= ('5,;i(i),0i2 ■ S^^{X,^^^{x)),--- ■ S^^{X^^^^{x))'j 
= (5,,(i),$,,(5,,(A,,,,(£))),--- ,$,,(^,, (A,,,, (£)))) 
= (5,, (x), (A,,,, (S,, (x))) (A,,,, (S,, (i)))) 

= <i>,oA}(4(i)), 

Si{(j>'i o X'i\x)) = (^S,,{x),Si^{(l)',^oXi^i^{x )),■■■ o A-^,^(i'))) 

= (s.,(i'),'i>L(4(A^,,.(5'))),--- ,$^,(4(A:,.,(i')))) 

= [s,Ai'),^-AKrAS,Amr-- ,<i>:,(A^,.,(5.,(i')))) 
= $;oA^i(4 (£')). 
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Since (pi o X](x) ^ (f)'j o A'/(.x')(=> 2; = x') we get that 

Si{^ioX}{x)) =$/oA}(^,,(i)) 

-$^oA;1(4(£')) = ^/(0^°A'/(£'))- 

Moreover, o A}(OiJ n o Aj^(0-J is a local component of Wi near 
0/ o A}(i) = 0/0 A^i(x'). It follows that 

$,oA}(^,J5^ )n<i>^oA^i(^,J5, ) 

is a local component of Ej near 0/ o A}(a;) ~ (p'j o X'j{x'). This shows that 
(u/,0/,^/(0/oA}(i))) ^ {iL'j,'^'j,~Si{^'jo\'l{i'))) or 

So we may define S*/ : Wj Ej by 

[ui,(j)i,xi] {ui,(j)i,si{xi)). (2.62) 

It is easy to see that in the charts of (|2.37p and (|2.50p the section may be 
expressed as 

Oi, ^ E,,\o^^, x^ S,,{x). (2.63) 

Thus Si is a smooth section, and its zero set is given by 

ZiSi) = {Tri)-\ZiS)nWi). 

From (|2.38p and (|2.5ip one can immediately derive 

Sjo%^j = o Si (2.64) 

for any J C I E N . Finally, one easily checks that each Si is Fj-equivariant. 
From (|2.63p it easily follows that each Si and thus S are Fredholm if S is 
so. □ 

As done in Section [1] our aim is to give a small perturbation of the 
Fredholm section S so that it becomes transversal to the zero section. The 
arguments at the beginning of this section show that such a purpose can only 
be realized by perturbations of the nonequivariant global sections. However, 
even if ai : Wi ^ Ei has compact support contained in Wi one mayt not 
be able to extend the collection {an : I G A/", ^ G /} of sections given by 
Lemma [2.29l into a global smooth section of (S{K),W{K)) because the sets 
Wi overlap too much to satisfy the compatibility conditions of the definition, 
(cf. Ex.4. 7 in [Mcl| .) So we need to make some improvements on it. 

2.3.2 Renormalization of the resolution in ()2.58|) 

In this subsection we shall improve the resolution in last subsection. Note 
that each / G A/" has length |/| < n. For the above open sets Wi, i = 
1, 2, • • • , n, one may take pairs of open sets 

W^ CCC//, j = l,2,... ,n-l, 
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such that 

Ul cc Wi ccUf--- cc cc CC W,. 
Then for each I ^ J\f with |/| = A; define 

^/:=(n^')\( U (n^^(^')))- (2.65) 

iei j:\j\>k jeJ 

Then the second condition in (j2.8p imphes 

Vi = W}'^^ n,e/M^"^^ V/ G AA with |/| = n - 1. 

For {Vi I / e TV}, unhke {W7 | / £ TV} we cannot guarantee that Vj C 
even if J C /. However, Lemma 4.3 in [LiuTl] showed: 

Lemma 2.31 {Vj \ I G TV} is an open covering of W^^iWl and satisfies: 

(i) Vi C Wi for any I eJ\f. 

(ii) Cl{Vi) nVj ^d) only if I C J or J C I. (Actually Cl{Vj) DVj ^9 

implies Vj nVj ^ and thus Cl{Vi) n Vj = for any /, J G TV with 
\I\ = \J\^n-l.) 

(iii) For any nonempty open subset W* C ^"^iWl and I € J\f let Wj — 
Wi n W* and Vf = Vf n W*. Then {F/ | / £ TV} is an open covering 
o/ W*, and also satisfies the above corresponding properties (i)-(ii). 

Proof. Step 1. Let TVfc = {/ e TV I |/| = fc}, fc = 1, ■ • • , n - 1. We first 
prove that {Vi\I £ TV} is an open covering of Lif^iWl- It is easy to see 
that for any I £ M with |/| = fc, 

^/=(n^')\( u {[]ci{u^)))- 

For X £ Wi, set Ii = {i}. If a; e Vi^ nothing is done. Otherwise, there is 
Ji e TV with I Jil = 2 such that x e nje.hCl{Uj) C W]^. Set l2= hU Ji 
then a; e W}^ n W]^ C Wf^ n W]^ and thus 

x e M^i; c W^jf , I/2I > |Ji| = + 1 = 2. 

If X G then nothing is done. Otherwise, because of (|2.65p there is J2 £ TV 
with I J2I = I/2I + 1 such that X e njej,CT([/]^'') C V^jf . Set h ^ J2 
then X e Wj^ n V^lf ' C V^jf n M/jf and thus 

x£W\';\ |/3|>|J2| = |/2| + 1>3. 

After repeating finite times this process there must exist some Ik (z M such 
that X e Vi^ because Vi = W^~^ for any I e J\f with |/| = n - 1. The 
desired conchision is proved. 

Step 2. We prove (i) and (ii). (i) is obvious. We only need to prove (ii). 
Let CliVi) n V> ^ for two diff'erent I,J € Af with |/| = k and \ J\ = I. 
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Since / = {1, ■ • • , ?i} ^ A/" we can assume that n > k > I below. Suppose 
that there exists are J\/. Let x S CZ(V/)n Vj. Take a sequence {xk} C Vj 
such that Xk x. Since Vj is open then Xk € Vj for k sufficiently large. So 
Vi CiVj ^ ^ and we may assume that x £ Vj CiVj. Now one hand x G Vj 
implies that 

X e Cl{n,e.jWl) c CT(n,gjWi'=) c Cl{w!:). 

On the other hand x E Vj implies that x does not belong to 

DCl{^\^eIWt)^\Cl{w!:). 

So x ^ Cl{W^) because x e Vj C Cl(r\i(ziW.I'). This contradiction shows 
that J Cl. 

Step 3. Note that Cl{V^) n V] C C;(F7) n K/ n W* for any I,J eAf. 
The desired conclusions follow immediately. □ 

Remark 2.32 From the proof of Lemma [2. 3 II one easily sees: if there exists 
a positive integer 1 < uq < n such that Wj = for any I G M with 
/| > no then one only needs to take n(no — 1) pairs of open sets, CC , 
j — 1,2, ■ ■ ■ , no — 1 such that 

Ul CC Wi CCUf-- - CC WJ""-^ CC C/f""^ CC W^. 

In this case for each I E N with |/| = fc < no we still use (|2.65l) to define 
Vi. Then Vi = W^""^ for any / e A/" with |/| = no - 1, and {Vi\I e N) 
still satisfies Lemma 12.311 Our later arguments are also effective actually 
for this general case. 

Set 

Vi^{^i)-\Vi) and Fi ^ {ni)-\Ei\v,), (2.66) 

For J C I E Af, though Trj{Wi) C Wj we cannot guarantee that ttj{Vi) C 
Vj. So ttj only defines a smooth map from the open subset {'n'j)~^{Vj)nVj = 
(7T/)^^(V/ n Vj) to Vj. However, we still denote by ttj the restriction of 
TTj to {t!'j)^^{Vj) n Vj. In this case it holds that 

TTJ O 7tj lYj O TT/ 

for any J C / G A/", where lJj : Vj CiVj ^ Vj is the inclusion. Similarly, IIj 
denote the restriction of IIj to (11^)^^ (i^j) n Fj. We still use pi to denote 
the bundle projection Fj Vj induced by one pi : Ej ^ Wj in (|2.49p . The 
system of Banach bundles 

{HK), V{K)) = {{Fj, Vi), tt,, tt^, n'j,pi, F, | J c / G AA} , (2.67) 
is called renormalization of {£{K),W{K)). 
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We can define a global section of the bundle system {T{K), V{K)) as 
in Definition 12.281 but the compatibiUty condition (|2.59D is replaced by 

Si^{U'jrSj:={U'j)-^oSjo7r'j, on (7r5)^i(\/j). (2.68) 

Clearly, each section of the bundle system (£{K), W{K)) restricts to one of 
{T{K),V{K)), still denoted by 5 = {5/ | / G A/"}. The other notions are 
defined with the same way. 

Lemma 2.33 For 1 < I < n, if a smooth section ai : Wi ^ Ei has a support 
contained in :~ tTj^^^Wi^) then it may determine a smooth global section 
&i — : / G A/"} of the bundle system {J-(K), V{K)) and for each / £ A/" 

with I G / the section {ai)i is exactly the restriction of the section given by 

^MM to Vi. 

Proof. For / G A/" with |/| = k andl ^ I, ((2:65)) implies that 



16/ ,/:|J|=fc+l jeJ 

<^{r\w.t)\{{r\ciiut))nciiul 



iei iei 

C ' 



{r\^t)\{{r\ciiuh)nci{wi) 



fl wt) \ ci{wl) 



iei 

C ' 



{f]ci{wt))\wl 



iei 

where the second inclusion is because C Ul C C/;'"', and the second 
equality comes from the fact that CiieiWl' C CiieiU^. It follows that 

clivi) c (fl cliw!')) \ wl 

iei 

since the left side is closed. But 7ri(supp(a-;)) C . Hence 

7ri(supp(a;)) n Cl{Vi) = \/l^I,l<l<n. (2.69) 

We define 

I CT;/ 1 li < G V . 

Here cr;/ is given by (|2.60[) . It is easily checked that the collection {{(Ji)i : 
/ G N} is compatible in the sense of (j2.68|) . Hence di = {(ct;)/ : / G A/"} is 
a smooth global section of the bundle system {T{K), V{K)). □ 

For an open neighborhood W* of K in Uf^^W^ we set Vf Vi n W* 
and 

V; ^ {njy^Vn, F* = iUj)-\Fj\y,). (2.71) 
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As above we get a system of Banach bundles 

{T\v*) = {(]?;, y/),7r/, ^5, n/,nS,j5,,rj | jc/gA/-}, (2.72) 

which is called the restriction of {T, V) to the open subset W*. Similarly, 
we can define its global section. Clearly, each global section a = {(ct)/ | / 6 
TV} of {J-,V) restricts to a global section of {J-*,V*), still denoted by a 
without confusions. 

Remark 2.34 For each i — I,-- - ,n let us take pairs of open subsets 
CC j = 1, • • • , n - 1 such that 

Wf CC W^^ CC U^^ CC C//, j = 1, • ■ • , n - 1. 

Then for each / C A/" with |/| = A; we follow ((2?65)) to define 

iel J:\J\>k jeJ 

and get another renormalization {!F~^{K), V'^{K)) of the system of Banach 
bundles {£{K), W{K)). It is easily seen that for any section ai : Wi ^ Ei 
with support in W} , the same reason as above may yield a global smooth 
section = : I e M] of the bundle system {K) {K)) which 

restricts to ai on {T{K), V{K)). Note that for any / G A/", 

ci{Vj) c(i^ci{wr))\[ U (flt^')) 

tei j:\,j\>k je.J 

iG/ J:\J\>k j£J 

because Cl{W,^) C and Cl{U+'^) C C/f for any Let Cl{V^) (resp. 

Cl{Fj)) be the closure (resp. F/) in (resp. i^/). Then we may also 
consider the system of Banach bundles 

(«(.?*), CT(\>*)) = {(CT(F;),CT(t>;)), ^7, 7r5,n,,nS,p,,r, | jc/ca/-} 

and define its global section by requiring that Sj{nj{x)) = Ilj{Si{x)) for 
X G {tt^j)-\CI{VJ)) n Cl{Vj*) and J c / G A/". In this case, the above 
section naturally restricts to a section {Cl{J^*),Cl{V*)), still denoted 
by ai without confusions. Moreover, the section S = {5/ | / G A/"} of the 
bundle system {£, W) in Lemma r2 . 331 nat urallv restricts to a global (smooth) 
section of iCl{T*),Cl{V*)). 

2.4 Trans versality 

As in Section 12.31 we also assume that X is 1-regular and effective. Re- 
mark is still effective. From now on we always make: 
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Assumption 2.35 {X,E,S) is a Banach Fredholm orbibundle of index r 
and compact zero locus Z{S). 

Taking K = Z{S) then (|2.58p and (I2.67P give a system of Banach bundles 

- {(^z,t?z),*z,n,,^5,nS,pj,r,,A5 | jc/gA/-}, 

and its renormalization system of Banach bundles 

{T,v) = F7),7r,,7r5,n,,nS,p,,r, AS | Jc/e aa}. (2.73) 

Since the Fredholm map is locally proper, by shrinking open sets Wi we can 
make: 

Assumption 2.36 Each Banach bundle Ei Wi is trivializable and the 
unique Fj-equivariant lift section Si : Wi ^ Ei of S\wi has a proper Fred- 
holm trivialization representative. 

Let S — {Si\I e A/"} be the Fredholm section of the bundle systems 
produced by Lemma [2.291 from the section S. It restricts to such 
a section of the bundle systems (£,V), also denoted by 5 = {S*/ | / £ M} 
without confusions. 

2.4.1 Local transversality 

For each i — 1, ■ ■ ■ ,n \ei Si : Wi Ei he the Fi-equivariant lifts of S\wi- 
Fix a trivialization 

7- : VF, X (i^Os. ^ E,, (2.74) 
we get a representation of 5*^, 

Sj -.W-^ i.e., S^{i) = %{i,Sj{i)) Vi G W- (2.75) 

It is a proper Fredholm map by Assumption 12.361 Since the differential 
dS'[{xi) : Tx^Wi {Ei)xi is a linear Fredholm operator there exist finitely 
many nonzero elements Vij G {Ei)xi, j ~ I, - ■ ■ ,mi, such that 

dSf{xi){Ti^W,)+spSin{{var-- ,^^^mJ) = {E^)x,. (2.76) 

Using Vij and the trivialization % we get smooth sections : Wi — » Ei by 

s.y(i) = Ti{x,Vij) Vx G IFi, j = 1, • • ■ ,mi. 

Note that (i) ^ for any x G Wi since under the trivialization % the 
section Sij has exactly a representation, 

Wi iEi)s;., X ^ Vij. 

So using the implicit function theorem (by furthermore shrinking Wi and 
increasing n) we can make: 
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Assumption 2.37 dSf {x){TiWt) + spa,n{{va, ■ ■ • :Vim,}) = (-E'l)^. for any 
X e Wi, i = 1, ■ ■ ■ ,n. 

For each i = 1, • • • , n let us take a Fj-invariant smooth cut-off function 
7i : Wl [0, 1] with support supp(7) CC VF/ and denote by 

t/f :={£eW,i|7»(i)>0} and U^ = 7t,(U?)- (2.77) 
Then CC W^, i = 1, ■ ■ ■ ,n. We may also assume that 

c U C/°. (2.78) 

This can be done since Z{S) C Uf^^VF/. Setting 

^■y := li ■ Sij, j = 1, • • • ,TOi, (2.79) 

they are smooth sections of the Banach bundle Ei Wi with support in 
wl , and have representations under the trivialization %, 

d-fj ■■ Wi {Ei)i., X ^ l{x)vij, j = 1, • ■ • ,mi. (2.80) 

It easily follows from Assumption 12 . 37l that 

dSl{x){TM) + span({^fi(i), ■ • • , {x)}) = (K,)s. 1 ,^ 
\/xeU°, i = !,■■■ ,n. f 

By Lemma [2.331 each (Ty yields a smooth section o-y = {{<^ij)i I G A/"} of 
the bundle system (£, V) in (|2.73p . j = 1, ■ • • ,mi, i — 1, ■ ■ ■ ,n. 

2.4.2 Global transversality 

Let m = TOi + • • • + m„. Consider the obvious puUback Banach bundle 
system 

(Pl^,\>xE") (2.82) 

= {(P^F/,v> xR™),7T,,7r5,n/,nS,p/,F, I Jc/eA/-}, 

where Pi are the projections to the first factor, and tt/ , tt j , H/ , , p/ are 
naturally puUbacks of those projections in (|2.73p . It has a Fredholm section 
T = {Ti\I eN] given by 

Tj : V> X ^ P*_F>, (2.83) 

n rrii 

U/,{ty}l<j<m.) ^ S'/(i/) + V Vty(o-y)/(i/) 
= ^/(i/) +^^<y((7ij)/(2:/). 

iei 3=1 

The final equality comes from (|2.69p . Clearly, T/(x/, 0) = for any zero xj 
of Si in Vj. 



68 



Theorem 2.38 There exists an open neighborhood W* of Z{S) in Uf^iU^ 
and e > such that for the restriction bundle system , V*) of V) to 
W* the restriction of the global section T = {T/ \I € Af} to (PIT*,V* x 
B^(R"^)) is Fredholm and transversal to the zero section. Consequently, for 
each I Cz Af the set 

hiiS) {{xj,t) e Vj* X B,(M™) I Ti{xi,t) = 0} (2.84) 

is a smooth manifold of dimension Ind(5) + m and with compact closure 
m Cl{Vj*) X M™ c X M™. Moreover, the family {VLi{S)\I e J\f} is 
compatible in the sense that for any J d I £ J\f, 

7r5((7r5)-i(V;; x B,{R"')) n hi{S)) = Im(7r5) n nj{S) and 

that for any (xj,t) e Im(7rj) fl ^j{S) all 

\Tj\-\Tjixj)\ + l ^^^^ 

elements of the inverse image {Ttj)~^{{xj,t)) sit in {t!'^j)~^{Vj x B^CR."^)) Ci 
hi{S)forany{xi,t)e{n'j)-H{xj,t)).Sofor 

hj{S)° := nj{S) n {W} x B.iM."")), (2.85) 

the restriction of the projection 

T^j ■■ (T^jy^iVJ X Se(M")) n hi{S) Ini(7r^) n hj{S) (2.86) 

to (7rj)"^(^7 X Se(R™)) nni{S)° is a |r7|/|rj|-/oZd (regular) smooth cov- 
ering to Im(7r5) n nj{S)°. 

Proof. Let {J-^, V^) be another renormalization of the system of Banach 
bundles {£,W) as in Remark [2Jl Then Cl{Vi) C V}+ for each I e Af. 
Moreover, T = {T/ | / £ J\f} can naturaUy extend to a Fredholm section 
(Pt^+,i>+xM™), still denoted T = {T/ | / eW}. Let ui G CliVi)nZiSi). 
Then T/(u/,0) = 0. Note that ui = 7r/(M/) e Uf^^C/^ and thus sits in 
?7," C W;^^ for some iq & I because of (I2.69p . By Remark 12.261 and as in 
(|2.37p we have the local chart of the Banach manifold Wi near u/, 

ch^j : O,;, -^Wi, x^ [ui, 4>i. <t>i o A?(i)], (2.87) 

such that ill = (pi o Aj {ui^ ) for u,;^ G O^^^ . We also have the corresponding 
Banach bundle chart as in ()2.50|) . 

<£J71] : E,^\^^^ ^ Ei, i ^ {ui, ^i, o A?(0). (2.88) 
In these charts, as in p.63|) the section Si has the local expression 
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and as in (|2.6ip the section {crij)i can be represented as 



if i G /. Using these we can get the following local expression of T/ in the 
natural puUback charts of those in (|2.87p and (|2.88p . 

Tj,:d,^xW"^PliE,J^J, (2.89) 

nii 

[x, {Uj}l<]<rnA -Si, (i) + y^y^^yX^i ° A^^i) ((Ty (0^ o Ai^i(£))). 
^ l<i<n ^ ~r7 

(Actually we here should replace Oi^ by its open subset (0/ o A|)^^(Vf) C 
Oi^ . To save notations we still use Oi^.) Let 0/oAj(ui^) = uj. Then 
e C/° because uj £ Uf . We need to prove that the section T/, in (|2.89p 
is transversal to the zero section at (u^^, 0). Notice that 

iei j=i 

Let us denote by 

f« (i) = ($, o A,,,)"i(a,,(0, o A,,,(i))). (2.90) 

Then in view of the trivialization representations in (|2.75p and (|2.80p the 
section 

"i, mi 

j=i ■ie/\{i,}j=i 



has the trivialization representation: 

Tf,:0,, xR™-.(4),,^, (2.91) 

{x, t) ^ ^,^(5) + J2 U,,crl^{i) + E E 

J = l j6-f\{i,}J = l 

where r^^!^, as in (|2.75p . is defined by 



Note that the tangent map of T at {ui^ , 0) is given by 



dTfJu,, , 0) : W,^ X ^ (S,, )i,^ , (2.92) 
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It immediately follows from (|2.81[) that the map in (|2.92p is a surjective 
continuous linear Fredholm operator. This shows that the section T/g in 
(|2.89p is transversal to the zero section at (uj^,0). Consequently, T/ is 
transversal to the zero section at (u/,0). Note that Cl{Vi) fl Z{Si) is a 
compact subset in . Using the implicit function theorem we may get an 
open neighborhood U (Cl{Vi)r\Z(Si)) CC oi Cl{Vi) Z (S i) in and 
e > such that: 

(A) For any (u/,t) e U{Cl{Vi) n Z{Si)) x S^(R") and the local trivial- 
ization representative Tj^ as above the tangent map 

rfTj;(u.,,t) : T^^W,^ X ^ (^,J5., 

is a surjective continuous linear Fredholm operator. In particular, the 
restriction of Tj to the open subset U{Cl{yi) n ^(5^/)) x S^(E") is 
Fredholm and also transversal to the zero section. 

(B) The restriction of T/ to the closure of U{Cl{Vi) n Z{Si)) x B^{W^) 
(in Vj^ X M'") has compact zero set. 

Let us take an open neighborhood W* of Z{S) in U"^]^Wi so that 

TTf^w* n Vi) c u{ci{Vi) n z(Si)) v/ e A/". 

Then for the bundle F/ Vj obtained from this W* and as in (|2.71|) it 
holds that: 

(C) For any {ui,t) e Vj x i3j(M™) and the local trivialization representa- 
tive T|"g as above the tangent map 

dTi;(it,,,t) : n^W,^ X -> (^,J5.^ 

is a surjective continuous linear Fredholm operator. In particular, the 
section T/ : Vj x B^{W^) PlFj is Fredholm and also transversal 
to the zero section. 

(D) the zero set of T/ has compact closure in Vj^ x K™. 

Since M is finite, by shrinking e > it follows that the restriction of the 
section T {T/ | / G TV} to {Pl^*,V* x B,{R"^)) is Fredholm and also 
transversal to the zero section. In particular, from the implicit function theo- 
rem we derive that each Qi{S) is a smooth manifold of dimension Ind(S')-|-m 
and with compact closure in Cl{Vj*) x R™ c x R"\ 

Since T restricts to a global section of (PJJ^*, V* x Bg{R"^)) it is clear 
that 7r5((^5)-i(V7 X B^iR"")) n hi{S)) = Im(7r5) n hj{S) for any J C 
/ e J\f. Next note that the section Sj (resp. ((Jy)/) is defined by the 
pullback of Sj (resp. {<yij)j) under the projection itj. It follows that for 
any (ij,t) e Im(7rj) fl ^j{S) the inverse image {■Kj)~-^{{x,j,t)) must be 
contained in {t^j)~^{Vj x i3e(R™)) 0^2/(5'). The other conclusions are easily 
derived. □ 
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Prom now on assume that X is separable so that the Sard-Smale 
theorem may be used. Since A/" is a finite set Theorem 12.381 and the Sard- 
Smale theorem immediately give: 

Corollary 2.39 There exists a residual subset B^iW^)^!.;, C Bg{W^) such 
that for each t G B^{W^)res the global section T^*) = {T^*^ | / e M] of 
the Banach bundle system {T* , V*^ is Fredholm and transversal to the zero 
section. Here t = {ty}i<j<mi and 

l<i<n 

Tf^:V;^Fj, (2.93) 

n rrii 

XI T/(i,t) = Si{xi) + ^^iy(o-y)/(i/). 

So the set (S) := (Tj*-')~"'^(0) is a manifold of dimension r = Ind(S') and 
has a compact closure in Cl{Vj) C Vy . Moreover, the family 

M\S) = {M}{S) : I eU} (2.94) 

is compatible in the sense that for any J C I E M , 

^'j{{*'jr\vn n M\{S)) = Im(^5) n M'j{S) and 

that for any xj £ Im(7rj) fl A^j(5) the inverse image {tTj)^^{xj) contains 

IFjI - |r7(xj)| + 1 -pr i/ij, 

elements and all sit in (7rj)~^(V'j ) D Ai}{S) for any xj G {ttj)^^{xj). So 
for 



M^jiSy := M^j{S) n W] = M^jiS) n 1/;° and 



(2.95) 



aZso holds that 



and the restriction of the projection 

■■ i^jr\VJ) n M'j{S) ^ Im(7r5) n M'jiS) (2.96) 

to iTrj)^^{VJ) n M\{Sy is a lr/|/[rj|-/oW (regular) smooth covering to 
Im{¥j) nM^jiSy. Also note that each tt/ : M] (S) {resp. M]{Sy) -> X is 
proper. 

Furthermore, we also have: 
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Proposition 2.40 (i) For any given small open neighborhood lA of Z{S) 
in U"^i[/° there exists e £ (0, e) such that Tti{M\{S)) C U and t e 

(ii) For any two t, t' G B^{W^)res there exist generic path 7 ; [0,1] — > 

i3e(R™) with 7(0) = t flTid 7(1) = t' SMc/i f/iaf for each I ^ M the set 

mr'i^) :=U,e[o,i]Wx(TfVi(0) 

is a smooth manifold of dimension Ind(S') + 1 and with boundary [f| 
{0} X M\{S) U (-{1} X M^iiS)); Moreover, the family (*^)-i(0) = 
{(^'j)^^(O) I / G A/"} is compatible in the similar sense to h2.96\) . 

(iii) Assume 5 G (0,e] so that the closure of iJiiz^Tii{AA\{S)) in U"^]^Wi 
may be contained in U/g^v'^/ for any t G BgiJSJ"). (This is always 
possible by (i) and Theorem Y2.38\ ) Then for any t G Bs{W^) the 
set \Ji^j\f%i{A4\{S)) is compact. Consequently, the family JVI^(S) = 

(5) I / G A/"} is "like" an open cover of a compact manifold. Spe- 
cially, each M.\{S) is a finite set provided that Ind(S') = 0. 

(iv) For any z G Z{S^ there exists a residual subset B^(R"^)^^g C B^(R"^)res 
such that for each t G i3e(R'")^g^ the union Ui,^j\fA4'^{S) cannot con- 
tain z. Furthermore, there exist a small neighborhood Oz of z in X 
and a subset C which is the union of finitely many subspaces 
in of codimension at least one, such that for a small open neigh- 
borhood UiS"" nHz) 0/ S"" n Hz in the unit sphere 5'" of M™ and the 
open cone Z.U{S™- n Hz) spanned by U{S"^ n Hz) it holds that 

{uie^M\s))nio,nz{S))^9 

for any t G ^^(R'")^^^ \ Z.U{S"'' n Hz). 

Proof, (i) Assume that the conclusion does not hold. Since TV is finite 
there exists a small open neighborhood U of Z{S) in Uf^j^i/f, some / G J\f, 
tfc G M™ and uik G MY{S), fc = 1,2,--- , such that tfc and uik = 
T^i{uik) ^ U ior k ~ 1,2, ■ ■ ■ . Note that {uik,tk) G ^i{S) for each k. By 
TheoremllSll hi{S) has a compact closure in Cl{Vj*) x R™ C x R™. We 
may assume that ujk u/ G Cl{V/) C . It follows that Tj{uj,0) = 
and thus u/ — ni{ui) G Z{S) C U. This contradicts to the fact that ujk ^ U 
for each k. 

(ii) Let 7''(t,t') denote the space of all C'-smooth paths 7 : [0,1] — > 
_Be(R™) connecting t to t'. It is a Banach manifold. Consider the puUback 
Banach bundle system 

{PIT*,V* X P'(t,t') X [0,1]) 

^ {{PIF;,V; xP\t,t') X [0,l]),nj,TT'j,Ilj,Il'j,pj,Ti I JcIeAf} 

^We here have assumed that {X, E, S) is oriented and the moduli spaces have been oriented 
according to Proposition 12.441 Otherwise the following negative sign should be removed. 
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and its global section ^' = {^/ | / G A/"} given by 

: V7 X P'{t,t') X [0,1] ^P^F;, (2.97) 

71 7ni 

i=i i=i 

Here 7(5) = {'y{s)ij}i<j<mi, Pi is the projection to the first factor, and 

l<i<n 

TT/, TTj, II/, are naturally puUbacks of those projections in (|2.72p . We 

want to prove that is transversal to the zero section. Let (■u/,7o,t) 6 
Vj* X 'P'{t,t') X [0, 1] be the zero of ^-j. As in proof of Theorem [135] we 
have uj — ni{ui) e U"^]^L/° and thus may assume that ui G Uf C W^^ for 
some iq G /. Similar to (|2.89p . using the puUback charts of those in (|2.87p 
and (|2.88p we can get the local expression of 5*7, 

O,, xP'(t,t') X [0,l]-.Pt(^,,|5^J, 

(£, 7, s) (i) + ^ 7(s)»jO-«,j + X! X! ' 

j=i «e-f\{i<j} J=i 

where fj'^ is defined by (|2.90p . As in (|2.9ip it has the following trivialization 
representation: 

: 0^, X P'(t,t') X [0,1] ^ {E,^h^^, (2.98) 
(i,7,s) 5,^^(i) +^7(s),,jcr,^j-(i) + ^ ^ 7(s)yTf/(i). 

J = l i6/\{i,}i=l 

Here is as in (piMj) . Then for Tf^ in (PTOT]) it holds that ^'J,(i,7, s) = 
Tf^(i,7(s)). So for T ^ 0,1 and any (f,a) G T(fi,^,^„) (O,, x 7''(t,t')) it 
holds that 

dvI/f^(u,,,7o,r)(e,a,0)=dTf^({t,„7(r))(e,a(r)). 

This and (C) in the proof of Theorem 12.381 together imply that the tangent 
map (i5'|'^(Mi^ , 7o, r) is a surjective continuous linear Fredholm operator. 

If r = or 1 then 7(6) = t and 7(1) = t'. Note that the sections T^*) 
and T^* ^ are transversal to the zero section. That is, 

(07^})-i(\>z) CO,, ^-B.Jo,,' 

nii 

i^'S'i,(i)+ ^ ^tyfy(i) and 

5 ^ "S**, (i) + XI XI ^y'^'J "^^^ 
*e/\{»,}j=i 
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are transversal to the zero section, or their triviahzation representations 

i=i iei\{i,}j=i 

j=i «e/\{i,}j=i 

have the surjective tangent map at Ui^ respectively. These imply that if 
T = (resp. T = 1) the map in (|2.98p has the surjective tangent map 
at (t2j^,7o,0) (resp. (m,^,7o,1)). 

In summary, we have proved that the tangent map d'^J^{ui^,'-fo,T) is 
a surjective continuous linear Fredholm operator. So the section is 
transversal to the zero section at ('U7,7o,t). Then the standard arguments 
show that the section 

: X [0,1] PJP/, (2.99) 

n nii 

{xi,s) ^ 5/(£/) +^^7(s),y((Ty)7(x/) 

i=i j=i 

is transversal to the zero section for a generic 7 e 7^'(t,t'). Since TV is finite 
we get that the global section = {vt'j | / £ M} of the puUback Banach 
bundle system 

{PIT*,V* X [0,1]) 

is transversal to the zero section for a generic 7 e 'P'(t,t'). Fix a generic 
7 G ^'(tjt') then the (smooth) manifold with boundary (and corner) 

(*])-i(0) = {{xi,s)e V; X [0, 1] I */(x/, 7, 5) = 0} (2.100) 

forms a cobordism between M\{S) and (S) for each / e A/". Note that 
T]'^*^(x) = 'if]ix,t) for (a:,i) G Vj* x [0,1]. (ii) is proved. 

(iii) By the choice of (5, for any t G i?5(R"'), the closure of U/eA/-7r/(A^* (5)) 
in Uf^^Wi is contained in Uj^^/V^. We want to prove that Ui^^/T!-j{M^j{Sj) 
is compact. By Corollary 12.391 each 7T/(A^*(5)) has the compact closure in 
U/eA^Vf^ C ^i^iWi, and the compact subset 

Cl{Uie^7rj{M]{S))) - U/6^CT(7rK>l^(5))) C Uie^Vj*. 

It follows that any x G CT(7r7(Al^(5))) \ 7r/(Al^(5)) C Cl{Vj*) may be 
contained in for some L G TV. So Cl{Vi) n C/(Fl) ^ 0. By Lemma[23T] 
it holds that I C L ot L C I. Let I C L and x = 7ri(a;L) for some 
XL G VI . By Remark 12.341 we may assume x = tti{xi) for some x/ G 
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Cl{Vj*). Since T^*) = {t[*^ \ I <^ may be extended into a global section 
of the bundle system {Cl{^*), Cl{V*)) naturally. We get that Tf\xi) = 0. 
Since Ttf{xL) = xj we get that T^^(xl) = and thus x G ttl{M\{S)) 
because of a; e This shows that Cl{Tri{M]{S))) C UjeArTTj{M^j{S). 
For the case L C I we have 7r^(i/) = x^. It follows from T^*''(a;/) = 
that T^I\xl) = 0. Hence it also holds that x = ttl{xl) G t^l{M\{S)). In 
summary we get that \Ji^j^CI{t:i{M\{S))) C U/gA/"n-/(A^* (5)) and hence 
VJi(zMni{M\{S)) = UI^^fCl{^TI{M]{S))) is compact. 

The final claim is actually a direct consequence of the above arguments. 
For the sake of clearness we prove it as follows. If Ind(5) = then each 
A4^j{S) is a manifold of dimension zero. Assume that it contains infinitely 
many points x^''\ k = 1, 2, • • ■ . We may assume that {ni{x^'''>)} converges 
to some X G ■kl{M\^{S)) because Lli^^/ni{M\{S)) is compact. Note that 
the inverse image of each point by tt/ contains at most \Ti\ points and 
that {tti^x^'^^)} are contained in the closed subset Cl{Vj) C . After 
passing to a subsequence we may assume that {x''^^} converges to some 
XI e Cl{M\iS)). Thus Tf\xi) = 0. However, the section T^*^ is stih 
transversal to the zero section at xj because t G B^{M."^)res- This destroys 
the manifold structure of (T^*'')^^(0) near x/. The desired conclusion is 
proved. 

(iv) By (|2.78p we may assume z ^ Ui without loss of generality. It 
follows from the constructions of sij and (Tij in (I2.79P that d'ij{z) ^ for 
any z G 7rj~^(z). By Lemma [2 . 331 one easily sees that ioY 1 ^ M with 1 ^ /, 
((Tij)/(z) ^ for any z/ G t^^^{z). For each such / and zi the kernel of the 
nonzero linear map 

n mi 

has at lease codimension one. Denote the kernel by Hzi- Let TVi = {/ G 
M\\il} and = U^^eSf^C.) ^-i- Then B,[W^)l^,^ := (M™ n 

Be(R'")„s is also a residual subset in B^{W^) and for each t G ^^(R"')^^^, 
1 and zi G ^7^(z) we have 

^^ijj((7y )/(z/) ^ 0. 
i=l i=l 

This implies the conclusion. 

Next the proof of the second claim is similar to Remark 1 1.81 For a given 
small open neighborhood U{S'^ n H^) of S™ n in the unit sphere S™ in 
R™ it is easily proved that there exists a small neighborhood Oz of z in X 
such that for each / G £/ G Trf^O^) and t G 5" n iJ^) one has 

n rfii 

^^ty ((T,y )7(X/) 7^ 0. 
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So for the open cone Z.U[S"^ ("1 H^) spanned by W(S'™ n H^) and any t e 
Be(R™)re5 \ n iJ^) it holds that 

{\JieNM\s))r\{o,nz[S)) = ^. 

□ 

Remark 2.41 Now M^j{S)° in p.95p is not necessarily dense in A4j(5'). 
It might even be empty. The set (S*)**"^ in (|2.95p is not necessarily a 
subvariety in of lower dimension. 

Because of the shortcoming stated in the above remark one cannot use 
the family {M^j{S) \ I G M} to construct the desired Euler class. We need 
to suitably refine the above arguments so as to improve our present results. 

Firstly, we require that the Banach orbifold charts {Wi,Ti,'Ki) at the 
beginning of Section B.3.1l are all centred at some Xi € X , i — - ■ ■ ,n. This 
means that 'K~^{xi) = {xi\ and Ti — Ti{xi), i = 1, • ■ • ,n. If 7^ {1}, i.e., 
Xi G X"™^ ^ by the proof of Claim [2751 we may shrink Wi to require that 

7rri(X^-9nW^,) = U F,{N{{)s.,)r\y{dg{i,))), (2.101) 
9erA{i} 

where v{dg{xi)) ~ dg{xi)) and Fi is a Fi-equivariant diffeomorphism 

from a neighborhood A^(OiJ of the origin in T^-Wi onto Wi. Note that F^ 
is finite. There exist two cases: 

• Each subspace in {i/{dg{xi) — ll)|g £ F^ \ {11}} is the zero space {0} and 
thus Xi must be an isolated singular point. 

• There exist at least a nonzero space in {v{dg{xi) — ]1)|(7 G F^ \ {1}}. 
In this case we may assume that Hn, • ■ • , Hu. are all nontrivial subspaces 
consisting of the subspaces in {iy{dg{xi) — l)\g G F.;} and their intersections. 
If some His has codimension more than r+1 = Ind(5) + 1, by Proposition lC.2l 
we can choose a closed subspace of codimension r+1 containing it to replace 
His- Let us also denote this subspace by His- Then we can assume that 

codim(iJ,i) < codim(iJ,2) < • ■ ■ < codim(iJ,;,) < r + 1. (2.102) 

Clearly, n[^^,H,s = {0}. Set P,, = F,(7V(0iJ n il,,) , s = 1, ■ • • ,h- Then 
each Pis is a (relatively closed connected) Banach submanifold of Wi which 
contains Xi as a (relative) interior point, and has also the same codimension 
as His, s — 1, ■ ■ ■ ,li. Moreover it also holds that 

7r-i^X-«9 n W^,) C Ui^i^^.. and n'sU = 

PxiFis — Flis, S — 1, • • • ,li. 

It follows from Proposition IC.ll that the restriction of the section Si : 
Wi — > Ei in (|2.75p to each Pis is also Fredholm and has index r — codimPi^ . 
Moreover under the trivialization naturally induced by % in (|2.74p these 
restrictions have trivialization representatives 

^T\pi^ '■ Pis — * {Ei)ii , s = 1, • ■ • , n^. 



(2.103) 
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These are Fredholm. By increasing rrii in (j2.76|) and shrinking Wi we may 
also require that 



dS'[\p^^{xi){Ts:,Pis) + span({uii, • ■ ■ ,Vim,}) = {Ei)i, 



and furthermore that for i — 1, • • • , n and s — 1, ■ ■ ■ ,ni 

(2.104) 



dS'f |p^^(y)(Tyi'is) + span({z;ii, ■ • ■ ,Virn,}) ^{Ei)i^, 
dSf {x){TiI\s) + span({wa, = {Ei)!^- 

"iy £ W^nP^s and G W,. 

In this case the sections dij (and Sy) obtained as in (|2.79p are caUed optimal 
(for {X,E,S)). From these it follows that if Ui^ in (|2.92p belongs to some 
Pi^s then the tangent map of the restriction of Tj^ at (ui^, 0), 

(|,v)^d(5,^l5^^J(u,J(a + 5]^;.,,<,(^i,J+ ^ 

J = l »G/\{i5}j = l 

is also surjective. So by shrinking ly* and e > in Theorem 12.381 we get 
that for each / G Af, i £ I and s — 1, - ■ ■ ,li the restriction of the section T/ 
to each Banach submanifold 

nj\v; n P,s) X S,(M'") C V; X B,(M") 

is also transversal to the zero section, where Pis — ■Ki{Pis)- In this case 
we say the section T/ to be strongly transversal to the zero section. It 
follows that for generic t e ^^(R™) the restriction of the section T^*'' in 
Corollary 12.391 to each Banach submanifold 'kj'^iyj n Pis) C Vj is also 
transversal to the zero section. Thus the submanifold 

t:Y\P^s) n M\{S) = 7:-\Vj* n P,s) n M\{S) C Mi{S) 

has codimension codimPj^. Set 

M\{SY = u,e/ ui'^i %j\v^ n p,s) n M\{S). (2.105) 

It is a subvariety in M.\{S) and also contains M.\{SY™^ . 

Furthermore, carefully checking the proof of Proposition l2.40T ii) one eas- 
ily sees that for each / G M , i £ I and s — 1 , • • • ,li, the restriction of the 
section ^fj in f^TUT^ to ny^ {V/ n P^s) x 7''(t,t') x [0, 1] is not only Fredholm 
but also transversal to the zero section. Since Z{S) is compact and Af is 
finite it follows that for a generic path 7 G "P' (t, t') the restriction of the sec- 
tion in (|2.99|) to each 7r7^(Vj* nPis) x [0, 1] is Fredholm and transversal to 
the zero section. Denote this restriction by 'I']'^^ . Then the smooth manifold 
i^Jis)^^ (0) lias codimension codimP^s in (^']')^^(0) and also boundary 

{rrj^Vj* n p,,) n M){S)) \J{-7tyHv; n p,,) n M]'{S)). 
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Here (*]')-i(0) is as in ((2l00| . Denote by 

(vI/])-i(0)" = (Ue/ Uti ^z-\i>; n P,s) X [0, 1]) n (*])-^0). (2.106) 

It is a subvariety in (^']')~^(0) and contains all singular points of (\E']')~^ (0). 
Moreover, if we understand the boundary of (5'j)~^(0)'" to be the union of 
all branch submanifolds, i.e., 

h 

d{^])-\or = U U d{{7rj\v;np,s) X [0, 1]) n {^])-\o)). (2.107) 

iei s=i 

Then it holds that 

d{^])-\oy = M^j{sy u i-M*i'{sy). (2.108) 

Summarizing the above arguments we get: 

Proposition 2.42 There exists a residual subset i3e(R'")res C Bs{R™) 
such that for each t £ _Be(IR'")res the family M*'{S) in Corollary \2.39\ can 
be chosen to have also properties: For each I E Af there exists a subvariety 
M]iSY c M]iS) such that 

(i) M*i{sy"'3 c M\{sy, 

(ii) each branch of Ai*j{Sy has dimension lower than r and thus A4]{S)° = 
M)iS)\M*j{SY'"-s D M)iS)\M){Sy IS an open and dense subman- 
ifold in M*^{S), 

(iii) if each x G X^™^ r\Z{S) has singular codimension r' > 1 then A^j(S')'" 
has no branch submanifolds of codimension r' > 1, 

(iv) the family M.^{Sy — {M\{S)" \ I G Af} is compatible in the sense that 
that for any J C I E Af, 

^j{i^jr\Vj)r^M]isy) = imiTr'j) nM'ysy, 

(v) UieAfT^i {A4]iS)") is a compact subset in U/g^7r/(A4*(S')), 

(vi) for any two t, t' G _Bj(M™)res there exist generic paths 7 : [0,1] — * 
i3j(R™) with 7(0) = t and 7(1) = t' such that for each I G Af there 
exists a subvariety 9(^'j)~^(0)" of the manifold d{^'J)^^ {0) in Propo- 
sition^KJU^ii) such that: 

• containing all singular points of d{'9'J)^^{0), 

• If^lM) holding, I.e., d{^])-^{Oy = M\{Sy U (-7W*' (S*)"), 

• satisfying the obvious properties corresponding with (ii)-(v) above. 

Later we call (vl''^)~^(0) = {(\E']')~^(0)|/ G Af} as in (vi) a strong cobor- 
dsim between M^{S) = {M\{S)\I G A^} and M^' {S) = {M^j {S)\I G Af). 

*The negative signs here and in the following (|2.1U8|I are to be understood as in the footnote 
to Proposition 12. 4Uf ii'). 
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Remark 2.43 (i) If X has no boundary (or more generally Z{S) C lnt{X)) 
then (smooth) manifold (^']')~^(0) in (|2.100p has only boundary but no cor- 
ner for e > sufhciently small. In this case the family M^{S) = {A4){S) \ I 6 
TV} is "like" an open cover of a closed manifold. If Z{S) n dX ^ then the 
manifold (5'j)^^(0) in (|2.100p might has only boundary but corner. 

(ii) If 5* has been transversal to the zero section so is the section 5* = 
{Si : I S A/"}. In this case S'~^(0) is a compact orbifold of dimension 
Ind(S') and t = e B^i^"')res- It follows from Proposition that 
U/eAA^/(A?0(S')) = 5-1(0) and that M''{S) = {MPj{S) : / e A/"} is cobor- 
dant to M^[S) = {M\{S) : I e Af} for any t e B,{W)res- Actually, 
A4*^{S) is exactly a resolution of the orbifold S^^{0). 

(iii) Sometimes it is useful and convenient to write the compatible family 
M*'{S) = {M^iiS) \I e Af} in the tight version. Following |Mcl| consider 
the disjoint union U/eA/" ■^/('^) ^^'^ ~ the equivalence relation that 
is generated by setting yj zj ii J C I and ttjOji) — zj. Denote by 

and by qi : M\{S) A4*(S') the restriction of the obvious quotient map 
to M\{S). Let us write M^i[S) := qi{M\{S)). In general, qi is not a 
homeomorphism from AA\{S) onto A^j(S'). We also write 

m\s)° := [] M){Sy/ ^ and M]{Sy = qi{M){S)°) 
for each I eAf. Set 

where \qj^{x)\ is the number of elements in the set qj^{x) and xj is any 
element in qj^{x). If J C / and x G M*'j{S) n M*j{S) it is easily checked 
that A/(a;) = Xj{x). So all these A/ give a positive rational function on 
A4 (5), denoted by A, is called the label function. In particular, X{x) = 
\qY^{x)\/\rj\ for any x G ^4/(5*)°. All tt/ can be glued into a natural map 

n:M\s)-^X. 

Its restriction on Ai*'{S)° C Ai*{S) is also denoted by tt when there is no 
danger of confusion. 

Later we directly write (7r5)"i(V}') H M]{S) as {Tr'j)-'^{M*j{S)) when 
there is no danger of confusion. Moreover, we always assume that the family 
M\S) ^ {M]{S) \ I e Af} also satisfies Proposition Ell 

2.5 Orientation 

We assume that X is as in Section 12.41 Now we begin to consider the 
orientation of the family of manifolds M^{S) = {M^j{S) \I G A/"}. By 
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Proposition 12 .421 each A^*(S')° is an open dense subset of A4\{S). Moreover 
for any J C I G Af, by (|2.96p the projection ttj restricts to a |r/|/|r,7|-fold 
regular smooth covering 

Thus we may say it to be orientation preserving provided that both 
A4^j{S) and A^j(S') are oriented. Later, the statement that ttj is orientation 
preserving should always be understood in the way. We call the family 
M^{S) = {M]{S) I / e Af} oriented if each M\{S) is oriented and each 
projection ttj, J C /, is orientation preserving. 

Proposition 2.44 If the Banach Fredholm orhihundle {X,E,S) is oriented 
then the family has an induced orientation. 

Proof. We only need to prove that S = {Si \ I G JV} is oriented as 
a Predholm section of the system of Banach bundles {£,W). This 
means that each determinant line bundle det(DS'/) — > Wj is given an orien- 
tation, i.e. a continuous nowhere zero section, and that for any J £ A/" and 
J C / the bundle map 

det(L»S^7)|(^,)_i(^oj ^ det(L>5j)|,;^o 

induced by the projection (7Tj,rij), which maps a fiber at xj G 
to that of Trj{xi) G W] isomorphically, is orientation preserving. 

By the definition below Definition 12.111 let Si : Wi ^ Ei be the F^- 
equivariant lift of 5|vFi ; * = 1: ■ ■ ■ j Then for any u G WiHWj, Ui — tt^^{u) 
and Uj — nj^{u) there exist a connected open neighborhood O of u in 
Wi n Wj, a group isomorphism Aij : T{ui) — > r({jj), a ^y-equivariant dif- 
feomorphism Ay : Oi = n^^^O) — > Oj = ^^^{O) and a bundle isomorphism 
Aij Ei\jj Ej\^ covering such that 

Sj o Ay = Ay o S^ on ^^. (2.109) 

That S is oriented means that each Si is oriented, i.e. the determinant bun- 
dle det{DSi) over Z{Si) is given a continuous nowhere zero section o{Si), and 
that for every pair i,j — 1 , • • • , n there exist positive continuous functions 
fij : Oi — > M, such that for any x E Oi, 

det(Ay)(o(§0(5;)) = /y(Ay(£)) • o(5,)(Ay(i)). 

We first show that they induce such a section of dct{DSi) for each I E J\f 
with |/| > 1. Here Si -.Wi ^ Ej^is defined by jMS]). Let^/ = {ii, • • ■ , ifc} G 
A/" with A: > 1. For any uj G Wj and uj — ni{ui) let Oi, — Tr^^^{0), Xi^i, 
and Ai^ii : T{ui^) — > T{ui,) be as in the proof of Lemma [2. 191 Let o{Si) be 
the continuous nowhere zero section of det{DSi) defining the orientation of 
Si. For any two iq,ii G /, by the bundle isomorphism A^^i, above (|2.17p and 
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the first paragraph there exist positive continuous functions fi^i^ : Oi^ M 
such that 

det(A,,0(o(4)(^)) - h^AK^liS:)) ■ 0(4 ) (A.,,, (i)) 
for any x G Oi^ . For the section in (|2.63p , 

§1 -.Wi Ei, [ui,(l)i,xi] i-> {ui,(j)i,Si{xi)), 
it may be expressed as 

O,, ^^,Jo^^, 5;^4(£) (2.110) 

in the charts 0/ o in ^^TET^i and $/ o in 9 = 1, • • • , fc- So the 

orientation of 5,- naturaUy gives one of Sri 7 — n,^ x- What we need to 
prove is that these orientations agree on overlaps. 

Let Wj be as in (|2.45p . Then it sufhces to check that those orientations 
agree on overlaps near any uj £ Wj. In this case we may require that 
Oig C , and thus the corresponding charts in (|2.87p and (|2.88|) may be 
written as 

A? :0,, ^W?;, i^[iii,li,X'j{i)], 
Af :^,Jo^^ ^Ei, 1^ (uz,l7,A?(0) 

respectively. Here Af = (Ai^i)ig/ with Xi^i^ = id^^ , A^ = (Ai^i)^^/ and 
each Ai^i is the lifting of Xi^i as before and thus A;^;^ — idj^, | ^ . So we 
have transition functions 

(A^)"i o AJ : O,, ^ 0»,, i 1-^ Kqziix), 
(A^)-i o Af : E,^ lo^^ lo,^ , I A,,,, (C). 

This, p. loop and (|2.110p for i = iq, j = ii together imply that the orientation 
of Si\' — rj ,~ . given by the above one of Si^ agree with (on their overlaps) 

those of Si\' — r~g,~ given by the ones of 5^ , q ~ 1, • ' ' i 

<piO}\j(C>iq) 

Moreover, for u'j e nJ^^O) and a small connected open neighborhood 
O' of u'j in W7 ^ 7r/(t?;) and O^, = 7rri(C)'), ? = 1, • • • , fc, we have the 
corresponding charts 

-.O'.^^Wj, x^[uj,h,X'}{i)], 

Note that TrrVo' n O) = O- n Oi„ and that both A^ both A' ,-, are diffeo- 
morphisms from O-^ fl 0^^ to O,'^ n O;, , g, / = 1, • • ■ , A:. Using the fact that 

T^ii ° Kqii = TTi, and TTj, o A-_^j^ = tt;^ we derive that 

= on O-^ n O,, and Aj^j, = A^_^,^ on loj^no,. 
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for any q,l — I, ■ ■ ■ , k. In particular, we have 

It follows from these and the above arguments that the orientation of Si 
defined as above is independent of choices of the coordinate charts. 

Finally we show that for any I, J £ Af with J C I the covering projection 
preserves the orientation that we just defined. In fact, using the local 
expression of Sj in (|2.52p the relation in (|2.64p may be written as 

So it follows from (|2.110p that IIj is orientation preserving for any J C / 6 
TV. That is, there exists a positive continuous function //,/ : Wi M such 
that 

detm){o{Si){x)) - fuin'jix)) ■ oiSj){n'j{x)) 
for any x £ {ttj)~^{Wj). The proof is completed. □ 

2.6 Virtual Euler cycle and class 

Assume that X is as in Section 12.51 Let {X, E, S) be an oriented Banach 
Fredholm bundle of index r and with compact zero locus Z{S). Then we have 
a family of compatible oriented manifolds M^{S) — {M^j{S) : I £ TV}, t £ 
BeiW^)reg to Satisfy Corollary [131 Proposition d^Dl Proposition and 
Proposition 12 . 441 However, in order to use the family TW*(5) to construct a 
cycle we also assume that {X, E, S) satisfies the following: 

Assumption 2.45 Each x £ X""''^ n Z{S) has singularity of codimension 
at least two. More precisely, for some Banach orbifold chart {W , P, tt) at 
centred at x, i.e. 7r^^(.T) = {Sc\ and P = Pj, if 1 is an eigenvalue of the 
linearization of any g £ P\{I1}, dg{x) : T^W ^ T^W then the corresponding 
eigenspace Ker{dg{x) — 1) has codimension at least two. 

Clearly this assumption is weaker than the condition that X is 2-regular 
near Z{S). The Assumption 1 2 . 45l is automatically satisfied if X is either an 
oriented orbifold of finite dimension or a complex Banach orbifold. On the 
other hand there exist examples of oriented Banach Fredholm bundles not 
to satisfy Assumption 12.451 For example, let X — R x , E = X x R and 
P = Z2 = {1, e} acts on them by 

e • {t, x) = {—t, x) and e • {t, x; t') = (— t, x; —t'). 

Let the section S : X ^Ehe given by (i, x) ^ {t, x; t). Then Z{S) = {0} x 
5'" and = {0} x 5*". Let X = X/T, E = E/T and S : X ^ E he the 

natural descent of S. One can check that {X, E, S) is an orientable Banach 
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Fredholm bundle with compact zero locus. However, each x e X""''^ n Z{S) 
has singularity of codimcnsion one. 

Now under Assumption 12 .451 we can require that each AA\{S)° is an open 
and dense in A^*(S') and that the singular set M.\{Sy"^^ is contained in a 
subvariety of Ai\{S) of codimcnsion two. It follows that for any J d I £ N 
the map 

: in'j)-\M'jiSr) ^ Im(^5) C A?* (^)° 

is a |r/|/|rj|-fold regular smooth covering preserving orientation. As in 
[LiuTlj , for each / G A/" we take an increasing sequence of compact subman- 
ifolds with boundary of M\{S)°, {Kj}^i, and choose a triangulation of 
each Kj such that: 

(i) M\isr = li^f. 

(ii) For each simplex € K'^, 7Tj{c^) is a simplex of Kj provided that 
J Cl and KPjDTT'jiKP) y^d). 

(iii) U q > p, Kjl^p is obtained from Kj by some divisions as simplicial 
complex. 

For each simplex in Kj of dimension r = Ind(S') we give it an orientation 
induced from that of A4^j{S), and then take the summation of them to get 
an integral chain in A^j(S'), denoted by S{Kj). Let 

be the corresponding smooth singular rational chain in X . All these S{Kj), 
I G Af, form a smooth singular rational chain in X, 

C{KP) 

Here the summation is put in double quotation marks because we only count 
them once on those overlaps where more than one singular maps appear. Let 
e{E, S)*' denote the inverse limit of {C{KP)}p. It is a rational singular chain 
in X of dimension r. We also formally write it as 

e(£;,^)* := " J2 " rf^{^/ ■ ^"(Sr - X} (2.111) 

for any t £ Bg(W^)res if no confusion occurs, where J2i£j\f P^* double 
quotation marks in (|2.11ip because of the same reason as above. We call 
e{E, Sy a virtual Euler chain of the triple (A, E, S). 

If X has boundary and dX Z(S) ^ 0, then it is possible that 

dM\{S)° := M\{SY n ^7^(aA) ^ 0. 

In this case, for any J G I the covering ttj also restricts to a regular one 
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We can require that the above triangulation is compatible with these bound- 
aries. Namely, the triangulation is an extension of a given triangulation of 
the family {dM^j{S)° \I £ JV}. Then the corresponding singular rational 
chain in dX constructed from the latter is exactly the boundary of C{Kj), 

We later write it as 

de{E,S)' = " Y " rR{^^ ■■ dM){Sr - dX} 

without special statements. Consequently, we get: 

Claim 2.46 If X has no 2-boundary d2X then the class [de{E,S)*'] is zero 
tnHr-iiX,Q)- 

Actually, for any smooth map / from X to a finite dimensional smooth 
orbifold M and any closed (r — l)-form lu on M with compact support it 
directly follows from the Stokes theorem that 




(/ o nj)*uj 

^OTri)*{dLu) = 0. 



Here the properness of tt/ is used. 

Claim [?.43l is an analogue of the fact that for an n-dimensional compact 
oriented manifold (resp. orbifold) M with boundary the boundary dM is 
an (n — l)-dimensional manifold (resp. orbifold) with a natural orientation 
induced from the orientation of M and the image of the fundamental class 
[dM] is zero in i?„_i(M,Z) (resp. iJ„_i(M,Q)). 

If Z{S) C lnt{X) it follows from the above arguments that for t suffi- 
ciently small, de{E, 5)* — and thus e{E, S*)* is a rational singular cycle 
in X of dimension r. In this case e{E, S*)* is called a virtual Euler cycle 
of the triple {X,E,S). By Proposition [HUf D-fii) and Proposition [^li^ vV 
(vi) it is easily seen that the homology class of this cycle is independent of 
choices of generic small t. Thus the homology class [e{E, S*)*] S Hr{X, Q) 
is well-defined. We call the class 

e{E, S) = [e{E, 5)*] G i?.(X, Q), (2.112) 

the virtual Euler class of the triple because we shall prove in next two 
subsections that it is independent of the different choices above. 

In Remark 12.431 as singular chains e(i?, S*)* can be identified with n : 
m]{S)° X. Later we shah also write e{E, 5)* = {tt : m]{S)° X}. 

An important example of the Banach Fredholm orbibundles is a triple 
consisting a finitely dimensional orbibundle p : E ^ X and a smooth section 
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S : X ^ E. As pointed out below (|2.ip . if X is also orientable it has no 
singularities of codimension one naturally. In particular, if X is a closed 
oriented orbifold we may take E to be the tangent orbibundle TX and S 
to be the zero section. The corresponding Euler class e{TX, 0) becomes a 
rational number, called the orbifold Euler characteristic (number) of 
X and simply denoted by e{X). 

Let P be a smooth orbifold of finite dimension and f : X ^ P he a 
smooth map. Then f^{e{E,S)) E and {f^{e{E,S)),a) e Q for 

any a e H^{P,Q). Let a* be a closed differential form representative of it. 
As usual we have 

{a,Me{E,Sj)) ^ [ a*^ [ fa* 

J foe(E,SY Je(E.SY 

for any t G B^{W''^)res- By the definition of integration over chains it is not 
hard to check that 

Je(E,SY \^l\JM\{Sr 

So we get that for any t e B^{'K"^)res, 

ira, e{E, S)) = " ^ " ^ / (/ o njra* (2.113) 

= /_ (/o7r)*a*. 

Remark 2.47 If i? ^ X is a Banach bundle then all groups and Tj in 
the arguments above are trivial. In this case each ttj (resp. IIj) is an open 
embedding (resp. bundle embedding) from Banach manifolds (resp. bun- 
dles) Wi (resp. Ei) into X (resp. E), and for any J C / £ A/" the projection 
TT^j (resp. IIj) is an open embedding (resp. bundle embedding) from Ba- 
nach manifolds (^j)~^(W^/)) (resp. bundles -E/ 1 ^^f^_ijj^^^) to Im {it j) C Wj 

(resp. Im(flj) C Ej). So Wi (resp. Ej) may be identified an open subset 
Wj of X (resp. E\wi = Ej), and ttj (resp. IIj) is identified with the inclu- 
sion Wi ^ Wj (resp. Ej ^ Ej). The systems of Banach bundles (£,W) 
and {J^,V) actually becomes Banach bundles E\\y W and E\v V 
respectively. Moreover, the global section S = {Sj \ I G JV} of {£, W) (resp. 
{J^,V)) is actually the restriction of the section S : X ^ E to W (resp. 
V) . As the global sections of {J-, V) , aij become ones of the Banach bundle 
E —^ M with support in Wi, j — 1, • • • ,mi. Finally the virtual Euler cycle 
e{E,SY in (|2.11ip becomes the Euler cycle in Section [1] Hence our virtual 
Euler cycle is a generalization of the Euler cycle in Section [T] 

As expected we need to show that the class e{E, S) is independent of the 
different choices of the sections aij and the open sets Wi . It should be first 
noted that the dependence on choices of the smooth cut-off function 7^ may 
be reduced to one on choices of sections aij. This may be reduced to the 
cases in the following two subsections. We follow the arguments in [Lu3| . 
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2.6.1 The dependence on choices of sections aij 

We only need to consider the case in which a section c„(to„+i) is added to 
{cr„i, • ■ • , anm„}- Let — m„ + 1 and m'^ = rrii, i = 1, • • ■ , n — 1. Then 
m[ + • • • + m'n — m+1. Replacing the system of Banach bundles in (|2.82p 
and its section in (|2.83p we use the system of Banach bundles 

(P^^, V X M'"+i) 

= {(PtF,,y/ xR"+i),7r,,7r5,fi/,nS,p/,r/ I Jc/eAA}, 

and its corresponding global Fredholm section T' — {T'j \ I G Af}, 
T'j-.Vi X M™+i ^ PlFi, 

n rn'. 
i=l j = l 



l<i<n 



i£l 3 = 1 

Here Pi is still the projection to the first factor, and tt/, tt^, II/, are 
naturally puUbacks of those projections in (|2.72p . (Later we shall use these 
notations without confusion occurs.) By shrinking W* and e > in Theo- 
rem lOSl we assume that {T* ,V*) and {VIT* ,V* x B^(K'"+i)) therein are 
the corresponding systems of Banach bundles and that T' = {T^ | / e N} 
is the corresponding section which is strongly transversal to the zero sec- 
tion. Then corresponding with the manifold 51/ (s) of dimension Ind(S') + m 
in (|2.84p and the projection in (|2.86p we have the manifold of dimension 
Ind(S') + m+ 1, 

^'i{S) {{xi,t) e V; X B,{R^+^) I T'jixi,t) = 0} 

and the projection 

for any J C / e TV. Note that for any / e A/" and {xj, t) G V}* x ^^(M^+i), 

'^'l[ilAtij}l<j<m'J = T/f X/, {ty}i<j<,„J + i„(m„ + l)(0'„(m„ + l))/(i/) 
^ l<i<7i ^ l<i<n ' 

il n G I, and 

"^'i(xi,{Uj}i<j<„A = T/(i/,{ty}i<j<„jJ (2.114) 

^ l<i<n ' ^ \<i<n ' 

\in ^1. Let i„(m„+i) denote the final coordinate in ]R'"+^ and t^^^ the first 
TO coordinates. It follows from (|2.114p that 

(n)-i(O) = {(x/,t) e V* X B,(R™+i) I T',(a;,,t) = 0} 

= {(i/,t) G y; X B,(M™+i) I TKi/,t(i)) = 0} 

= (T,)-1(0)X (-£,£) 
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if n ^ /. Here Tj is as in Theorein l2.38l In this case, by Lemma [TTtI we may 
choose t = (t(i),i„(„„+i)) e B,{W"+'^)res such that t^^) e B,{M:"')res- So 
for such a t, 

= Mf\s) X {<„(„„+!)} if 71 ^ /. (2.115) 

Here Mf{S) (Xf and Mf\S) = (xf V(0) is as in Corol- 

lary [231 

Now let n ^ I. In order to relate ^'j{S) to ili{S) we need to consider 
the system of Banach bundles 

{PlT,Vx M™+i X [0,1]) 

= {(PJF/,V7 xM'"+i X [o,i]),^/,^5,n/,nS,P/,r, | JcieM}, 

and the Fredholm section <i> = | / £ A/"}, 
$7 : X ]R"+i X [0, 1] ^ PIFj, 
(^/,{^y}i<j<mj,s) '-^ S'/(i/) + ^^tjj(ay)/(x/) 

l<i<n j^i 

+ S • i„(,„„ + i) (o^n 

= ^/(i/) +^^ty(0-y)/(i/) 

As in (|2.92p we have its trivialization representation: 
O,, xM™+ix[0,l]^(^.j5.^, 

(i,t,s)^5,?;(i)+^i,,,a,^^.(i)+ ^ ^t.jrf(i) 
i=i ie/\{i,}i=i 

+ S • *n(m„ + l)0'I(m„+l)(^)- 

As in the proofs of Theorcm l2.38l and ProDOsition l2.421 by shrinking W* and 
£ > therein we can prove that the restriction of the section $ = {$/ | / e 
TV} to the system of bundles {PIT*,V* x B^{R"'+^) x [0,1]) is strongly 
transversal to the zero section. By Lemma 1 1.71 we can choose a regular value 
t of the projection 

: ($/)-i(0) ^M'"+\ (£,t,s)^t, 
i.e. t e B,{R"'+'^)res such that t^^) e B.iR'^^res- Then the manifold 
p-\t) {(x,t,s) e X Be(M"+i) X [0,1] |$(a;,t,s) = 0} 
forms a strong cobordsim between A4'j{S) and 
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Combing this and (|2.115p we get that M'j{S) and A4f^\s) are always 
strongly cobordant. Clearly, for any J (Z I £ JV the corresponding projection 

also forms a cobordsim between the projection 

n'j : in'j)-' {Mf\s)) ^ Im(^,5) C Mf{S) 

and 

n'j : (^5)-i(A?'i(5)) - Im(^5) C M'^S)- 
Consider the orientation given in Proposition 12.441 The above cobordsims 
are also oriented ones. In summary we arrive at: 

Proposition 2.48 For different choices of optimal sections dij, the corre- 
sponding families such as M.^{S) are oriented strongly cobordant, and thus 
the corresponding singular chains as in h2.110\) . e(E, 5)*, are oriented cobor- 
dant. In particular, if Z{S) H dX = then the class e{E, S) is well-defined 
and is independent of different choices of optimal sections dij . 

2.6.2 The dependence on choices of Wi 

In this subsection we assume that Z{S) C Int(X) and Assumption 12.45] is 
satisfied (so that e{E, S) is well-defined). We only need to consider the case 
that an open subset Wn+i and the corresponding optimal sections 
^(n+i)3 = l(n+i)3 ' S(n+i)i? j = 1, ' ' ' , m „+i, a re added. 

The proof can be done as in §4.3 in jLu3j . Here we shall prove it as a 
consequence of Claim 2.43 and the restriction principle in Proposition 12. 5 11 
By the above we may assume that X has no boundary. Consider the Banach 
orbifold X x [0, 1] with boundary d{X x [0, 1]) ^ {X x {0}) U (X x {1}) 
and natural puUback Fredholm orbibundle {X x [0, 1], pr*iJ, pr*5') via the 
projection to the first factor pr : X x [0, 1] ^ X. {X x [0, 1], pr*i?, pr*S') has 
an orientation induced from one of {X,E,S). Let Yi ~ X x {i}, i = 0,1. 
They are Banach suborbifolds of X x [0, 1], and also closed subsets of the 
latter. Obviously, (y^, (pr*i?)|y. , (pr*S')|y. ), i = 0, 1 can be identified with 
{X,E,S). Let (WijTijTTi) be the chosen Banach orbifold charts centred at 
X, e Z{S) on X, i = 1, ,n -1- 1 such that Z{S) C Uf^^Wi and nf^^W, = 
0. Suppose also that {Ei,ri,Ili), i — ,n -I- 1 are the corresponding 

orbibundle charts on them. As before let pairs of open sets Wf CC Uf , 
i = 1, • • • , n -M, j = 1, 2, • • • , n, be such that Z{S) C Uf^^ W^^ and 

Ul CC ^^Uf-- - CC CC [/f CC W,. 

For i = 1 , • • • ,n and j — \, - ■ ■ , n + 1 denote by 

Wl = %j<[Q,l), Wl^W,x[0,l), xl, 

= W, X (i, 1], w:,^^ = W, X (i, 1], = ^, X 1, 

r; = {5xi|.9er,}, r;+^. = {g x i |.g e r,}, _ _ 
5' = v\E^,^ E[ = {w*E)\w,, Pr-.w^x [0, 1) ^ w;„ 
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where all pi, qj are the projections to the first factors. Let 



U = {I C {!,■■■ ,n}\Wi^ n.,eiW^ ^ 0}, 
AA" = {/ c {1, • • • , n + 1} I P^, = n,e/T4^, / 0}, 
AA' = {/ C {1, • ■ • , 2n + 1} I W^; = n,e/Wi' 7^ 0}. 

Then each / G M' contains at most 2n — 2 elements. By Remark 12.321 we 
only need to take pairs of open sets 

W[' CCC/;^ ,2n+l,j = l,2,... ,2n-2, 

such that Z{S) X [0, 1] C uf^t^Wl^ and 

f/f CC cc C/f ■ • • cc cc C/f cc Wl- 

Clearly, for a very small positive 77 < one can require that 

X [0,77) = {x X [o,7?])n w;^ 



for 7 = 1,' 



for 7 = 1, 



C/f X [0,7;) = (X X [0,77]) nc/;^ 

, 77,, J = 1, • • • ,71—1, and that 

W7"x(l-77,l] = (Xx[l-77,l])nP<^^.,, 
C//x(l-7,,l] = (Xx[l-77,l])nC/;;^, 

, 71 + 1, = 1, • • • , 77. These imply that 

Wn(7r-)-^iWl)^W^ X [0,7y), 

t^:'nK)-i(w^/) = c//x[o,77), 
cm)x{o} = {Xx{o})nci{u:^) 



for 7 = 1, 



,n, J 



1, • • ■ ,71—1, and that 



n K+J^Hw^+J = M^/ X (1 - 7?, 1], 

u:U n K+J'Hw^+J = c^/ X (1 - v, 1], 
CT(c//)x{i} = (Xx{i})nCT(c/;f+J 



(2.116) 



(2.117) 



for 7=1, ••• ,71+l,j' = l,-- - ,71. 

Let 7fe,fc = l,---,7i+l, are the corresponding smooth cut-off functions 
on Wk as given by p.77p . One can take rj,-invariant smooth cut-off functions 
7^ on Wl., k — 1, - ■ ■ , 271 -f 1 such that: 

• 7fe(a;,0) = jk{x), V(a;,0) G and /c = 1, ■ • • , 71; 

• 7^(a;, 1) = jk-nix), y{x, 1) e Wl. ami k = n + 1, ■ ■ ■ ,2n + 1; 
. C/f := {eeWll 7^6) > 0} CCW^, k ^ I, ■ ■ ■ , 2n + 1; 

• ut+^C/f D Z(5) X [0, 1], where C/f := <(C/f ), fc = 1, • ■ • , 27i + 1. 
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Then we have: 

C/f n (W^fe X {0}) = C/° X {0}, k = l,---,n, 
K\k n {Wk X {1}) = t/," X {1}, fc - 1, • • • , n + 1. 

Let (Jij = 7i • Sij be the (optimal) sections of the bundle Ei —^ Wi as in 
(|2.79p . i — 1, • • ■ , n + 1 and j = 1, ■ ■ ■ ,mi. Then the sections of the bundle 

^kji^^t) = iki^^t) ■ skj{x) V {x,t) e Wfc, 

= 1, • • ■ , n, j = 1, • • • , TOfe, and ones of the bundle ^ ^L+k^ 

^[n+k)j t) = j'„+k{x, t) ■ Skj {x) V(a;, t) e V7^+fc, 

A: = 1, • • • , n + 1, J = 1, • • • ,mfe, form a optimal family, and these m' := 
m + to" sections satisfy the corresponding properties with (|2.104p . Here 



n+l 

m ■ = TOj. 

=1 1=1 



TOi and m" = ; 



Let W* be a small open neighborhood Z{plS) Z(S') x [0, 1] in X x [0, 1] 
such that Z{S) X [0, 1] C Ufe"+^C/f . As usual we can use all these data 
to construct a family of strongly cobordant virtual Euler chains of {X x 
[0,l],pr*i?,pr*5), 

e(pr*i?,pr*^)*' = " J] "t^I^'i : M'(pr*5)° ^ X x [0,1]} 
for t' {tij} i<j<mi £ -Be(K™ )res- Clearly, we can write t' — (t,t"), 

l<i<2ji+l 

t := {Uj}i<j<m, e BeCK") and t" := {iy} i<j<™^ G ^^(K'""). 

l<i<n n+l<i<2n+l 

Note that the boundary of e(pr*£', pr*^)*' , 

deipT*E,w*sf = " J2 "^{^/ ^ a7W*;(pr*5)° ^ a(X x [0,1])}, 

is equal to A(0,t) U (-A(l,t")). Here 

^(O't) = " E " rFMi'^/ ^ 5A?y(pr*5)° n in',)-\X x {0}) ^ X x {0}} 

= " E "^{'^z ^ dMUpT*sr n (^;)-i(x X {0}) ^ X X {0}}, 

A(l,t") = " ^ : aA?y(pr*5)° n (^;)-i(X x {1}) X x {1}} 

= " E ^ a>1*;(pr*5)° n {n'.r^X X {1}) ^ X X {1}}, 
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where (j2.116l) and (|2.117[) are used, and 



TV* = {/ e TV' I max/ > ji} = {J + n\J e Af"}. 



Let e{E, 5*)* and e{E, S)* be respectively the vhtual Euler cycles of {X, E, S) 
constructed from the following data of two groups 





Then by the above choices and the restriction principle in Proposition 12.511 
one easily checks that A(0,t) (resp. A(l,t")) can be exactly identified with 
the virtual Euler cycle e{E,S)* (resp. e{E,Sf). So Claim 2.43 yields 



The desired result is proved. 

From our above result one easily derives that e{E, S) is independent of 
concrete choices of the cut-off functions 7^ and pairs of open sets W- CC U- . 

Remark 2.49 If we only assume that X is 1-regular, the affectivity argu- 
ments in Claim [2321 is not needed, and Claim [^221 still holds true. In this 
case, after some numbers such as \Ti\, |r(wj)| are replaced by 



respectively, all arguments in this subsection and next two subsections are 
all true. We leave them to reader for checking. 

2.7 Localization formula and restriction principle 

Motivated by the localization formula in §5 of [Lu3j we here shall give two 
abstract versions of them. The second one is given as a consequence of a 
restriction principle. Without special statements, all Banach orbifolds 
are also supposed to be 1-regular and effective, and all Banach 
Fredholm orbibundles are oriented, have compact zero loci and 
also satisfy Assumption [27451 (Remark l2.49l is still effective.) In partic- 
ular, (X, E, S) denote an oriented Banach Fredholm orbibundle of index r 



[e{E,Sf]-[e{E,Sf] 



[e{E,Sf] + [-e{E,sf] 
[A(0,t)] + [-A(l,t")] 
[A(0,t)U(-A(l,t"))] 
[9e(pr*£:,pr*S')*'] = 0. 



1 nti(|r.J-|Ker(r,^,T4^,J| + l) 
|r(M,)|-|Ker(r(u,),0({i,))| + l, 




if/ = W, 

if/ = {ii,--- ,ife} e A/", 
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and with compact zero set Z(S), and satisfy Z{S) C lnt{X) and Assump- 
tion 12.451 Another approach to locaUzation in symplectic geometry was 
presented in [Chen]. 

Let A C Z{S) be a nonempty compact subset. In the construction of the 
above virtual Euler cycle of {X, E, S) if one only requires: 

(i) the finitely many points Xi, i — I, ■ ■ ■ ,n belong to A, 

(ii) {Wi}"^]^ is an open cover of A, 

(iii) W* is an open neighborhood of A contained in U"^]^C/°, denoted by 
>V*(A), 

then we get the corresponding systems of Banach bundles, 

{£{A),W{A)) := {{Ei,Wi),7ri,Ili,Ti,iT'j,Il'j,X'j \JcIeJ\f}, 
(^(A),i/(A)) :={(Fz,V7),7rz,n,,rz,^5,fl5,AS I Jc/eAA}, 
(^*(A),F*(A)) ■.^{{FI,v;),iTi,fli,Ti,n'j,fl'j,X'j \JcIeAf}, 

where Vi,Vi, Fj (resp. Vf , Vj* , F/) are defined by (PTBS)) and (piBSj) (resp. 
(|2.7ip V These are called the Banach bundle systems of {X,E,S) rela- 
tive to A. Corresponding with (|2.93[) we have a family of Fredholm sections 
of {T*{A),V*iA)), TW(A) = {Tf\A)\I € M}, where t = {%}i<,<™, £ 

l<i<n 

Be(K™) and the section T^*'(A) : Vj* F* is given by 

n nii 

XI ^ T/(i,t) = Si{xi) + y^^y^Jij{aij)i{xi). 

Moreover, there exists a residual subset i?£(R™)^g^ C B^{W"-) such that for 
each t e i3e(R'")^gj, the global section T(*)(A) is strongly transversal to the 
zero section. So we get a family of strongly cobordant rational chains near 
A of dimension r, denoted by 

e{E,S)\ " ^ "-^{*, : A?*(5,A)° ^ X},Vt e i3,(M™)^,,. 

They are called virtual Euler chains relative to A of the triple {X, E, S). 
Here M){S,A) (Xf '(A))-i(0) is a manifold of dimension Ind(5') and 
with compact closure in Cl{Vj ) C Vj^ , and A^*(S', A)° is the regular part of 
A^* (5, A). Clearly, if Z{S) is compact then for any compact subset A C Z{S) 
one may view e{E, S')* as virtual Euler chains of {X, E, S) relative to A. As 
below (I2.112|) we can also define jtiS, A), M*'{S, A)° and identify e{E, S)\ 
with ^ : 7W*(S',A)° ~^X. 

Proposition 2.50 (Tirst localization formula/ Let P be a smooth 
orbifold of finite dimension and f : X ^ P be a smooth map. If a ^ 
H^{P,R) has a closed differential form representative a* such that the sup- 
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port supp(/*a*) of f*a* is contained in A, then 
{ra,e{E,S)) = [ ra* 

l\ JM^iSA)" 

= I {fo%)*a* 

for any t e ^^(M™)*^, C ^^(R")^^,. Here ^^(M™)*^^ is also a residual 
subset in i?e(R™), and J2i£j\r -P*^^ double quotation marks because of 
the same reason as before, i.e. the repeating part is only counted once. 

Proof. Recall the construction of e{E, S)\. We have chosen pairs of open 
sets CC such that 

wl CC Ul CC CCUf-- - CC Wl"-^ CC J7f-^ CC W^, 

i — 1, • • • , n, j — 1, • • • , 71 — 1. For each i — 1, • ■ • , n, let au — 7^ • su 
be the chosen optimal sections with support in W/, I = 1, ■ ■ ■ ,TOi, and 

^{ieW, I 7,(5) > 0} and U° = 7:,{U,). 

Fix a small open neighborhood W(A)o of A in X so that 

>V(A)o CC W*(A). 

Here yV'*(A) is a small open neighborhood of A contained in U"^]^L/°. Since 
Z(S) \ W*{A) is compact we may furthermore take finite many points Xi 6 
Z{S) \ >V*(A) and the corresponding orbifold charts {Wi,ri,7Ti) centred at 
Xi in X , i — n + I, ■ ■ ■ ,n' such that 

Z(S')\ W*(A) c W(A)2 and W(A)2 n W(A)o = (2.118) 

for >V(A)2 := Uf^„+iWi = Uf^^+i7r,(Wi). Of course we have also the 
corresponding orbibundle charts {Ei , F^ , Hi ) , i ~ n + 1, ■ ■ ■ ,n'. Furthermore 
we choose pairs of open sets CC , i — 1, ■ ■ ■ ,n,j~n,--- , n' — 1, and 
wl CC Ul, k ^ n + 1, - ■ ■ ,n' , I = 1, - ■ ■ ,n' ~ 1 such that 

wl CC Ul CC wl CC Ul • • • CC wf-^ CC uf-^ CC Wi, 

i = 1, • ■ • ,n' , j = 1, ■ ■ ■ ,n' — 1. By (|2.118p we can require that 

Z(5)\W*(A)CW(A)'2 for WiAy,:^utn+iWl. 

So for each i = n+1, ■ ■ ■ ,n' , we can take Fi-invariant smooth cut-off function 
7,; : Wi [0,1] with support in Wl , and smooth sections an = 7^ • sn, 
I — 1, - ■ ■ ,mi, such that 

Z{S)\W*iA)cutn+iUl for L^o = {ieW?.|7.(i) >0}, (2.119) 
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and that all sections (Ty , j — 1, • • ■ ,mi and i — 1, • ■ • ,n', are optimal for 
{X,E, S). Denote by TV' the collection of all subsets / of {1, • ■ • ,n'} such 
that Wi :— Di^jWi ^ 0. Then we have a system of Banach bundles, 

It is easily checked that for any J C / G A/", 



iE'j,Wi) = {Ei,Wi), n'j = TTz, = n,, 
Following (|2.65p . for each / G A/"' with |/| = fc we define 



(2.120) 



iei J:\J\>k jeJ 

Since n^l^^W^ = 0, then V/ = W^^' for any I e J\f' containing {1, • • • 
Note that V/ C V/ for any / G A/" in general. Setting V/ = 7t7^(V/) and 
= Ej\y, we get the renormalization of (£', M^'), 

:={(F;,F;),7r;,n'„n,7ry,n'/,A'i | Jc/gAA'}. 

By (|2.119p one can take an open neighborhood W* of Z{S) in X so small 
that 

W* C W*(A) U (Ut„+if/r)- 
Setting V7* = n W*, t//* = (71^)"^^/*) and = we get the 

restriction of {P,V') to W*, 

{T'*,v'*) :-{(Fr,^;*),7r;,ri;,r,,^y,fi'/,A'/ I JcieM'}. 

By shrinking W* and £ > we have a family of sections of [j-'* , V'*) that 
are strongly transversal to the zero section, T* = {Tf ■* | / G A/"'}, 

k vai 

i=i j=i 

where t' = {iij}i<j<mi G B^iW^ )res and m' = These yield a 

family of cobordant virtual Euler cycles of dimension r, 

e{E,Sf' = " ^ "pf^^{^; : mUsY - ^} Vt' G BM"')res, 

where A^^'CS") = (xf V^O)- Note that 

(r a, eiE, S)) = " ^ " J- / o /)*«* 
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for any t' G B^(R"'')res- By Lemma O the set 

jt = {tij}i<j<mi t' = {tij}l<j<mi G Bi.{W" )res ( 
^ l<i<n l<i<n' -* 

is a residual subset in i3e(M™). Let Bs{R"^)*^g be the intersection of it 
and i?e(K™)^gg, which is also a residual subset in Bg{W^). Then for each 

t = {tij}i<j<,n, e B^{W^)*^g one may take a t' e i?e(]R'"')res of form 

l<i<n 

{tij}i<j<mi G Be{R"^ )res- So it sufRce to provc that 

l<i<n' 



for such t and t' very small. To this end note that the second condition in 
(|2.118p implies 

{ttj o f)*a* = 



'M]'{S)° 

if / G Af' contains a number in {n+1, • ■ • , n'} because the support supp(/*a*) 
of f*a* is contained in A. So wc only need to prove that 

"E"rFM L (*/°/)*"* = "E"^ L UoT^ifa*. (2.121) 

For any / £ A/", it is clear that V/ C Vi and F^* = -F/l^^,. Moreover, by 

(|2.70p . (ct^j)/ = for any i > n. So Tj* is equal to the restriction of T^p 
to VI*. From these it follows that 

MUS)cM*iiS,A) and rri\j^,, = n'j. (2.122) 

Moreover, for any J C / G A/" it is also easily seen that the inclusion and 
restriction in (|2.122p are compatible with the projections 

n'j : (7r5)-i {M'j{S, A)) ^ Im(^5) C M'j{S, A) and 
n'J : (^y)-i(AT*'(5)) ^ Im(^:/) C M^S). 
Note also that p.ll9|) and the second condition in p.llSp implies 
^/(a?*^(5, A) \ A?*/ (5)) n >V(A)o c TTiiVi \ Vj) n >V(A)o = 

for each I e JV. Then the desired result (|2.12ip follows from these, (|2.120p 
and the fact that supp(/*a*) C A C W(A)o. □ 

Similar to the arguments above Proposition 1 1 . 1 2l for a connected com- 
ponent A of Z{S) we choose the above neighborhood >V(A) of A such 
that >V(A) n {Z{S) \ A) = 0, and then get a family of cobordant cycles 
{e{E, S)\ 1 1 e B^{R'-)res} and corresponding homology class in e{E, S)a G 
Hr{X, Q). li Ai, i — 1, ■ ■ ■ ,p, are all connected components of A, then 

p 

e(i?,^)-^e(£;,5)A,. 

i=l 

This easily follows from the following result. 



96 



Proposition 2.51 (The restriction principle^. Let {X,E,S) be an ori- 
ented Banach Fredholm orbibundle with compact zero locus. Assume that 
a closed subset Y C X is a Banach suborbifold of finite positive codimen- 
sion. Then {Y, E\y , S\y) is also an oriented Banach Fredholm orbibundle 
with compact zero locus, and there exist a family of strongly cobordant virtual 
Euler chains of the triple (X, E, S), 

e{E,sf = " ^ "t^{^i ■■ MiiSr ^ ^} Vt' e B,(M™'),e., 

and that of strongly cobordant virtual Euler chains of the triple (Y, E\y, S\y), 

e{E\Y,S\YY = " "ihi^'i ■ ^'(SWr ^ Vt e B,(R™).e., 

/SA/' 

such that m<m', N C TV', M*i {S) n tt/^F) = for any I eAf'\Af, and 

that 

M]{S\Y)=M\'{S)n7rY\Y), ] 



(2.123) 



■■yl _ - 1 1 

for any I ^ J\f and J d I , and 

t' = {tij}l<j<mi G B^{W" )res and t := {iij}l<j<mi- 
l<i<n' l<i<n 

Consequently, for such t' and t it holds that 

M^SIyT ^M'\srn7r-\Y) and tt^ = . (2.124) 

In this case we say e{E\Y,S\Y)*' to be the intersection of e{E,S)*' with Y, 
or the restriction ofe{E,S)* to Y. 

Proof. Since Z{S) is compact and Y is closed in X, the zero locus Z{S\y) = 
^(5)1"!^ is also a compact subset in Y. One can check that Assumption [2T45] 
also holds for the suborbifold Y. By the definition of the suborbifold in Sec- 
tion 12.11 we can choose finitely many points 

Xi G Z{S\y), i = 1, • • ■ ,n, 
X, e Z{S) \ Z{S\y), i^n + l,-- - ,n' 

and orbifold charts (Wi, F^, tt^) on X centered ed Xi, i — 1, ■ ■ ■ ,n' such that: 

(1°) For each i = 1, • • • ,n there exists a submanifold C Wi that is 
stable under F^ and compatible with the inclusion map, such that 
the restriction {Wf ,nf) — (W^'', F^j^a , Tr^l^a ) is a Banach orbifold 

chart on Y, and thus Wf := Tri{Wf) ^W^nY. ( Warning: Ff = F, as 
abstract groups. Thus later we also write F^ as F.^ without danger of 
confusions.) 
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(2°) {Wf = n,{Wi')}f^i is an open cover of Z{S\y) with nf^iW^^ = 0, and 

{W, = T:iiWi)}iLi is an open cover of Z{S) in X with nf^^W^ = 0. 
(3°) For i = n + 1, • • • , n' , W.^ = 7rj(T4^^) are disjoint with Y . 

Similarly, let {Ei^Y i^TS^i) be the orbifold bundle charts on E corresponding 
with (H^i, Fi, TTi) for i = 1, • • • , n', then we get such a chart on E\y , 

(^f,F„nf) = (^,|H.«,F„n,|^„) 

which is corresponding with (PF^^, F^, tt^) for i = 1, • ■ • , n. As before take 
pairs of open sets VF/ CC U- , i — 1, ■ ■ ■ , ti', j = 1, 2, • • • , n' — 1, such that 

Ul CC Wl CCU^-- - CC VF^"'"^ CC C/f '"^ CC W,. 

We can also require that 

cz(c// n r) = cz([//) n r, i = i, n, j = i, f (2.125) 

(These are easily satisfied by using local coordinate charts and shrinking Wi 
if necessary.) As before let TV' be the set of all finite subsets / G {1, • • ■ , n'} 
with Wi = (lieiWi ^ 0, and Af = {I £ Af' \ max / < n}. For each I e Af' 
with |/| = k one uses (I2.65P to define Vi. Then for ? = I,-- - ,n, j = 
1, • • ■ , n - 1 set Wf^ = PF/ n r and = Ufr\Y. Then CC Uf and 
for i = 1, • • • , n, 

Uf CC PFf CC C/f • • • CC Wf""-^^ CC C/f CC Wf. 

Such choices are reasonable because of Hf^^^f — ^-i^^ Remark 12.321 As 
before, for each I E N with |/| = fc one uses (|2.65p to define 

iei j:\j\>k jeJ 

Using these we can, as before, get the system of Banach bundles of {X, E, S), 

{£,W) ■.^{{Ei,Wi),iTi,fli,Tj,TT'j,Il'j,\'j I Jc/eAA'}, 
{T,V) :={(Fz,i/z),7rz,fl,,F,,7r5,fl5,A5 | Jc/eA^'}, 

{T*,v*) :={(F;,i//),^/,nz,F,,^5,nS,AS | jc/gaa'}, 

and those corresponding with {Y, E\y , S\y), 

{£y,wy) ■.^{{Eiwf),niuy,ri,7ry/,uy/,x'j \ jcieM}, 
{ry^yy) {(F/,F/),7rf,nf,F,,^f ,^^^^AS | jc/gAA}, 
{ry^yy*) {(Ff ,F/*),7rf,nf,F7,^f ,rif , a5 | jc/gAA}, 

where the small neighborhood W^* of Z{S\y) in F is taken as W* n F. 
Moreover, by (3°) and (j2.125p it is easy to see that 

iF,nr = v/£AA'\AA, \ 

Vir^Y^yy Ni^M. ] ^ ' 
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It follows that for any / G A/", 

{FlVf) ^ {FI\^J,VIr^{7:I)-\Y)) ) (2.127) 

(i?r,v7*) = (i?;|^^„.,F/n(7r,)-i(F)). 

As before we assume that each bundle Ei Wi is trivial. Then the 
trivializations % : Wi x {Ei)^^ Ei in (|2.74p restrict to natural ones 

ry x{E,h^^El z = 

Note that the lift section Si : Wi ^ Ei of S\wi also restricts to such a section 

sf = s,\^^:wy^Ey 

of S'ln/!'. Let Sf be the trivialization representation of Si under %. It is 
easily checked that under Tf the trivialization representation of Sf , 

Sf -.Wf ^ {Ef),^, 

is exactly the restriction of Sj to Wf , i.e., 5*^"^ = Sj\^y. 

Moreover, let 7^ be the smooth cut-off functions in (|2.77p . i = 1, • • • , n'. 
Then 7^, i = 1, • • ■ , n, naturally restricts to such a one 7^ : Wf [0, 1] 
with support in Wf , and such that 

Uf e VKf I > 0} = C/f n Wf CC VKf ' and 

Carefully checking (|2.79p and (|2.80p we see that the sections ct^ '■— ^i ■ s^j ■ 
Wf —>■ Ef and their trivialization representations 

a-yf -.Wf ^ {Ei)^^, l{x)v^J 

are exactly the restrictions of dij in (|2.79p and ct,^ in (|2.80p to VFf , j = 
1, • • ■ ,771.;. As before we use these to get a global section of (Jf* , V"*) , T^* ' = 
{Xf ^ I / e A/"'} given by 

and that of (j'?'*, , T?^(*) = {T^'*^ U e A/"} given by 

n rrii 

Here A/" = {/ £ N' \ max/ < n}. Furthermore we can find a small e > 
and a residual subset i?£(R™ )res C -Be(R'" ), m' — J27=i ™j s^*^^ t'^^* 
any 

t' = {^ij}l<j<mi G -Be(M™ )res and t := {tij}l<j<mi (2.128) 
l<i<n' l<i<n 
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{Note: when t' takes over B^{W^ )res all corresponding t form a residual 
subset i?e(]R™)res C i?e(R™)), the above sections are strongly transversal 
to the zero section (by shrinking W* and increasing n and n' if necessary). 
As before we set 

M^'iS) = {M]\S) = (Xf ')-'(O) I / e AA'} and 
M\S\y) = {M'i{S\y) = (Tf ')-i(O) I / e AA}. 



Note that ttj (resp. 11/) restricts to tt^ (resp. IIj) on Wf , Vf and V/'* (resp. 
£^j, Fj' and .F]'*) and these restrictions are also compatible with tt^j and tTj^ 
for any J C I ^ M. One can checks that 



1 if /ga/^'Va/-. 



y(t) 



It follows from these, (|2.126p and (|2.127p that for t,t' in (I2.128p . 

Tj* ■* ly!/* and thus 

7W*'(S')n(7rj)-i(r) = Al^(S'ly), V/eAA and 
MUs)n{TTi)-\Y)^9, V/eA/''\A/'. 

()2.123|) and p.l24p follow immediately □ 



Corollary 2.52 (Second localization formula^. Let f be an oriented 
smooth orbifold of finite dimension, Q <Z P be an oriented closed suborbifold 
of dimension k and a smooth, map f : X P be such that Y :— f^^{Q) C X 
is a Banach suborbifold of codimension dim P — k. Then {Y, E\y , S\y) is still 
an oriented Banach Fredholm orbibundle of index Ind(5'|Y) = r + fc — dimP 
and for any class k £ H^{Q,M.) of dimension dimP — r it holds that 

{PDq{k)JME\y,S\y))) = {PDp{k)JME,S))). 

Here PDQ{a) (resp. PDp{a)) is the Poincare dual of a in H*{Q,R) (resp. 
H*{P,R)). 

Proof. Let Rs be a retraction from a tubular neighborhood U (Q) of Q in 
P onto Q (which is identified with the projection the normal bundle of Q 
in P.) We can take a representative form Q* of the Poincare dual PDp{Q) 
of Q in P whose support can be required to be contained in U{Q). Then 
for a representative form Kq of PDq{k) the form k* :— RgiKg) U Q* is a 
representative form of PDp(k) whose support is contained in U{Q). 

Let e{E, S*)* and e{E\Y, S\yY be as constructed in Proposition l2.51l As 
in the proof of Proposition [1121 it follows from p.ll3p and p.l24p that 
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{PDQ{K),if\Y)ME\Y,S\Y))) - {{f\YnPDQ{n)).,e{E\Y,S\Y)) 



f 



{f\Yonfrn*Q 



{f\Y07vy){Ar{s\Yr) 



{fofri){M- 
fl.Q((/o*/) 
(/07rj)(AT' 
(/o*/)(A7' 



(S)°)nQ 



AT (S)°)nQ) 



(S)°)nQ 

(5)°) 



(/o7r^)(A1'- (5)°) 



e(£,S)t' 

(r(P7?p(Ac)),e(i?,5)) 
(Pi?p(«),/,(e(£;,^))). 



This completes the proof of the proposition. 



□ 



2.8 Properties 

In this subsection we shah generaUze the other properties for Euler classes 
of the Banach Fredholm bundles in ijl.3l to virtual Euler classes. Without 
special statements, all Banach orbifolds are supposed to 1-regular and 
effective, and all Banach Fredholm orbibundles are oriented, have 
compact zero loci and also satisfy Assumption 12.451 (Remark 12.491 
is still effective.) 

Lemma 2.53 Let pi : i?'*) — > X, i — 1,2, be two Banach orbibundles, and 
E := £'(^' e ^ X be their direct sum. For any compact subset K <Z X 
let {Wj,Tj,-Kj) be orbifold charts centred at Xj £ K on X, j = 1, ■ ■ ■ ,n, 
and them satisfy Ii2.8\) . For z = 1,2 and j — I,-- - ,n let (ijj*'' , Fj , 11^''' ) 
be the corresponding Banach orbibundle charts on {Wj,Tj,TTj) of E^^'^ with 



support Ef = such that {E^ ^ „^ 

charts on (Wj, Fj, tTj) of E^^^ © E^"^^ with support Ej 
{p^^^ ® p^^'')~"'^(Wj). Denote by the bundle projections p 



) nj^^) are such 

Ef^ e 4 



p(2) 



E 



Wj and 
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■= ^ ~(2) . ^_ ._ ^{1) ^ £1^2)^ i ^ 1,2 and j ^ 1, - ■■ ,n. Note that 
the action of Tj on Ej is given hy cf) ■ u — {(j) ■ ui, (j) ■ U2) for (f> G Tj and 
u — (111,112) G Ej. Assume that 

{£^^\K),W{K)) = {{Ef\Wi),Tri,tlf ,Ti,Tr'j,tif\\'j I Jc/gAA} 

are resolutions of {E^''\ X) as given in ^2.2, i — 1,2. Then their direct sum 

{{^'^ ® E'f\Wi),ni,tli,Ti,TT'j,Il'j,X'j I Jc/eA/"} 

is such a resolution of {E, X) near K, where tij ^ fif ^ © t{f \ and = 
fi^P^ ® Yi^f"^^ . Moreover, for the chosen pairs of open sets CC Uf , 
i = \, - ■ ■ ,n, j = 1,2, ■ ■ ■ ,71 — 1, such that 

Ul CC Wf ddUf--- CC W^-^ CC U^-^ CC W,, 

the renormalization of {£^''\K)®i^'^\K),W{K)), denoted by {T,V{K)), is 
equal to the direct sum {T^^\K) ® T^^^K) ,V [K)) , where [T'^'^ {K) ,V [K)) 
are the renormalizations of {£''^\K),W{K)) constructed from the above 
pairs of open sets, i — 1,2. Furthermore, one has also: 

(a) = {Sf^ : I e M} are the global sections of 0\K),W{K)) 
generated by the sections 5**) : X E^'\ i = 1,2 then S^'^^ ® S^^^ = 
{S\^^ ® S^f ^ : I G J\f} is the section of {B^\K) © £'^'^\K) ,W {K)) 
generated by the section S^^'> © S'^^^ : X E^'^^ © £'(2). 

(b) If (Ti ~ {{<^i)i '■ I G A/"} are the sections of {J-^^\V{K)) generated by 

smooth sections CT;*^ : Wi — > with supports in then a^^^ © 

:= {{al^^)i © (ap^)/ : I e JV} is such a section of {T^^\K) © 
?^'^\K),V{K)) generated by the section d\^'^ ®d[^'^ : Wi E^^^ ®Ef\ 

Proof. Carefully checking the constructions and arguments in § 12.31 one 
easily gets the proof of the lemma. □ 

As a generalization of Proposition II . 131 we have: 

Proposition 2.54 (Stability^. Let the Banach orbibundles pi : E^^'' X, 
i — 1,2 and E := © X be as in Lemma \2.53[ For sections 

S'W : X E'^'\ i ^ 1,2 and their natural sum S := S^^^ © S''^) : X E, 
assume that (X, E, S) is an oriented Banach Fredholm orbibundle of index 
r and with compact zero locus Z{S). Clearly, Z{S) = n Z(S'(2)) 

and Z{S) = Z{S^^'^\z{^s(^'i)- ^'so assume that S*^^-* is transversal to the zero 
section at each point x G Z(S). (So there exists an open neighborhood lA of 
Z{S) in X such that Z{S^^'^Y := Z{S^^^)^U is a smooth orbifold). Then 

is Fredholm and has index lnd{D{S^^^\z(s(2))) = lnd{DS). Furthermore 
if both {X,E,S) and iZ{S'^^'>)* , E^^^\z(^s(^)y , S^^^lz^si^))*) also satisfy As- 
sumption \2.45\ then there exists a virtual Euler cycle representative C (resp. 
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Ci) of e{E,S) (resp. e(£'('-^ |2(s(2))* , S'^^-' |2(5(2))*)j such that C — Ci and 
thus 

e{E,S) ^ («z(s(2))*)*e(-B^^)|z(s(2))*,5'(i)|2(5(2))*)- 

Here («2(s(2))*)* is the homomorphism between homology groups induced by 
the inclusion iz{si.^))* '■ Z{S^'^^)* ^ X . 

Proof. Since the Euler class of {X, E, S) depends only on the restriction 
of (X, E, S) to a neighborhood of Z{S) in X we have assumed that ^(5*^^^) 
itself is a smooth orbifold. As in the proof of Proposition 12.511 we may 
use the definition of the suborbifold to choose finitely many points Xi S 
Z{S) C Z(S'(^)) and orbifold charts {Wi,Ti,Tri) centered at Xi on X and 
with Wi CU, i = 1, - ■ ■ ,n such that: 

(i) For each i there exists a submanifold Wf C Wi that is stable un- 

der Ti and compatible with the inclusion map, such that the restric- 
tion {Wf ,rf,TTl) = {Wl,Ti\:^^,TTi\^^) is a Banach orbifold chart on 

Z(S'(^'). (As explained in the proof of Proposition 12.511 Ff = F^ and 
they shall be written as Fi below.) 

(ii) Z{S) C U^^.Wt = ii^=,n,{Wn (C Uf^ilF. = U^^.nM))- 

For k — 1,2 and each i let F^, Ftp-*) be the orbifold bundle charts on 

Eik) corresponding with (Wi,Fi,7ri), then we get such a chart 

(^p,F.,n«^) = (^^Vf,r.,nW|-a,.) 

on £^^"^''|z(s(2)) corresponding with (Wf, F^, 7r,f ). As before we assume that 

~(k) 

all bundles E'l' -> are trivial, i = 1, • • • , n and A; = 1, 2. For the chosen 
trivializations 

7-^'^^ : X {Ef\^ -> Ef\ i = 1, ■ • ■ ,n, (2.129) 

they restrict to natural ones 

7-(i)" : Wl X (Ef\^ ^ i - 1, • • • , n. (2.130) 

Now the lift section sf^ : W, E^^^ of S^'^'>\w, restricts to such a section 
^(1)^ = : Wi i?f^" of Vf- It is easily checked that the 

trivialization representation S^^"^^"^ : {E^^^^)^. of S^^"^^ under T^^'^'^^ 

is exactly the restriction of S*'"^'"^ to Wf , i.e. S^^^^^"^ — s'^^^'^l^^. As in the 

proof of Proposition [FT3l wc can show that the ver tical differential DS^,^'^^{x) 
at each zero point x of S^^^^ is Fredholm and has the same index as DS^^^ (x). 
This yields the first conclusion. 

Take pairs of open sets W- CC U- , i — 1, • • • ,n, j — 1, 2, • • • , ?i — 1, 
such that Z{S) C Uf^^W/ and that 

Ul CC W^^ CC ■ • CC Wl"-^ CC Ul'-^ CC W^. 
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Let i = 1,2 and {T,V) = (T^^^ ® T^'^\V) be the corresponding 

bundle systems constructed in Lemma [2.531 (by taking K = Z{S)). As the 
construction of the bundle system [J-^, V^) in the proof of Proposition l2.51l 

we now can get such bundle systems of {Z{S''^^), E'^^'>\z{s^^^)t '^'"''Mzisf^i))' 

(^(^>,F-) :={(Fp,^>/)>|,^(^>,^,,7^}^^y)^^AS I jc/gAA}, 

which are exactly the restriction of the bundle system (T'^^^V), j = 1,2. 
Let us choose a small neighborhood W* of Z{S) in X and set W*^ := 
W* nZ(5'(2)). Denote by (T^3)^*,V") (resp. {T*,V*)) the restriction 
system of bundles of {T^^^^, F^) (resp. {T, V)) to W^* (resp. W*), j = 1, 2. 
Then (.f (1)^*, F^*) is exactly the restriction of {t'^^>,V*) to W". 

Moreover, the smooth cut-off function 7^ in (12. 77^ naturally restricts to 
such a one 7f : Wf [0, 1] and such that 

C/f° e W^f I 7.(£) > 0}^= n Wi^ cc Wt\ 
Z{S) C ur=it/r = Ur.i7r,(t/,f°). 

Note that S*^^-* is transversal to the zero section. As before, for each 
i = 1, • • • ,rt we can choose nii vectors v'^^^ £ (i?^-^'')^;., / = 1, • • • ,"1^ and 
then use 7^, 7,f and the trivializations in (|2.129p and (|2.130p to construct 
the sections a\]^ = 7j • s')^' : Wi —f isf"^^ C Ei and 

such that for sufficiently small W*, e > and each t = {iy}i<j<mj in 

\<r<n 

a residual subset Be(R™)res C i3e(R'") the global section of the Banach 
bundle system {T\V*), T^*) = {T^*^ | / e A/"}, 

and that of (.F^^)^*, F") , T«(i)^ = {T<*^'''" | / £ A/"}, 

are strongly transversal to the zero section. Here {ip^^^i \ I G M} denotes 
the global section of (jF*, generated by trlj^ Clearly, (o-^j^)/ takes values 
in f\^^^* . Consider the families of manifolds of the zero loci of these sections, 

7W* (5) = {M\ (5) I / G A/"} and 

We claim that 

M\{S) ^ M){S^^^z(si-yr) yieAf. (2.131) 
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In fact, for any xj e Vj one can derive from Lemma 12.531 that 

and £ ® c (Fi''*)^, © {FP*h, = So 

i/ e A1^(5')7, i.e. 

Siixi)+Y,J2*^,iaip)iixi)^0 

i=i j=i 

" ('21 

implies that 5*) = and 

^i"(^/) + EE*'^('^S^)^(^^) -0- (2-132) 

i=l 3 = 1 



It follows from the first equality that xi e Vf* . Note that the restriction of 
4'^)/ to Vf is equal to (^'^ 



(4^^)/ to Vf is equal to {a^'')!. We derive from (j^l^ that 



That is, XI G A?^(5(i)|2(5(2))). This shows that M\ c M\{S^'^'>\z(s(^)y)- 
On the other hand 5/(5:/) = sf\xi) and (ag^")/(^/) = for 

any x/ G V7*. So it is clear that A?/('S'^^^lz(s(2))*) C A?^. (|2.13ip is proved. 
One can also easily prove that for any J C / G A/" the projections 
and TTj^ have the same domain and image as maps from M.\{S) = 

M\{S'^^'^\z(s<^2)y) to M^j{S) = jWt(S'(i)|2(s(2,)0- It follows that for each 

t G B^{W^)res the corresponding virtual Euler chains (or cycles) 

e{E,Sf ^ '■'■Y,''^A^i--M\{Sr ^X} and 

are same. The desired result is proved. □ 

As a consequence we can get the following slight generalization of Propo- 
sition 2.8 in [RT]. 

Corollary 2.55 Let X be a separable Banach orbifold satisfying Assump- 
tion \2.45\ and {X,E,S) be an oriented Banach Fredholm orbibundle of index 
r and with compact zero locus Z{S). Assume: 

(i) dim Coker£'S'(y) — k on Z{S), Z{S) is a closed smooth orbifold of di- 
mension r + k and thus CokerDS forms an obstruction bundle £ over 
Z{S). 
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(ii) There exist an open neighborhood W of Z{S) and a decomposition of 
the direct sum of Banach orbibundles 

such that F''\z(s) isomorphic to £ and that the Banach orbisubbundle 
F of corank k restricts to 1uy{DS) on Z{S), i.e., Fy ~ lTa{DS{y)) for 
any y e Z{S). 

Then there exist a virtual Euler cycle representation M of e{E, S) and that 
N of £ such that M = N , and in particular e{E, S) = e{£) fl [Z(5')]. 

Indeed, as in the proof of Corollary II . 1 41 we can use Proposition 12 . 541 to 
derive it. 

Similar to the arguments in §2.5.2 we can directly use Claim 2.43 and 
the restriction principle in Proposition 12.501 to prove the following property. 

Proposition 2.56 (Homotopyj Let {X, E^''\ S^'^), i = 0,1, be two ori- 
ented Banach Fredholm bundles of index r and with compact zero locus. 
Assume that dX — and {X x [0,1], E, S) is an oriented homotopy be- 
tween them. Then there exist virtual Euler chains of {X x [0,1], E, S), 
{X,E^°\S^°'>) and {X, E^^\ S^^'>) respectively, e{E,S)\ e{E^^\ S^°'>)^'' and 
e(£;(i\S'(i')*i such that 

de{E,Sf = e(^("),5("))*« U {~e{E^^\ S^^'^f'). 

In particular if the virtual Euler classes of {X, E^'''\ S"*-*-*), i = 0,1, also exist, 
then e(£;(o),5(o)) = e(sW,^W). 

Actually, in the theorem above, for any m £ N if the m-boundary d"^X ^ 
then e{E, S')* has the m-boundary (defined in an obvious way), 

where we neglect the orientation and 

e{E, S)l " ^ " ^{^/ : M\{Sr H {rrj)-\d"^X x (0, 1)) -> X x [0, 1]}. 

Next we study the functoriality of the Euler class of the Banach Fred- 
holm orbibundles. Let {X,E,S) and {X',E',S') be two oriented Banach 
Fredholm orbibundles with compact zero loci. A morphism from {X, E, S) 
to {X',E',S') is an orbibundle embedding {tp,'i') : E ^ E' with following 
properties: 

(A) S" o i/; = * o S" and Z{S') = ^(^(-5")); 

(B) For any x G Z{S), the differential dil){x) : T^X T^(x)X' and the 
above restriction : E^ ^ ^'fix) induce isomorphisms 

d^p{x) : KeT{DSix)) KeT{DS' ii;{x))) and 
[*^] : Coker(DS'(a;)) ^ Coker(i:>S"(7/'(a;))), 
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and the resulting isomorphism from det{DS) to det(_DS") is orientation 
preserving. (These are all understand on levels of lifts.) 

Clearly, {X,E,S) and {X' , E' , S') have the same index. Corresponding 
with Proposition 1 1.1 71 we have: 

Proposition 2.57 Let {X,E,S) and {X' , E' , S') be two oriented Banach 
Fredholm orhibundles with compact zero loci, and {ip, be a morphism from 
{X,E,S) to {X',E',S'). Then there exist a family of strongly cobordant 
virtual Euler chains of the triple {X' , E' , S'), 

e{E',S'f = " ^ "^{tt; : M\{Sr - X'} Vt e i?e(M'").e., 
and that of strongly cobordant virtual Euler chains of the triple (X, E, S), 

and a family of embeddings {-ipj \I G Af}, ipj : Wi Wj, which are also 
compatible with the projections tTj and tTj , such that for any I E JV and 
J Cl, 

MM\{sr) - M\{sr n {7r'j)-\i^{X)), 
n'j{{n'J)-\VnnM\{S'))) n {n'jy\^{X)) ^ (2.133) 

(iM*'J)nM'j{S'))n{7:'j)-\^pix)) 

IfW and W are the spaces constructed from {Wj \ I £ Af} and {Wj \ I G TV} 
respectively then {ipj \ I G Af} induce a natural map ip : W W such that 



( 



(2.134) 



Consequently, ife{E,S) and e{E' , S') exist, {ip*a,e{E, S)) — {a,e(E' , S')) 
for any a G H*{X' , X' \ 'ip{X);R). (In this case we say ip^:e{E, S) to be the 
intersection of e{E',S') with iplX).) 

Proof. By the definition of the morphism we may assume: X is a Banach 
suborbifold of X', E is a suborbibundle of E'\x and S = S'\x- Of 
course, both / and F are inclusion maps. In particular, by (A) we have 
Z{S') = Z{S). As in the proof of Proposition 12.511 we can choose finitely 
many points 

X, G Z{S) = Z{S'),i = I,-- - ,n, 
and orbifold charts (W/, T^,tt[) on X' centered at Xi, i = 1, ■ ■ ■ ,n such that: 
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(1°) For each i there exists a submanifold Wi C Wl that is stable under 
and compatible with the inclusion map, such that the restriction 
(Wi,r-,7ri) = (Wi, T-j^^ , 7r-|^ ) is a Banach orbifold chart on X. (see 
the explanations in the proof of Proposition 12.511 for the reason that 

r' = r'i~ 1 

(2°) [Wi^ 7r,(W?,)}f^i is an open cover of Z{S) in X and thus {W^ = 

<(W^/)}r=i is such a cover of Z{S') in X' . 
Similarly, for each i let (i?,-,rj,n^) be the orbifold bundle chart on E' cor- 
responding with (W/,r-,7r-), then there exists a suborbibundle Ei C El\wi 
that is stable under and compatible with the inclusion map, such that 
the restriction {Ei,T^,Ili) ~ (i?i, FJ| , n^|^ ) is a Banach orbibundlc chart 
on E which is corresponding with (Wi, F'^, tt^). 

As usual take pairs of open sets W--^ CC U--' ,n, j = 1, 2, • • • , n— 

1, such that Z{S) C Uf^^W/i and that 

U.l^ CC Wl^ CC t/f • • • CC Wi'"~^ CC C/;"~^ CC Wi'. 

Set W/ := Wj'-* n X and Ui^ := J/^'"' n X then they are pairs of open sets in 
X and Z{S) C U^^^Wl- Moreover, for i = 1, • • • , n, j = 1, 2, • • • , n - 1 it 
also holds that W/ CC CC Wi and 

Ul CC Wf CC C/f • ■ • CC Wp-^ CC Ul'-^ CC W,. 

As before we can use these to construct the corresponding bundle systems 
(£,W), (^,f>) (^',W'), (^',i^') and 

(.F*,y*) := {(]?;, y;),7r,,ii,,F^,7r5,nS, a;/ I jc/eA/-}, 

(.F'*,y'*) :={(Ff,i>;*),7r;,n;,F^,7r:/,n:/,A'/ | Jc/gA^}, 

where the small neighborhoods W* of ^(S") in X is taken as W* n X. 

For each i = I,-- - ,n, as before we take F^-invariant smooth cut-off 
function 7^' : W/ ^ [0, 1] with support in W/^, such that 

zis') c ujLiC/^° = ^i<iun 

for C/f := {i €Wl\ 7,'(i) > 0}. Then for [7° C/f n X, i 1, • ■ • , n, it 
holds that ZJS) C Uf^if/f. ^ _ 

Let S,:Wi^ E, (resp. S",' : W/ ^ i;,') be the lift of S\w, (resp. S'V/)- 
Then by (A) and (B) it also holds that Z{Sl) = Z{S,), and that for any 
X e Z{Si), DSi{S;)\r^^^^ = DSi{x), Ker(DS^i(i)) = Kev{DS'i{x)) and the 
inclusion {Ei)x ^ induces an isomorphism 

iEih/DS.{S:){T,W) ^ {El),/ D{Sl){S:){T,Wl), 
i + DS,{S:){tM) + DSlix)iT,W[). 

As a consequence we get: 
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Claim 2.58 Let x e 2'(S'-) = Z{Si) and v.^ e {Ei)x,i = 1, • ■ ■ ,k, satisfy 

DS^{x){TiWi) + span{^i, ■■■ ,ik} = {Eih- 

Then DSliiKT^Wl) + span{^i, ■■■ ,ik} = [Elh- 

For the chosen triviahzations 

J: :Wlx{Ei},^^Ei t = l,--- ,n, 

they restrict to natural ones 

%:W,x{E,)i,-^E,, z = l,---,n. 

By increasing n and shrinking W- one can take Vij G (Ei)^^, j = 1, - ■ ■ ,mi 
such that for any x G M^i and Sij(x) :— Ti{x, Vij), j — 1, ■ ■ ■ , m^, 

Z?^,(i)(W,)+span{S,i(5),--- , (i)} = (i?»)£. (2.135) 

Note that for any x S Wi, s^j{x) :— T/{x,Vij) are equal to Sij{x) for i = 
1, • • ■ , TO^. By Claim [^351 we get that for any x S Wl, 

DS'MiT^Wl) + span{S',i(i), • ■ • , 5^.(5)} = (fiO^- (2-136) 

Consider the sections cr-^- := 7- ■ s-^- of i?- with supports in W/^, and 
those (Ty := 7- • of Ei with supports in Wl, j ~ 1, • ■ ■ Clearly, 

<^i\ = '^'ii\y/-^ ' ' ' T'^irrii — '^'imilw-^ * ~ I;''' j"- Assumc that the above 
small neighborhood W* of Z{S') in X is contained in U"^jC/-° (and thus 
W* =yV'*nX C Uf^iJ7f). By (l^nSl) and ([23311), as before we can shrink 

W'* and find a small £ > such that for each t = {iij}i<j<mj in a residual 

r<i<n 

subset i3e(M™)res C i3e(M™) with m = X]r=i sections sections 

n nii 

T^j^ : Vj Fj, XI ^ Si{xi) + y^^y^Jij{^ij)i{xi), 

n rrii 

Tf xj^S'j{xj) + J2J2t,,ial^^j{xj), 

j=i j=i 

are strongly transversal to the zero section for all / € A/". 

One also easily checks that Fj is a Banach subbundle of Fj*\y,, 

v; = vrn{n'jr\x), F; = Frn(n^)-i(s), ) = xf V; 

and these relation are also compatible with tt^, and tt'/, H'/. As usual 
let M]iS) = (t[*Vi(0) and A?^(y) = (T^^^VHO)- Then '([2331 and 
(|2.134p easily follows from these. □ 

Note that the family M*{S) = {M]{S) | / G TV} may be viewed a 'sub- 
set' of the system 
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( a resolution of X near Z{S)) and the Euler chain e{E, S)^ may be viewed 
as a smooth map from AA^{S) to X. One can also consider the Euler class 
of pull-back Banach Fredholm orbibundles by Fredholm maps. It is possible 
for us to get the following generalization of Proposition 1 1.1 81 

Proposition 2.59 Let X and X' be two separable Banach orbifolds sat- 
isfying Assumption \2.45\ and {X,E,S) (resp. {X' , E' , S')) be the Banach 
Fredholm orbihundle of index r (resp. r' ). Let f : X ^ X' be a proper 
Fredholm map of index d. Assume that that f : {X,E,S) {X' , E' , S') 
is a bundle map covering f , i.e. a bundle map f : E ^ E' satisfying 
S' o f ^ f o S , and that each local lifting of f is a Banach space isomor- 
phism when restricted to each fiber. (That is, {X,E,S) is the pull-back of 
{X',E\S') via f). Furthermore assume that f is also a submersion. Then 
one has: 

(i) r = r' + d and Z(S') = f^^{Z(S)) is compact. 

(ii) There exist a resolution V of X near Z{S) and that V' of X' near Z{S'), 
and a natural map f : V ^ V induced by f , and the virtual Euler chain 
e{E,S)*' (resp. e{E' , S')*' ), as a smooth map from M*{S) C V (resp. 
M\S') C V') to X (resp. X') satisfy 

foe{E,Sf^e{E',S'fof. (2.137) 

The proof of Proposition 12.591 can be completed by slightly modifying 
the proof of Proposition [4T5l We omit them. 

Remark 2.60 We conjecture that there exists some kind Q-value topolog- 
ical degree deg(/) of / so that (|2.137p gives 

f,e{E,S)^deg{f)e{E',S') 

in the case d = and both e{E, S) and e{E', S') exist. 

Finally, corresponding to Proposition 1 1.15[ one may expect the follow- 
ing: 

Let {X,E,S) and (X',i?',S") be two Banach Fredholm orbibundles with 
compact zero loci Z{S) and Z{S'). r and r' are their indexes respectively. 
Then the natural product {X x X' , E x E' , S x 5") is such a bundle of index 
r" = r + r' and with zero locus Z{S x S") = Z{S) x Z{S'), and there exist 
virtual Euler chains C of {X, E, S), C of (X', iJ', S") such that the product 
C" = C X C IS a Euler chain of {X x X',E x E\S x S'). Furthermore, 
if As sumption \2. 4 5\ is also satisfied for (X,E,S) and {X',E',S') (so that 
e{E,S) and e{E',S') exist), then e{E x E' , S x S") also exists, and is equal 
to e{E,S) X e{E',S'). 

We cannot prove it here. The problem can be explained briefly as 
follows: Let (WijPijTTi) be the orbifold charts on X such that Z{S) C 
U^^iWi, and {Ei,ri,Ili) be the corresponding orbifold bundle charts on E 
with (IFj, Pi, TTj), i = I,-- - ,n; moreover, let {WI,T'-,tt'-) be the orbifold 
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charts on X' such that Z{S') C U^^iW^', and {E[,T[.^[) be the corre- 
sponding orbifold bundle charts on E' with (VK/, F^, tt^), i = 1, ■ • • , n'. For 
(X X X E',S X S') we naturally choose the orbifold charts {Wi x 

W^jFj X F'j,,7ri X TT^) on X X X', and the corresponding orbifold bundle 
charts {Ei x E^, F, x F^, x H^) on E x E' with (W^ x VF^, F, x F'^, tt^ x tt^), 
i = 1, . . . , n, /c ^1, — , n'. Clearly, x S') C Uf^i U^li W^i x VF^. When 
we start from {Wi x W^, Fj x F'^, m x tt^) and {Ei x E'^, F^ x F^, Hi x and 
attempt to use the standard way to construct a system of virtual Banach 
vector bundles, the first difficulty we meet is: not each index I S M xM' 
can be expressed as form I x I', I € Af and /' € J\f' . Here TV and JV' are 
respectively corresponding sets of index with {Wi}"=i and {FF/}iLi- 
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3 The Euler cycle of the partially smooth Ba- 
nach Fredholm bundle 



We begin with the introduction of the notion of partially smooth Banach 
manifolds and Banach vector bundles and then extend Theorem 11.51 to the 
partially smooth category. Here one needs to overcome another kind of dif- 
ficulty. We shall abstract the most essential properties which can guarantee 
the expected conclusions. That is, Theorem 1 1 . 5 1 can be extended to a class of 
the partially smooth Banach Fredholm bundles. From now on we abbreviate 
"partially smooth" as "PS". Moreover, we consider the boundary as a 
special case of the corner. 

Definition 3.1 A Hausdorff topological space X is called a PS Banach 
manifold (with corner) if there exists a decomposition X — i^aet^^a 
indexed by a set A with a partial order -< with as the largest element such 
that the following two conditions are satisfied: 

(i) Any two Xa and Xp with a ^ (3 are disjoint, and each point of X has 

a neighborhood that may only intersect with finitely many Xa- 

(ii) Each Xa, called a stratum, is a smooth Banach manifold with corner 

whose topology assures the inclusion Xa ^ X to be continuous. 

(iii) The stratum Xq, called the top stratum of A", is a nonempty open 
subset in X . Other strata cannot contain any interior point of AT, and 
are called lower strata. 

(iv) For each a G A the stratum X^ is relatively open in ^p^aXp with 
respect to the induced topology from AT. For any (3 € A with (3 ^ a 
and (3 ^ a, the stratum Xp cannot contain any relative interior point 
of Xa in Up^aXp. 

If only conditions (i) and (ii) are satisfied, X is called a weakly PS Banach 
manifold. (In this case A may not required to have a partial order.) For 
A; e N U {0}, a weakly fc-PS manifold of dimension r is a weakly PS 
manifold whose lower strata have dimension less than r ~ k. 

Remark 3.2 (1°) Actually one usually makes arguments near a compact 
subset. So we may assume that our PS Banach manifold has only finitely 
many strata in the following arguments. The condition (ii) implies that the 
Banach manifold topology of each stratum is either the same as the induced 
topology from X or stronger than the induced topology. 
(2°) The condition (iii) implies that 

X^:= fl CliXo\K) 

KCXq compact 

is contained in the union of all lower strata of X, where CI{Xq \ K) is the 
closure of ATq \ K in X. (The condition (iv) implies a similar remark for 
Xa-) Let us denote by 

dtX (resp. dtXo ) 
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the topological boundary of X (resp. Xq), and by 

dX (resp. dXo ) 

the boundary PS Banach manifold of X (resp. the boundary Banach 
manifold of Xq). That is, dX — UadXa — Uad^Xa, where d^Xa is the 
(codimension one) boundary Banach submanifold of Xa, see Definition lA. 61 
for the precise sense of d^. Then dtX = dtXo consists of two parts, the 
union of the lower strata of X, and the union of all corner submanifolds of 
Xq. Thus dtX — dfXo — X§° if Xq has no corners (including boundary). 
Warning: a PS Banach manifold without corner might still have nonempty 
topological boundary. 

(3°) A Banach manifold with corner may be viewed as a PS Banach mani- 
fold. The lower strata of it consist of the various dimensional corners of X. 
However, by Definition lA. 41 one easily sees that a PS Banach manifold is not 
necessarily a Banach manifold with corner. They are different two notions. 

A topological subspace Z of AT is called a PS Banach submanifold of 

X if there exists a partial order subset Aq C A with maximal element ao such 
that (i) Z = iJaeAaZa, where — Z n Xa is a Banach submanifold of Xa 
for each a G Aq, (ii) Z = UaeAo^a is also a PS Banach manifold with respect 
to the induced stratified smooth structure. Clearly, ii X = Ua^AXa is a PS 
Banach manifold, for each a E A the subset Ufs^aXfs is a PS submanifold of 
X. A PS Banach submanifold Z = UaAgZa as above is called completely 
neat if for any a G Aq and x E Za it holds that ind^^ (x) — indjsf^ (x) and 
BkZa ZaC] BkXa for all A; G N U {0} (cf. Appendix E] for the definitions 
of iYidz^{x) and BkZa-) For ?■ G N U {0}, a weakly PS Banach manifold 
X is said to be r-dimensional if each stratum of it has finite dimension 
and r is the maximum of dimensions of all strata of it. (In this case the 
stratum of dimension r is called its top stratum.) In particular, we say 
a PS manifold to be r-dimensional if the top stratum of it has dimension 
r. A (weakly) PS manifold of dimension r is said to be oriented if its top 
stratum is oriented. A topological subspace Z of a weakly PS manifold X is 
called a weakly PS submanifold if it is a weakly PS manifold with respect 
to the induced topology structure and stratified smooth structure from X. 
For k G NU {0}, a weakly fc-PS submanifold of dimension r is a weakly 
PS submanifold whose lower strata have dimension less than r — k. That 
is, this weakly PS submanifold itself is a weakly fc-PS manifold according to 
the induced structure. It is obvious that 

weakly fc-PS submanifold =4» weakly PS submanifold. 

A compact (weakly) PS manifold X (resp. a compact weakly fc-PS manifold 
X) of dimension r is called closed if (i) its top stratum is a manifold without 
corner (including boundary), and (ii) all strata of dimension lower than r 
have at most dimensions r — 2. Thus a compact weakly 1-PS manifold X of 
dimension r is closed if its top stratum has no corner (including boundary) . 
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(When the top stratum of a compact (weakly) fc-PS submanifolcl has no 
corner (including boundary) we also say it to be closed.) Clearly, one has 

Claim 3.3 Any closed weakly PS Banach manifold X of dimension r carries 
a fundamental class in Hr{X,Ij2), or Hr{X,Z) if X is also oriented. 

In particular, a compact (weakly) PS manifold of dimension zero is a 
finite set. A (weakly) PS Banach manifold X is called separable if each 
stratum Xa is separable. 

For X G X, if Xa is the stratum of X containing it, we write T^X = 
TxXa- For < fc < oo, a PS C'^-map / from the PS Banach manifold X 
to y is a continuous map f : X ^ Y such that the restriction of / to any 
stratum X^, fa = f\a, is a C'^-smooth map into a certain stratum Yjg of 
Y. If / is a topological embedding and the restriction of it to any stratum 
Xa is a smooth embedding into some stratum Yg of Y, then / is called a 
PS embedding. In particular, if the image of / is also open in Y we say 
/ to be a PS open embedding. When / is a homeomorphism and both 
/ and f"^ are PS embeddings we call / a PS-diffeomorphism from X 
to Y. In particular the PS-diffeomorphism from X to itself is called a PS 
automorphism of X. Denote by Aut{X) the group of automorphisms of 
X. 

Definition 3.4 Let both X and E be two PS Banach manifolds. A surjec- 
tive PS map p : E X is called a PS Banach vector bundle if for the 

stratum decomposition X = Uqga -^a one has: 

(i) The inverse image p~^{Xa) of each stratum Xa of X is exactly a stratum 

of E. 

(ii) The restriction p|p-i(x„) ■ P^^i^a) — is a smooth Banach vector 

bundle. 

(ill) E has the stratum decomposition E = \JaeAP~^i-^o:)- 

Naturally, one may define a weakly PS Banach bundle over a weakly 
PS Banach manifold. 

Corresponding with smooth bundle maps we may define a notion of a 
PS bundle map. In particular, for a PS bundle map {f,F) : {E,p,X) — > 
{E',p',X'), if both f : X ^ X' a,nd F : E ^ E' are PS open embeddings 
and for each x <= X the restriction F\e^ ■ E^ ^'f{x) ^ Banach space 
isomorphism, we call (/, F) a PS bundle open embedding from {E,p, X) 
to {E' ,p' ,X'). Similarly, we have also the notions of PS bundle isomor- 
phisms, PS bundle automorphisms, PS subbundles, and so on. In 
particular, for an open subset U C X , a PS finite rank equi-rank subbundle 
of E\u is called a local PS finite rank equi-rank subbundle of E\u. A 
PS section of is a continuous section S : X ^ E whose restriction on 
each stratum Xa of X gives a smooth section S\xa, '■ Xa — » Ea = E\x^- 
Such a section is called transversal to the zero section if the restriction 
S\x^ of it to each stratum Xa is transversal to the zero section. (In this 
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case, we can only assure that the zero locus S'~^(0) is a weakly PS Banach 
manifold, rather than a PS Banach manifold. This is a reason that we in- 
troduce a weakly PS Banach manifold!) Denote by r(£^) the space of all PS 
sections of E. It might be empty when X is not a Banach manifold. 

Definition 3.5 Let £■ ^ X be a PS bundle. A PS section S : X ^ E is 
called weakly Predholm if the restriction of it to each stratum of X is a 
strongly Fredholm section in the sense above Lemma [TTTl The index of such 
a section is defined as the maximum of Fredholm indexes of restrictions of it 
to all strata. For an integer A: > 0, a weakly Fredholm PS section S : X ^ E 
is said to be a weakly fc-EYedholm PS section if 

Index(S'UJ + k< lndex{S\xo) 

for any a G A with a ^ 0. Furthermore, this weakly Fredholm PS section is 
called a /c- Predholm PS section if 

Index{S\xi3) + k < Index(S'|x„) 

for any two different a,/3 G A with (3 ^ a. More generally, for a family of 
negative integers k := {fc/ja | /3 ^ a, /3, a G A}, the above weakly Fredholm 
PS section S is called a k- Fredholm PS section if 

Index{S\x,s) + < Index(S'|xJ 

for any two different a, /3 G A with [3 < a. 

By the definition, a /c-Fredholm PS section is a weakly fc-Fredholm PS 
section, and the latter is a weakly Fredholm PS section. Moreover, it is also 
clear that the index of the restriction of a (weakly) /c-Fredholm PS section 
to the top stratum is at least greater k than the indexes of the restrictions of 
it to the lower strata. It may be considered as a generalization of the notion 
of the strongly Fredholm section in Section [TJ In the case of Gromov-Witten 
invariants the corresponding section is 1-Fredholm. 

Remark 3.6 In Definition 13.11 one may define a PS Banach manifold by 
the conditions (i)-(iii) and does not require A to be a partial order set. In 
this case we can define the notion of the fc-Fredholm section as the above 
definition of the weakly fc-Fredholm section. According to such definitions all 
arguments in this section (and next one after some corresponding changes 
have been made) still hold. However, such a definition of a fc-Fredholm 
section can not give a relation among indexes of the restrictions to different 
lower strata, which is needed for some possible problems. Perhaps, in this 
case the following definition of a fc-Fredholm section is a good choice. Under 
the above representatives, it holds that Index(S'|x^J -f fc < Index (iSIjCc) if 
a, /3 G A are such that Xa is relatively open in Xa U Xp and Xp does not 
contain any relative interior points of Xa U Xj3 . 
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Definition 3.7 A weakly PS Banach Fredholm bundle (of index r) 
is a triple {X, E, S) consisting of a weakly PS Banach bundle p : E ^ X 
and a weakly Fredholm PS section S : X ^ E (of index r). Clearly, each 
stratum of it, {X,E,S)a — {Xa, E\x^, S\x^) is a Banach Fredholm bundle. 
If Index(5'Q) = n we call {X,E, S)a the stratum of codimension r — n 
of {X, E, S). A (w eaklyjl PS Banach fc-Fredholm bundle (of index 
r) is a triple {X, E, S) consisting of a PS Banach bundle p : E ^ X and 
a (weakly) fc-Fredholm PS section S : X ^ E (of index r). With the 
same way we define their strata of codimension r — n. These three kinds 
of bundles are said to be oriented if their strata of codimension zero, still 
denoted by (X, E, S)o without occurrence of confusions, are oriented (as 
Banach Fredholm bundles). 

Clearly, the stratum of codimension zero of a (weakly) PS Banach fc- 
Fredholm bundle {X, E, S) is exactly {Xq, E\xo, S\xo) for any fc > 0. More- 
over, every (weakly) PS Banach fc-Fredholm bundle {X,E,S) with fc > 1 
has no strata of codimension one. 

If the above word "Banach" are all replaced by "Hilbert" one gets the 
partially smooth Hilbert manifolds and Hilbert bundles. 

As said at the beginning of this section our purpose is to generalize 
Theorem ll.Sl to the PS Banach Fredholm bundle. However carefully checking 
the proof of Theorem ll.Sl it is easy to see that in the present case one cannot 
necessarily extend an element v & E^ into a local PS section of the PS 
bundle E X near x. This motivates us to introduce: 

Definition 3.8 A class of PS sections ^ of -E is said to be rich near x G X 

if for any v G E^^ e > and given open neighborhood of x, U C X, there 
exists a PS section Sy : X ^ E of class A such that 115*1,(0;) — u|| < e and 
supp(5'i,) cuE 

It is called rich near a subset iiT C X if it is rich near each 

point of K. 

Clearly, if w we may choose e < ^\\v\\ so that ||5«(a;)|| > It 
follows that Sv{y) ^ for any y sufficiently close to x. More generally, we 
have: 

Lemma 3.9 Let A he a class of PS sections of E, which is rich near x. 
Then for linearly independent elements ui,-- - ,u„ in Ex and < e << 
imini<i<„|ui| there exist an open neighborhood U of x and PS sections 
5i, • • • ,Sn of E of class A such that \\Si{x) — Vi\\ < e, i = \, ■ ■ ■ ,n, and 
that the elements Si{y), ■ • ■ , Sn{y) are linearly independent in Ey for each 

yeu. 

Proof. By the definition there exist PS sections Si, ■ ■ ■ , Sn of E of class 
A such that ||S'i(a;) — Vi\\ < e for i = 1, • • • , n. The remains is to prove that 

^In this paper we often write "(A) B". It means two cases "A" and "A B". 
^The second condition shall be used in the proofs of Theorem 13. 141 and Proposition 13.16] and 
below (14. 4p . 
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Si{y),--- , Sn{y) are linearly independent for each y in a small neighbor- 
hood U of X. Otherwise there exist a sequence {ym} C X and t'™' = 
(4"\--- G S"-^ such that ELi4"^5fc(2/™) = and y„ ^ a; 

as m ^ oo. Since 5""^ is compact we may assume that t'™^ ^ t = 
(ii, • • • ,t„) G S""^^ as m "> oo. So X]fc=i tkSk{x) = 0. This contradiction 
implies the desired result. □ 

It should be remarked that we do not assume that our PS Banach mani- 
folds must admit PS cut-off functions. (In fact, in actual examples one needs 
such a condition to check that a class of PS sections is rich near a compact 
subset in the sense of Definition 13. 8p . The assumption of richness will take 
the place of the assumptions about cutoff functions used in the previous 
sections. It is easily checked that for a PS Banach bundle having rich PS 
sections of class A near x G X and a PS map (p : Y X from a PS Banach 
manifold Y to X, if Y admits PS cut-off functions with arbitrarily small 
support near any point then the pull-back PS Banach bundle (p*E ^ Y has 
also rich PS sections of class A near any point y G f^^{x). 

Let {X, E, S) be any one of the three kinds of bundles in Definition 13.71 
It is said to have rich PS sections of class A if the (weakly) PS Banach 
bundle E ^ X has such PS sections near the zero locus Z{S) of X. For 
such a bundle {X,E, S) and each x G Z{S) we have finitely many elements 
vi, ■ ■ ■ , w„ in Ej. such that Im(_D>5'(x)) + span({ui, • • • ,v„}) — E^. It follows 
from Lemmas 11.21 and 13.91 that there exist PS sections ai, ■ ■ ■ ,ak oi E oi 
class A such that the linear operator 

k 

T,X X M'= ^ E,, (e,t) ^ DS{x)+J2u<J^{x) 

i=l 

is surjective. Furthermore, if X^ is the stratum containing x we can find a 
small neighborhood U oi x in X such that the linear operator 

k 

L{S,y) : TyX x M^' ^ Ey, ($,t) ^ DS{y)+J2tMy) 

i=l 

is surjective for any y G X^ DU D Z{S). However, if Z{S) cannot be con- 
tained a single stratum then it is impossible using the present assumptions 
to derive that L{S, y) is surjective for y G U nZ{S) no matter how U is small. 
The reasons are that different strata are only related continuously and thus 
one cannot compare differentials of different Fredholm sections S\xa- Fur- 
thermore, even if L(S, y) is surjective for any y G U H Z{S) we can only 
deduce that the restriction of the section 

k 

X X R^- ^ J\\E, {y, t) ^ S{y) + ^ t^v) 

1=1 

to [/ X R'^ is transverse to the zero section along {UC\Z{S)) x {0} dU kM}' , 
and cannot prove that the restriction of the section to a small neighborhood 
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of {x,Q) 'm X X IR*^ is transverse to the zero section yet. Here Hi is the 
projection from X x M*^ to X. This means that the local transversality 
cannot be obtained from the present assumptions simply. One needs to 
apply more assumptions on the PS Banach Fredholm bundle {X, E, S). 

Definition 3.10 Let {X,E,S) be a weakly PS Fredholm bundle of index 
r (resp. a (weakly) PS fc- Fredholm bundle of index r) as in Definition 13.71 
and have rich PS sections of class A. S is called quasi-transversal (resp. 
(weakly) fc-quasi-transversal) to the zero section relative to class A 
near x G Z{S) if for any PS sections <ji, • • • , Cm of E of class A the equality 

DS{x){T:,X) + sp&ni{ai{x),--- ,a^{x)})^E, 

(including the case DS{x){TxX) = E^) implies that there exist a small open 
neighborhood U{x) of a: in X and rj > such that the section 

$:C/(a;) xi3,(K")^n^(i?|t,(,)), 

m 

{x;ti, ■ ■ ■ ,trn) 1-^ S{x) + ^tiai{x), (3.1) 

1=1 

is transversal to the zero section, and is also a weakly Fredholm PS section 
of index m + r (resp. a (weakly) /c-Frcdholm PS section of index m + r) 
in the sense of Definition [331 Here Hi : U{x) x B,,(M'") U{x) is the 
natural projection. We say S to be quasi-transversal (resp. (weakly) 
A:-quasi-transversal) to the zero section relative to class A if it is 
quasi-transversal (resp. (weakly) fc-quasi-transversal) to the zero section 
relative to class A near each x G Z{S). Furthermore, S is called smoothly 
quasi-transversal (resp. smoothly (weakly) fc-quasi-transversal) to 
the zero section relative to class A near x £ Z{S) if the zero locus of 
$ in (|3.ip . (f>~^(0) is a true smooth manifold of dimension m + r. Naturally, 
S is said to be smoothly quasi-transversal (resp. smoothly (weakly) 
fc-quasi-transversal) to the zero section relative to class A if it is 
smoothly quasi-transversal (resp. smoothly (weakly) fc-quasi-transversal) to 
the zero section relative to class A. (In this case an orientation on the top 
stratum of <f>^^(0) may naturally induce ones on the lower strata.) 

Remark 3.11 (i) Clearly, when S is quasi transversal to the zero section 
relative to class A near x G Z{S), if DS{x) is also onto then the restriction 
of 5 to a small neighborhood U [x] of x is transversal to the zero section, 
(ii) Note that U{x) n Z{S) x {0} C Z($) and for any y G U{x) n Z{S) and 
(e,u)GT,XxM'", 

D<^>{y, 0)(e, u) - DS{ym + ^ uMv)- 

1=1 

That the section $ in p.ip is transversal to the zero section implies that 
DS(v){TyX) + span({ai(y), • • • , <J^(y)}) ^Ey^ye U{x) D Z{S). 
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(iii) When the section $ in (|3.ip is a weakly Fredholm PS section of index 
m + r (resp. a (weakly) fc- Fredholm PS section of index m + r), for any 
t £ _B,,(R™), it follows from Lemma fl.Sr ii) that the section $t : U{x) 
E,y 1-^ $(y,t) is also a weakly Fredholm PS section of index r (resp. a 
(weakly) fc- Fredholm PS section of index r). In fact, let be the restriction 
of $ to the stratum U{x)a x B.,,(]R™) of U{x) x B^(]R™). It is given by 

rn 

C/(x)„ xB„(R™)^nt(i;|c;(,)J, (y;ti,... ,t„)^^°(y)+^t,<(y), 

1=1 

where S" and erf are the restrictions of S and Ci to [/(x)q,, i = 1, • • ■ ,m. 
Assume that is trivializable over an open subset V C U{x) and that 

S°'*,a°'* : V ^ Ez for some z ^ V are trivialization representatives of S*" 
and erf over 1/, i = 1, • • • , m. By the definition of the strongly Fredholm 
section the map 

m 

: T/ X B,(R'") ^ (y; h,---, t^) ^ 5"*(2/) + J] t.af (y), 

i=l 

is Fredholm. So for any (y,t) G V" x i?^(R™) the tangent map 
d$"*(y,t):rj,FxM™^^„ 

rii m 
i=l i=l 

is Fredholm. By Lemma ll.3f ii) the linear map 

i=l 

is Fredholm, where $f* : F ^ E'z,?; $"*(?/, t). It follows that $f* and 
thus $f , $t are all Fredholm. The conclusions on index are easily derived 
from Lemma ll.3f ii). 

(iv) In applications to Floer homology one needs stronger conclusions be- 
cause the strata of codimension one must exist. This is the reason that we 
introduce the smooth quasi-transversality. 

Unlike in Section [1] the corresponding section with one in (j3.ip is Fred- 
holm and thus is locally proper, a weakly Fredholm section might not be 
locally proper. We need to introduce the following notion. 

Definition 3.12 Let {X,E,S) be any one of the three kinds of bundles 
in Definition 13.71 and have rich PS sections of class A. S is called locally 
proper relative to class A near Z{S) if for any x e Z{S) and PS sections 
cTi, • • • , (^7,1 of class A there exists a neighborhood U{x) and rj > such that 
the closure of the set 

m 

{(a;,t) e U{x) X B,{R"')\{S + Y,t^<^^){^)^0} 

i=l 

is compact in X x M™, where t = (ti, • • ■ , t,„) e R™. 
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Definition 3.13 Let {X, E, S) be a weakly PS Fredholm bundle of index r 
(resp. a (weakly) PS fc-Fredholm bundle of index r) as in Definition 13. 7[ and 
have rich PS sections of class A. It is called good (resp. (weakly) fc-good) 
relative to class A if the following conditions are satisfied: 

(a) S is quasi (resp. (weakly) /c-quasi) transversal to the zero section rela- 

tive to class A; 

(b) S is locally proper relative to class A near Z{S). 

If S is smoothly quasi-transversal (resp. smoothly (weakly) /c-quasi-transversal) 
to the zero section relative to class A, the above bundle {X, E, S) is called 
smoothly good (resp. smoothly (weakly) fc-good) relative to class A. 

We now are in a position to give and prove the analogue of Theorem II. 5 1 

Theorem 3.14 Let X be a separable PS Banach manifold X with corner, 
and (X,E, S) be a (weakly) PS Banach k-Fredholm bundle of index r. Then 
one has: 

(i) Z{S) is a weakly k-PS submanifold of X of dimension r and with cor- 

ners provided that S is transversal to the zero section. Moreover, an 
orientation of {X, E, S) determines one of Z{S). (If{X,E,S) is only 
a weakly PS Banach Fredholm bundle of index r then Z{S) is a weakly 
PS submanifold of dimension r.) 

(ii) In general, if {X, E, S) has rich PS sections of class A and compact 

zero locus Z{S), and is also (weakly) fc-good then one can find an 
open neighborhood W of Z(S) in X satisfying: 

(11.1) There exists a sufficiently small perturbation PS section S' of 
E, which is a sum of finite PS sections of class A, such that the 
restriction 

{S + S')\w -.W^Elw 

is a (weakly) k-Fredholm PS section which is transversal to the 
zero section and has also a compact zero locus Z{{S ->r S')\w). In 
particular, if S is transversal to the zero section one may take 
5" = 0. 

(11.2) S" can be chosen so small that Z{{S + S")|w) is contained in a 
given small neighborhood of Z{S). Specially, one can require all 
k-boundaries d^\Z{{S+S')\w)) to be equal to Z{{S+S')\w)nd''X 
for k = 1,2,- ■■. 

(11.3) If{X,E, S) is oriented then Z{{S + S')\w) is an oriented weakly 
k-PS manifold of dimension r. 

(11.4) Any two such sufficiently small perturbations S' and S" yield 
cobordant r-dimensional weakly k-PS manifolds Z((5-f S")|w) and 
ZiiS + S")\w)- 

Moreover, if{X,E,S) is smoothly good (resp. smoothly ( weakly) k- 
good) relative to class A then all words "weakly k-PS manifold(s)" in 
(ii.l)-(ii.4-) above will be replaced by "manifold(s)". 
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Similar to the convention below Theorem ll.5l in this and next sections we 
make the following convention: when using Sard theorem or Sard-Smale 
theorem to get an empty set or a PS manifold of dimension lower than 
expected one we shall not mention that case ! 

Proof of Theorem 13.141 Noting the convention just, by the definition 
of the weakly PS Banach manifold in Definition 13.11 the definitions above 
Claim 13.31 and Definition 13.71 we may apply Theorem 11.51 to the restriction 
of S to each stratum of X to arrive at the desired (i). 

To prove (ii), note that S is stratawise Fredholm. For each x G Z{S) there 
exist vi, ■ ■ ■ ,Vp <^ such that DS{x){TrcX) + Span({ui, ■ • ■ ,Vp\) — Ej.. 
Since {X, E, S) has rich PS sections of class A it follows from Lemma 11.21 
and Lemma [3.91 that there exist PS sections Ci, • • ■ , (Xp of class A such that 

DS{x)iT^X) + Span{Wii^)r-- ,(Jp{x)}) ^ E^. 

Since S is (weakly) /c-quasi transversal to the zero section relative to class 
A near any x £ Z{S), by Remark l3.11f ii) and the compactness of Z{S) one 
can find finitely many PS sections of class A, say Si, ■ ■ ■ , Sm [Zli such that 

DS{z){T,X) + spaii{{Si{z),--- ,Sm{z)})^E, (3.2) 

for any z G Z{S). Using the facts that S is (weakly) /c-quasi transversal to 
the zero section relative to class A and also locally proper relative to class 
A again, it follows from the compactness of Z{S) that there exist an open 
neighborhood W of Z{S) and e > such that: 

([3721) 1 The PS section 

m 

$ : W X B,{m^) ^ Ul{E\w), (y,t) ^ S{y) + Y,US^{y) 

i=l 

is a (weakly) fc-Fredholm PS section of index m + r which is transversal 
to the zero section. Here Hi is the projection from W x B^{W"-) to 
W. So <i>^^(0) is a weakly fc-PS submanifold of dimension m + r( if 

ziS)nXo^9). 

([372)) 9 The closure of $^1(0) in X x E™ is compact. It follows that for any 
small neighborhood V of Z{S) in X there exists an e G (0, e) such that 
for each t G S,(M™), 

ci{w)n{s + Y,us.^y\o)^^- (3-3) 

1=1 

Let P2 be the restriction of the natural projection W x B^{R"') Sj(M™) 
to $-1(0). For each stratum Wa with $-i(0) n (W^ x B^(M™)) 0, as in 
the proof of Theorem 11.51 we deduce that the restriction of P2 to $^^(0) fl 

''These sections can be required to have small supports by Definition 13.81 



121 



{Wa X B^{M."^)) is Fredholm and has the same index as S\w^. Moreover, t £ 
i3e(M™) is a regular value of this restriction if and only if the section $t|wc, ■ 
Wa is transversal to the zero section, (cf. Proposition IA.14| ). Here 

^t:W^E\w, y^Hy,t). (3.4) 

Applying the Sard-Smale theorem to the restriction of P2 to each stratum 
of $^1(0) we get a residual subset Bs{R"')reg C Bs{W^) such that for each 
t e B^{M."^)reg the scction $t in (|3.4p is transversal to the zero section, and 
is also a (weakly) fc-Fredholm PS section of index r by Remark IS.llf iii). 
Take an open neighborhood V of Z{S) such that Cl{V) C W. By ([221)2 
we may find an e G (0,e) such that holds for each t G ^^(M™). It 

follows that ^t^{0) C V for any t e Be(M™). So each t G B,{W"')reg ■= 
Bt{R"^) n i?e(M™)r.eg gives a desired perturbation section S' = jy^Li^i^i 
for which Z{{S + S")|w) = $^"^(0) is a compact weakly A:-PS manifold of 
dimension r. Then the conclusions in (ii.l) and (ii.2) may follow directly. 

The proof of (ii.3) is almost repeat of that of Theoren il.5r B.2'). Indeed, 
the map 

W X Be(M'") X [0,1] -> W X B.iR""), (x,t,t) ^ {x,tt) 

is stratawise Fredholm and the restriction to each stratum has index 1. So 
the composition of it with $ gives a (weakly) /c-Fredholm PS section 

m 

WxB,{W--) X [0,l]^n^(£;|w), {y,t,t)^S{y)+tJ2t^S^{y), 

1=1 

where Hi is also the projection to the first factor. As in Remark l3.11f iii) we 
get a family of homotopic (weakly) /c-Fredholni PS sections 

m 

: W X S,(K™) ^ UliElw), {y,t,t) ^ S{y) + tJ^US^iy) 

i=l 

for any t G [0,1]. As in the proof of (ii.3) of Theorei dl . Sf B . 2 ) . we can 
derive from a given continuous nowhere zero section of the restriction of 
det{DS) to Z{S) n Xq that the weakly k-PS manifold of dimension m + r, 
$-1(0) = {(y,t) G W X Bj(M™) I $(y,t) = 0} carries an orientation on its 
stratum of dimension r + m. This orientation naturally induces one on the 
top stratum of each weakly fc-PS submanifold $^^(0) of X. 

Obviously, if {X, E, S) is smoothly good (resp. smoothly ( weakly) k- 
good) relative to class A, $^""^(0) is a manifold of dimension r because 
$(7^(0) = P2^{t) and that t is a common regular value of the restriction 
of P2 to each stratum <f>^^(0) n {Wa x Bs{R™)) implies that t is a regular 
value of P2 as a smooth map from the smooth manifolds $~^(0) to i?e(R'"). 
Note also that each stratum <I>-i(0) n {Wa x Be(M™)) is a submanifold of 
$-1(0). 

Finally we prove (ii.4) in two steps. The first step is completely similar 
to §1. The method in the second step can also be applied to §1. For com- 
pleteness we will give the detailed proof. 
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Stepl. Fort = (ti,--- , t^) e and r = (n, • ■ • , r„) e S,(M'"),e5 

let V''{t, r) denote the space of all C'-smooth paths 7 : [0, 1] -> ^^(E") with 
7(0) = t and 7(1) = r. Consider the section 

^':>Vx[0,l]x7''(t,r)^n^(£;|w), 

m 

(X,T,7) 1-^ <^{x,j{t)) = S{x) +^'^i{T)S^{x), 

i=l 

where Hi : W x [0,1] x 7^'(t,r) X is the natural projection and 7 = 
(71,- ■■ ,7m) e ^'(t,r). (Note that «'-i(0)n(>Vo x [0,1] x 7''(t,r)) 7^ for 
Wo W n Xo if Z(S') nXo ^ 0.) For any zero (x,t,7) of ^' one has the 
(vertical) differential 

D'f{x,T,j) -.T^XxRx T^V'{t,r) ^ E.„ 
(^,e,a) ^ L»$(a;,7(r))(e,a(r) +e7(r)). 

For r = and t = 1 it is surjective as a function of ^ alone since the sections 
^'(•, 0, 7) = $(•, t) and ^'(•, r, 7) = <!>(•, r) are transversal to the zero section. 
For r e [0, 1] \ {0, 1} we can choose a{T) arbitrarily and thus derive that this 
operator is also surjective as a function of ^ and a. Hence 4' is transversal 
to the zero section. Let P be the projection from ^'"^(0) to the third factor. 
Applying the arguments in Step 3 of the proof of Theorem 11.51 to each 
stratum ^"^(O) n Wa, we get that dimKer(DP(a;,r,7)) = Ind(S'|wc) + 1 
at any (x, t, 7) e *"^(0) n Wa- Hence the restriction of P to ^'"^(0) n Wa 
is a Fredholm operator of index Ind(S'|>v^) + 1. Moreover, 7 e 7''(t(^\ t^^^) 
is a regular value of the restriction of P to ^'^^(0) n Wq, if and only if the 
restriction of the section 

m 

4-^ : W X [0, 1] ^ H^S, {x,t)>^ S{x)+Y,l^{r)<J,{x), 

1=1 

to Wq X [0, 1] is transversal to the zero section, which implies that this 
restriction is a (weakly) fc-Fredholm section of index Ind(S'|wo,) + 1- Since 
W has only finitely many strata we may use the Sard-Smale theorem to get 
a residual subset Vlf,g{t,r) C 'P'(t,r) such that each 7 G P'gg(t,r) gives a 
compact weakly fc-PS manifold 5'~^(0) which forms a weakly /c-PS manifold 
cobordsim between ^^^{0) and <i>~^(0). 

Step 2. Assume that S[, - ■ ■ , S'^^, are another group of PS sections satis- 
fying 

DSizmX) + sp&n{{S[iz),--- ,S'„Az)})^E, (3.5) 

for any z € Z(S). Then we have an open neighborhood W' of Z(S) and 
e' > such that: 

(|3T5)) i The PS section 

m' 

: w' X p,,(K"') ^ H^(£;|w'), {y,t) - 5(y) + ^ i'.^,'(y) 
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is a (weakly) fc-Fredholm PS section of index m' + r that is transversal 
to the zero section. Here Hi is the projection from W' x i?g(]R™ ) to 
W. So ($')~^(0) is a weakly fc-PS submanifold of dimension m' + r (if 

z{S)nXo^9). 

(jS.Sp ^ The closure of the zero locus (<I'')^^(0) in X x K™' is compact. 

Let i?e/(M™ )reg C i?e(M'" ) be the corresponding residual subset such that 
for each t' = (i'^, ■ • • , t'^,) G Be'(R"')reg the section 

: W'^i^lw, '&'(•, t') 

is a (weakly) /c-Fredholm PS section of index r that is transversal to the zero 
section. 

By p.2p and (|3.5p . for any z e ^(5) one has 

i?5(z)(T,X)+span({5i(z),-- - , ^„(z), ^^(z), • • • , 5:„,(z)}) = 

As before we can take an open neighborhood W* C W n W' of Z(S') and 
< e* < min{£,e'} such that: 

([33)) ^ The PS section 

g : W* X Be-(R") X S,.(IR"') ^n^(£;|w), 
{y, t, t') ^ 5(2/) + J2 tA{y) + E ^^^^'(2^) 

is a (weakly) fc-Fredholm PS section of index m+m' +r that is transver- 
sal to the zero section. Here Hi is the projection from W* x B^* (R™) x 
Be(M™') to W*. So ^"^(0) is a weakly k-PS submanifold of dimension 
m + m' + r{ if Z{S) D Xq ^ 0). 

((33)) a The closure of the zero locus ^"^(0) in X x i?™ x R"*' is compact. 
(One has also ^^-^(O) n (Xq x R"" x R™') ^ if Z{S) n 7^ 0.) 

Let {B,, (R") X B,, {W"'))reg C Be* (M") X Be* (M™') be the corresponding 
residual subset such that for each (t,t') e (Be.(R") x B^- (R'"'))reg the 
section 

g(t,t') : W*^i?|w*, y^a(-,t,t') 

is a (weakly) /c-Fredholm PS section of index r that is transversal to the zero 
section. 

Take an open neighborhood V of Z{S) such that Cl{V) C W*. By (^3]) ^ 
we have e £ (0, e*] such that the set 

U|t|<e U|t'|<,CT(W*) n (g(t,t'))"'(0) C V, (3.6) 

where t = (ti, • • • , i,„) e R" and t' = (t^, • • • , t'^,) e R"'. 
By Lemma 11.71 we can take a small 

(t,t') e (B,.(R™) X Be.(R"'))reg nB,(R") X B,(R"'') 
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such that t e Be(M'"),.eg andt' G Be>{M.'^')reg- Let B' {i,i') denote the space 
of all C'-smooth paths C : [0, 1] ^ B,(M™) x B,(E'"') with C(0) = (t, 0) and 
C(l) = (0,t'). Consider the section 

e : W* X [0,1] X B^{i,i') ^ni{E\vv), 

m ni' 

{x, T, ^ S{x) + J2 0(t)5.(x) + J2 CA^)S'Ax), 

i=l j=l 

where C = (Ci, • • • , C™; Ci, • • • , CO belongs to S'(t, t') and Hi : W* x [0, 1] x 
S'(t,t') ^W* is the projection. Clearly, e(-,0,C) = ^(-,t) ande(-,l,C) = 
<&'(•, t'). Since both sections <&(-,t) and $'(-,t') are transversal to the zero 
section it follows from (|3.5p q that at any zero {x, t, () of the (vertical) 
differential 

De{x,T,C) ■■ T^X X M X T^B\i,i') 

is surjective. Hence 6 is transversal to the zero section. (Clearly, 0~^(O) fl 
(Wo* X [0, 1] X B'{i,i')) 7^ if Z{S) n Xq ^ 9 and Wq* — ^ Xq). As in 
Step 1 we have a residual subset B'(t,t')reg C B\t,t') such that any path 
C S B'-{t,t')res yields a compact weakly fc-PS manifold 0)^^(0) which 

forms a weakly fc-PS cobordism between (0|j(-, 0))~^(0) = ($t)~^('-') ^^'^ 
(ec(-, 1))"H0) = (*i,)"HO) because 1^ implies that 9-^(0) C V x [0, 1]. 
Here O^; : W* x [0,1] ni{E\w) is given by 6^(2;, r) = 6(2;, r,C). 

Combing Step 1 and Step 2 we complete the proof of (ii.4). 

Finally, if {X, E, S) is smoothly good (resp. smoothly ( weakly) /c-good) 
relative to class A it is easily checked that the argument techniques above 
Step 1 may also apply to Step 1 and Step 2. □ 

In general Z{S + S') is called a Euler chain of {X,E,S). Under the 
assumptions of Theorem l3.141 if S' is a (weakly) 1-Fredholm PS section and 
the top stratum Xq of X has no boundary (including corner) as a Banach 
manifold then it follows from Theorem l3.14l fii) that Z{S + S') is a compact 
(weakly) 1-PS manifold of dimension r and without strata of codimension 
one, and, in particular, is a closed weakly PS manifold of dimension r. Thus 
it determines a well-defined homology class [Z{S + S')] in Hd{X,Z2), or a 
class [Z{S + S')] in Hd{X,Z) if {X,E,S) is oriented, which is independent 
of choices of generic S'. In this case this class is called the Euler class of 
the triple {X,E,S), and denoted by e{E,S). Correspondingly, Z{S + S') 
is called a Euler cycle of {X, E, S). Later we always consider the oriented 
case without special statements. 

Before discussing furthermore properties we give a relation between finitely 
dimensional closed weakly PS manifolds and pseudo-cycles. Recall on the 
page 90 of [McSal] that a m-dimensional pseudo-cycle in a (smooth) man- 
ifold y is a smooth map g : M V defined on an oriented m-dimensional 
manifold A/ (possibly noncompact) such that the boundary 

g(M-) = fl g{M\K) 

KgAI compact 
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of g{M) has dimension at most m — 2 in the sense that there exists a smooth 
manifold W of dimension at most m — 2 and a smooth map h : W V such 
that g{M°°) C h{W). When g{M) has compact closure in V, g was called 
a strong pseudo-cycle in [Lul]. Clearly, these two notions are equivalent 
in a compact manifold. Note that the identity map V ~^ V is not a strong 
pseudo-cycle in the noncompact manifold V according to the definition. It 
was proved in jMcSa] and [Schj : (i) every strong pseudo-cycle in V represents 
an integral singular homology class of V, (ii) each integral singular homology 
class a € Hi, (V, Z) may be represented by smooth cycles (a kind of special 
strong pseudo-cycles) and all smooth cycles representing a are cobordant. 
Actually Thom showed in |Th| that a suitable integer multiple of any integral 
singular homology class a € i/*(y,Z) may be represented by a compact 
oriented submanifold of X without boundary. Two pseudo-cycles e : P ^ 
V and g : Q ^ V are called transverse if either e{P) n g{Q) — % or 
e(P°°) n ^(Q) = 0, 7{P) n g{Q°°) = and T^V = Im(de(p)) + l^{dg{q)) 
whenever e{p) = g{q) — x. However, for two transverse pseudo-cycles e 
and g as above, if A{e,g) := {{p,q) € P x Q\e{p) = g{q)} ^ then it is a 
compact manifold of dimension dimP + dimQ — dim]/ provided that only 
one of e and g is strong. Specially, A{e,g) is a finite set if P and Q are 
of complementary dimension. By Remark I3.2f 2°) and the definition of the 
closed weakly PS Banach manifold below Remark 13.21 we immediately get: 

Proposition 3.15 Let N be a closed oriented weakly PS manifold of di- 
mension n. Then for any smooth manifold Y, the restriction of any PS 
map f : N Y to the top stratum of N is a strong pseudo-cycle of dimen- 
sion n in Y , and therefore determines an integral singular homology class in 
H„{Y,Z), denoted by f^{[N]). 

It follows that a closed oriented (weakly) PS manifold of finite dimension 
behaves as a closed oriented manifold from the point of view of topology. 

As in Remark 11.91 we can start from a compact subset A C Z(S) to 
construct a family of relatively compact (in X) weakly k-PS manifolds of 
dimension r in any given open neighborhood U{A), 

{«)-i(0)|teB,(R'),,4 (3.7) 

with the following properties: 

(i) Each intersection An (<i>^)^^(0) is compact. (Such (<I>{^)"^(0) is also 

called a local Euler chain of {X,E, S) near A later.) 

(ii) Any two t,t' G B^(M!')res give a weakly fc-PS manifold cobordism be- 

tween ($^)~^(0) and (<I>^)~^(0) in the sense that there exist generic 
paths 7 : [0, 1] B,{R') with 7(0) = t and 7(1) = t' such that 

(<i>^)-i(7) :-U,,[o,i]Wx(<i>^(,))-i(0) 

is a weakly k-PS manifold with boundary {0} x (${^)^^(0) U ( — {1} x 
($^,)^i(0)) which is relative compact in [0, 1] x Cl{U{A)). 
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Now let {X, E, S) be an oriented (weakly) PS Banach fc-Fredholm bun- 
dle of index r and with fc > 1. Furthermore, we also make the following 
assumptions: 

• The zero locus Z{S) is compact. 

• It has rich PS sections of class A and is (weakly) fc-good relative to the 
class A; 

• The top stratum Xq of X has no boundary (including corners) as a Banach 
manifold (near Z{S)). 

Then by Theorem EH^ii) , we get the Euler class e{E,S) = [<^t^{0)] G 
Hr{X, Z), given by a family of cobordant Euler cycles of {X, E, S), 

{<i>t-l(0)|tei?e(K™).e,}, 

where each $^^(0) is actually an oriented closed weakly fc-PS manifold of 
dimension r. If / : X ^ P is a PS map from X to a manifold P of finite 
dimension, by Proposition 13.151 we get a class 

f,e{E,S) ^ M[^^\0)]) e Hr{P,Z). 

Let a G H'^{P,M.) and a* be a differential form representative of it. One 
easily checks that for any t G i?e(R™)reg, 

(/*«, e{E, S)) = (a, f,e{E, S)) = / /*a*, (3.8) 

■y*-i(o) 

where the integration in the right side is understood as follows: Multiply the 
form f*a* by a PS function to [0, 1] which is 1 outside a small neighborhood 
of «>t"\0) \ («>7^(0))o and inside a smaller neighborhood and then pass to 
a limit as these neighborhoods get smaller. Here (*I'7^(0))o = ^^^C*^) ^^o- 
Then almost completely repeating the proof of Proposition 11.11] we get: 

Proposition 3.16 (First localization formula^. If a has a representa- 
tive form a* such that f*a* has support supp(/*a*) contained in a compact 
subset A C Z{S) then for the family {{^^)-\0)\t e B,(R')„J in [3l\ ) 
there exists a residual subset i?e(R')*g^ C Be{M.'')res such that 

{e{E,S)J*a) = / f*a* 

J(<E.A)-i(0) 

/ortei?,(RO*e.- 

The arguments above Proposition 11.121 can also move to here almost 
directly. Let {X,E, S) be as in Proposition l3.16l Recall that X = UaeAXa- 
Denote by Tq, the index of the restriction S to Xa- We are interested in the 
following two classes of PS submanifolds of X: 

• X" := iJfj^aXfj, where a £ A and a 7^ 0. 

• A PS submanifold Y — UogAo^a C X indexed by a partial order subset 
Aq C A with the maximal element ao is said to be of finite codimension n 

if the top stratum Y^^ of K is a Banach submanifold of codimension n in X^g 
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and other strata of Y have at least finite codimension n in the corresponding 
strata of X. 

By definition 13.51 it is easily proved that the (weakly) /c-Fredholm PS 
section S : X ^ E restricts to a (weakly) /c-Fredholm section S'|x° : X" — > 
Elx" ■ So {X",E\x'' , Slx") is also a (weakly) PS Banach /c-Fredholm bundle 
of index . 

By Proposition IC.ll the (weakly) /c-Fredholni PS section S : X ~* E 
restricts to a Fredholm section SIy^^ of index — n. Moreover, for other 
strata Ya , since a ^ ao it follows from Definition 13.51 that 

Index(iS'|Y'^) + k<ra— n + k< ra„ — n = Index(S'|y^^). 

These show that {Y,E\ytS\y) is only a weakly PS Banach /c-Frcdholm 
bundle of index — n. Clearly, if Y is closed in X then Z{S\y) is also 
closed and thus compact in Y because of the compactness of Z{S). 

In the following we always assume that the PS submanifold Y belong to 
the above two classes without special statements, and also assume: 

• F is closed in X. 

Then S\y is locally proper relative to class A\y near Z{S\y)- Here A\y is 
the class of PS sections oi E\y obtained by restricting the PS sections of E 
of class A to Y . One also easily prove that the bundle (F, E\y, S\y) has also 
rich PS sections of class A\y- We conclude: 

• S\y is weakly fc-quasi transversal to the zero section relative to class A\y ■ 
In fact, for any x G Z{S\y), if PS sections ctiIf, • ■ • , cr,„|y of E\y of class 
A\y satisfies 

D{S\Y){x)iT,Y) + spein{{<Ji{x), ■ ■ ■ ,<jM})^E, 

then the relation T^Y C T^X implies 

i?(5)(2;)(r,X) + span({ai(a;),-- - , a„,{x)}) = E,. 

Since S is (weakly) /c-quasi transversal to the zero section relative to class A 
there exist a small open neighborhood U{x) of a: in X and 77 > such that 

U{x)xB^{R"')^nUE\u^,^), (x;ti,... ,t^) ^ S{x) + 

i=l 

is a (weakly) fc-Fredholm PS section of index r + m that is transversal to the 
zero section, where Hi : U{x) x i3,,(IR'") U{x) is the natural projection. 
So the restriction section 

u[x) n r X B„(M") ^ nt(s|c;(,)ny), 

ix;ti,- ■■ ,tm) ^ S\y(x) + '^tiai\Y{x) 

i=l 

is transversal to the zero section as well. Note that this section is (weakly) 
fc-Fredholm (resp. weakly fc-Fredholm ) if F is of form X" (resp. a PS 
submanifold of finite codimension as the above second class). In summary, 
under the above assumptions we have proved: 
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(Y, E\y , S\y) is a (weakly) PS Banach fc-Fredholm bundle which is 
(weakly) fc-good it Y = X", and a weakly PS Banach fc-Predholm 
bundle which is weakly fc-good if y is a PS submanifold of finite 
codimension that is closed in X. 

The following is a generalization of Proposition 11.121 

Proposition 3.17 ('Second localization formula/ Let {X,E,S) be an 
oriented (weakly) PS Banach k-Fredfiolm bundle of index r and with compact 
zero locus Z{S) and k > 1, and the closed subset Y <Z X be one of the above 
two classes of PS submanifolds. Assume also that {X, E, S) has rich PS 
sections of class A and is (weakly) k-good relative to the class A. Then 
there exist Euler chains M of {X,E,S) and N of (Y, E\y, S\y) such that 
A4 DY — N . Moreover, if the top strata of X and Y have no boundary 
(including corner), then the above M and N can be chosen as closed weakly 
k-PS manifolds. In particular, for a smooth map f from X to an oriented 
smooth manifold P of finite dimension, assume that it is transversal to an 
oriented closed submanifold Q C P and Y :— f^^{Q) <Z X is a PS Banach 
submanifold of finite codimension whose top stratum is contained in . 
Then when both e{E,S) and e{E\Y , S\y) exist, it holds that 

/q*(«) -p fME,S)) ^a-Q f4e{E\Y, S\y)) 

for any class a G of codimension r, where Iq : Q P is the 

inclusion map, -p (resp. -q) is the intersection product in P (resp. Q). 

Proof. Under the present assumptions it follows from the proof of Theo- 
rem 13.141 that there exist an open neighborhood W of Z{S) in X, e > and 
PS sections Si : X ^ E, i — 1, - ■ ■ ,m, such that: 

(i) • the PS section 

m 

$ : W X -> nUE\w), y ^ S{y) + ^t.(T,(y) 

is a (weakly) /c-Fredholm PS section of index r + m that is transversal 
to the zero section; 
• the PS section 

m 

$^ : W n y X B,(M™) ^ UliElwnY), V ^ SIyIv) + ^i,a,|y(y) 

i=l 

is transversal to the zero section and is also a weakly fc-Frcdholm PS 
section (of index Tq + m in the case Y — X" or rag —n + m in another 
case). 

(ii) Both zero sets $"1(0) C Cl(W x Be(M™)) and {^^)-\0) C C/(W n 

Y X Se(K'")) are compact. 
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Let B^{W")res C be the set of the common regular values of both 

projections 

$-1(0) ^S^M"), {y,t)^t and 
Then as in the arguments below p.4p . for each t G B^{W"-)res 

m 

is a (weakly) fc-Fredholm PS section that is transversal to the zero section, 
and 

771 

-.WnY ^ E\y, S\Y{y) + J2k<J7\Y{y) 

is a weakly fc-Fredholm section that is transversal to the zero section. Since 
W n y is an open neighborhood of Z{S\y) = Z{S) n F in F, it is clear that 

$,-i(o)ny = ($r)"'(o). (3.9) 

This proves the first claim. The second claim is also obvious. Other conclu- 
sions may be easily proved as in Proposition II . 1 2l as well. □ 

Now let us state a generalization of Proposition 11.131 Let (X, £", S") 
(resp. {X, E" , S")) be an oriented (weakly) PS Banach fc-Fredholm bundle 
with rich PS sections of class A' (resp. A") and compact zero locus Z{S') 
(resp. Z{S")). Consider the direct sum E = E' (B E" , S ^ S' ® S" : X E 
and A^ A' ® A". Clearly, Z{S) = Z{S') n Z{S"), Z{S) = Z{S'\z[s")), 
and {X, E, S) has rich PS sections of class A near Z{S). Suppose that both 
iX,E',S') and {X,E",S") are (weakly) fc-good. We conclude: 
• {X, E, S) is also (weakly) fc-good. 

In fact, for x G Z{S) let PS sections (Ti, • • ■ , am of E of class A be such that 

DS{x){T,X) + spi,ni{ai{x),--- ,a^{x)}) = E,. 

Since E^^E',^® E'^, DS{x){v) = DS'{x)iv) © DS"{x)iv) for v G T^X and 
<yi — a'j^ (B a'/ , i — 1, ■ ■ ■ , m, the above equality implies 

DS'ix){T,X) + span({ai(x), • ■ • , a'Jx)}) = E'^, 
DS"{x){T^X) + span({a;'(x), • • • , a':^{x)}) = E'^. 

Hence that {X,E',S') and {X,E" , S") are (weakly) fc-good implies that 
there exist an open neighborhood U{x) and ry > such that: 

(i) • both sections 

m 

: U{x) X B,(R-) nt(£;V(.)), y ^ ^'(?y) + ^t.<TK?y) 

i=l 
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and 

■m 

$" : U{x) X i?aK'") ni{E"\ui.j), y ^ S" (y) +Y,Ua': (y) 

are (weakly) fc-Frcdholm PS sections of indexes Index(S") + m and 
Index(S"') + m respectively that are transversal to the zero section. 

(ii) Both zero sets ($')"^(0) C C/(C/(a;) xBe(R'")) and ($")"H0) C Cl{U{x)x 
Se(E™)) are compact. 

Consider the PS section 

m 

y ^ S'{y) © S"{y) + ^ ® (y). 

Clearly, it is (weakly) fc-Fredholm and transversal to the zero section (be- 
cause its zero locus Z($) is equal to Z($') n Z($")). It follows that S is 
(weakly) fc-quasi transversal to the zero section relative to class A. More- 
over, by the compactness of Z($) = Z{^') n Z($") we get that S ^ S' ® S" 
is also proper relative to class A near Z{S). Hence {X,E^S) is (weakly) 
/c-good. 

Proposition 3.18 Let {X,E',S') and {X, E" , S") be as above, and have 
indexes r' and r" respectively. Furthermore, assume that DS"\z(s) ^■s sur- 
jective and Z{S) fl Xq ^ 0. Then 

(a) For some small open neighborhood lA of Z{S) in X the intersection 

Z{S")* := Z{S") nU is a weakly k-PS manifold of dimension r" . (In 
particular, the top stratum of Z(S")* is contained in Xq.) 

(b) D{S'\z(s")) ■ iTZiS"))\z(s) E'lzis) «s a PS Fredholm bundle map 

of index \w.(l{D{S'\z(s")) = Ind(I?S') (which precisely means 

lnd{D{S'\z(s")){x)) - lnd{DS{x)) Vx e Z{S) ). 

Moreover, if {Z{S")* , E'\z(^s"y<' ^ S'\z(s")*) is (weakly) k-good relative 
to the class A'\z{S")* then there exist Euler chains N of it and M 
of {X,E,S) such that M — N. Furthermore, if both e{E,S) and 
e{E'\z(S")* 1 'S'\z{S")*) exist then M and N can be chosen as closed 
weakly k-PS manifolds, and therefore 

e{E, S) = {tzis"r)*<E'\zis"y,S'\zis"y). 

Here {iz{S"}*)* the homomorphism between the homology groups in- 
duced by the inclusion iz(S"Y ■ ^i^")* ^ X. 

Proof, (a) Since {X, E" , S") is (weakly) /c-good, S" is (weakly) fc-quasi 
transversal to the zero section relative to class A". Note that DS"\z(S) is 
surjective. By Remark |3.1 If i). for each x € Z{S) there exists a small open 
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neighborhood U{x) of x in X such that S" : U{x) — > is transversal 

the zero section. It follows from the compactness of Z{S) that there exists 
a small open neighborhood U of Z{S) in X such that S" : U ^ E"\i( 
is transversal the zero section. Moreover, our assumption Z{S) n ^ 
implies Z{S') n 7^ and Z{S") n 7^ 0. So Z{S"y := Z{S") r\U in & 
weakly /c-PS manifold of dimension r" and its top stratum is also intersecting 
with Z{S'\z(s")) = Z{S). 

(b) Applying the first claim in Proposition ILlsr h) to each stratum of 
Z{S")* we immediately get the first conclusion. 

To prove the second claim note that Z{S")* has finite dimension and 
DS"\z(s) is surjective. We can find finitely many PS sections S'^ : X ^ E' , 
j = 1, • • • , m such that for each y G Z{S)^ 

D{S'\z(s")){y){TyZ{S'r)+ 

span({^;(y),... ,^;„(y)} = £;;, 

DS'{y){TyX) + span({5;(y), • ■ • , Sl^{y)} - E'^, 
DS{y){TyX) + span({5i(2;), • • • , 5,'„(y)} = Ey. 

Since {Z{S")* , E'\z(s"Y i S'\z{s"y) (weakly) /c-good relative to the class 
-^'lz(S")* ' is (weakly) /c-good relative to the class A' and {X, E, S) 

is (weakly) /c-good relative to the class A D A' it follows from p.lOp that 
there exist an open neighborhood W of Z{S) in U and e > such that: 

(1°) The PS sections 

m 

$ : W X i?,(M'") ^ 2/ ^ 5(y) + ^t,^Ky), 
: W X B,(]R") ^ i?', y ^(y) + J^t.^Ky), 

i=l 

VP : WnZ(5")* X i3,(M'") ^ £;'|wnZ(S")*: 
y 1^ S'\ziS"){y) + ^USi\z(s")iy)' 

are (weakly) fc-Fredholm and transversal to the zero section. 

(2°) The zero sets $-1(0) c C;(>VxSj(M'")), ($')~H0) C CZ(>VxBe(M™)) 
and (4')-i(0) C Cl{W n Z(S"')* x ^^(IR")) are aU compact subsets. 

Let B^{K'")res C i?e(M'") bc the set of the common regular values of the 
following three projections 

$-i(0)^S,(K"), {y,t)^t, 
(ci,')-i(0)^B,(R™), (y,t)^^t, 

*-i(o)^i?aK"), (y,t)^t. 
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Then by Remark [SlUiii) , for each t e B^{R"')res the PS sections 



$t:>V^-B|w, X ^ S{x) +J2uSlix), 

1=1 

m 

<^[:W E'\w, x^ S'{x)+Y,USl{x), 

1=1 

m 

ft : W n Z{S"r ^ i^'|wnz(S")* , ^ ^ ^'(x-) + ^ t.^Kx), 

i=l 

are all (weakly) fc-Fredholm and transversal to the zero section. Let Rt = 
^'t\j\r. Note that P^'O^t = PE"0^t = S" and P^' o$t + PB" o$t = ^-t- 
As in the proof of Proposition 1 1 . 131 we can derive that $^^(0) = i?^^(0) for 
t G B^{M."^)res small enough. By the assumptions, $, and 5" have all zero 
loci intersecting with the top strata of their domains. For t G B^{M.™)res 
small enough, $^^(0), ($t)~^(0) and f^^(O) have nonempty intersections 
with the top strata of W and WnZ(S"')* as well. The desired result follows. 
□ 

Corresponding to Proposition 1 1 . 1 51 we easily get: 

Proposition 3.19 Let {Xi, Ei, Si) be (weakly) PS Banach k-Fredholm bun- 
dles of index Ti and with compact zero locus Z{Si), i = 1,2. Assume that 
{Xi, El, Si) (resp. {X2, E2, S2)) is (weakly) k-good relative to the class 
Ai (resp. A2) and that Z{Si) (resp. Z{S2)) has a nonempty intersec- 
tion with the top stratum of Xi (resp. X2). Then the natural product 
(XiX X2, EiX E2, SiX S2) is a (weakly) PS Banach k-Fredholm bundle of in- 
dex r = ri+r2 that is (weakly) k-good relative to the class Ai XA2, and there 
exist Euler chains Mi of {Xi, Ei, Si), i — 1,2, such that the product weakly 
k-PS manifold M — Mi x M2 is a Euler chain of (Xi x X2, EiX E2, SiX S2). 
Moreover, if e{Xi, Ei) and e{X2,E2) exist, then e{Ei x £'2, 5*1 x ^2) also 
exists and Mi can be chosen as closed weakly k-PS manifolds, i — 1,2. 

Similar to Proposition 1 1 . 1 61 we also have: 

Proposition 3.20 fHomotopyJ Let {X, E('\S^^'>) be oriented (weakly) PS 
Banach k-Fredholm bundles of index r and with compact zero loci, and be 
also (weakly) k-good relative to the classes Ai, i = 0,1. They are said 
to be oriented homotopic if there exists an oriented (weakly) PS Ba- 
nach k-Fredholm bundle {X x [0,1], E, S) of index r + 1 and with com- 
pact zero locus that is (weakly) k-good relative to some class A, such that 
iXx{i},E\x^{^},S\x^{.q) = {X,E^^\S^'^) and A\xy<{^}= A, i = 0,1. In 
this case, if r- dimensional Euler classes e{E^^\ S^^"^) and e{E'^^\ S^^'^) exist 
then these two Euler classes are same. 

We can also define the notion of a morphism from oriented (weakly) PS 
Banach fc-Fredholm bundles {X, E, S) to {X' , E' , S') and get a corresponding 
generalization of Proposition [071 A PS Ftedholm map of index d from 
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PS Banach manifolds F to X is a PS map whose restriction to the top 
stratum (resp. each lower stratum) is a Fredholm map of index d (resp. 
index less than or equal to d). 

The following proposition is a generalization of Proposition 11.181 Its 
proof is still given for reader's conveniences. 

Proposition 3.21 Let {X, E, S) be a (weakly) PS Banach k-Fredholm bun- 
dle of index r and with compact zero locus Z{S). Assume that Z{S)r\Xo ^ 
and (X,E,S) is also (weakly) k-good relative some class A. Let Y be an- 
other PS Banach manifold admitting PS cut-off functions with arbitrarily 
small support near any point, and f : Y —t X be a proper PS Fredholm 
map of index d from Y to X . Assume that f is a PS submersion and 
/-i(Xo n Z{S)) n Yo ^ 0- Then the natural pullback {YJ*EJ*S) is a 
weakly PS Banach k-Fredholm bundle of index r -\- d and with compact zero 
locus Z{f*S) that is weakly k-good relative to the class f*A, and there ex- 
ists a Euler chain M (resp. N) of{X,E,S) (resp. (Y, f* E, f* S)) such that 
f~^(M) — N. Furthermore, if both Euler classes e{E,S) and e{f*E, f* S) 
exist then M and N can be chosen as closed weakly k-PS manifolds. 

As noted below Proposition ll.181 if d = 0, Xq is connected and the Euler 
classes e{E,S) and f^,{e{f*E,f*S)) exist, then the final claim in Proposi- 
tion 13.211 implies 

fMrEJ*S))^degif)e{E,S) 
for some kind topological degree deg(/) of /. 

Proof. Since Z{S) is compact, so is Z{f*S) = /~^(Z(S')) by the proper- 
ness of /. Clearly, /"H^o n Z{S)) DYq $ implies that Z{f*S) n Yq ^ 0. 
From the proof of Proposition 11.181 it is not hard to see that pullback 
{Y,f*E,f*S) has index r + d. One also easily checks that {YJ*E,f*S) 
has rich local PS sections of class f*A. Moreover, for x G Z{S) and PS 
sections of i?. Si, ■ ■ ■ , Sm, assume that there exist an open neighborhood 
U{x) of X in X and S > such that 

m 

y Cl{u{x))n{s-^t,Y,s^)-\o) 

\t\<5 1=1 

is compact. Then 

m 

U f-\ci{u{x))) n {f*s -^t^Y. rs^r\o) 

\t\<S 1^1 

m 

= U r'{ci{u{x))n{s + t,Y,s.)-\o)) 

\t\<S i=l 

is also compact because / is proper. So f*S is locally proper relative to the 
class f*A. 
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We conclude that f*S is weakly fc-quasi transversal to the zero 
section relative to the class f*A. In fact, for any y G Z{f*S) assume 
that there exist PS sections /*cti, • • • , f*ap of f*E of class f*A such that 

D(/*5)(y)(r,y) + span({/Vi(2/),-- - ,/Vp(2/)}) = = Ef^^y 

Then x = f{y) e Z{S) and 

DS{x){T,X) + span({/Vi(2/), • • • , /Vp(2/)}) = = Ef^^y 

because = DS{x)odf{y) and DS{x)odf{y){TyY) C DS'(,x)(T^X). 

Note that S is (weakly) fc-quasi transversal to the zero section. There exist 
an open neighborhood U{x) of x and S > such that the PS section 

p 

* : U{x) X B5(Mf) ^ nt(£;|y(,)), (a;,t) ^ + Y,tMx) 

i=l 

is (weakly) fc-Fredholm and also transversal to the zero section. Take a small 
open neighborhood V{y) of y so that f{V{y)) C U{x). Consider the section 

: V{y) X Bs{W) ^ nt(ri;|^(,)), 
{y,t)^rS{y)+^U{rai){y). 

For any zero (j/,t) of 7*^*, one easily checks that (/(?/), t) e .Z'(^') and the 
vertical differentials of /*^' at (y, t) is given by 

D{r^)iy, t)(C, u) = 7^(5 + t.a.) (/(y)) o d/ (y)(0 + uMfiy))- 

i=l i=l 

Let us prove that D{f*'ii)(y,t) is surjective. For any given ( G {f*E)y = 
Eff^yy Since £)\l/(a;,t) : T^X x W ^ E^ is surjective we have (r?,v) G 
Ta,X X RP such that ZP^Ot, t)(r7, v) = C, i.e. 

i=l i=l 

Since / is a PS submersion there exists ^ G TyY such that df{y){£^) = r}. It 
follows that £>(/*^)(?/,t)(^, v) = C- Consequently, f*^ is transversal to 
the zero section. 

Let 5"*, erf* -.W <ZU{x) ^ E^he the local representatives of the restric- 
tions of S and cTj to the stratum U{x)a, i = 1, - ■ ■ ,P- Then the restriction 
of to U{x)a X ^^(M*') has a local representative 

p 

: X ^^(MP) ^ i;^, (w,t) ^"'(u) -F^ticjf (u). 

i=l 

Correspondingly, the restriction of f*^ to V{y)a x ^^(M^') has a local rep- 
resentative 

(/**)«* : f-\W) X ^^(Mf) ^ {y,t) ^ S"\f{v)) + Y^Uaf{f{y)). 

i=l 
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Clearly, this representative may be viewed a composition of with the 
Fredholm map 

r\W) X Bs{W) ^Wx Bs{W), {u,t) ^ {f{u),t) 

of index Ind(/). As in the arguments of Remark 13. ll( iii) . one easily proves 
that (/*^)"* is a Fredholm map of index 

p + lnd{S\ui^x)J +da <p + lnd{S\u{x)J + d. 

It follows that 7*^* is a weakly fc- Fredholm PS section. Summarizing up the 
above arguments, we get that {Y, f*E, f*S) is weakly fc-good relative to 
the class f*A. 

In order to prove other conclusions, assume that 

m 
i=l 

is a (weakly) fc-Fredholm PS section of index r + m that is transversal to 
the zero section. Since Z{S) D Xq ^ 0, $"^(0) is intersecting with the top 
strata of W x ^^(R'"). Let W* = f^^W). Consider the section 

/*$ ; W* X Be(M™) ^ Ul{f*E\w), 

{y,t)^ rS{y)+J2u{rS,){y). 

For any (y,t) £ Z{f*^), one easily checks that (/(y),t) e Z(<I>) and the 
vertical differentials of /*$ at (j/,t) is given by 

rn m 

D{rm, t)(e, u)^d(^s+J2 {f{y)) o dfivm + E ^^s,(f(y))- 

4=1 i=l 

As above we can prove that !?(/*$)(?/, t) is surjective, and thus that /*$ 
is transversal to the zero section. 

Let B^{M."^)res be the set of the common regular values of the projections 

$"^(0) ^ S,(M™), (x,t) ^ t and 
(r$)-i(0)^i?e(M™), (y,t)^t. 

Then it is a residual subset in B^{M."^), and for each t G i?e(M™)res both 
the (weakly) fc-PS sections $t : W ^ E\w and (/*$)t = /*($t) : W* 
(/*-£') I w* are transversal to the zero sections. (Note that Z{f*S) fllo 7^ 
implies that (/*$)~^(0) and the top strata of W* x ^^(R™) have a nonempty 
intersection.) So the sets 

$^r^(0) := {a; e W|$(a;,t) = 0} and 
(r$)-i(0) ■.= {yeW*\r^x^)^0} 
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are respectively compact weakly k-PS manifolds of dimensions r and r + d for 
small t e i?e(R™)res- Now as in the proof of Proposition 1 1 . 1 61 we can prove 
that /-i($t"i(0)) = if*^)t\0) for t e B^{R"')res small enough. Finally, it 
is clear that both $^^(0) and (/*$)^^(0) are closed weakly fc-PS manifolds 
when the Euler classes e{E, S) of dimension r and e{f*E, f*S) of dimension 
r + d exist. □ 



Remark 3.22 The weakly fc-Fredholm PS section may be defined for the 
weakly PS Banach Fredholm bundle. One only need to require that the 
restrictions of it to those strata which arc not open in X have Fredholm 
indexes less at least k than the Fredholm index of the restriction of it to 
the (open) top stratum. In this case unless Propositions I3.17[ 13.181 need be 
suitably modified other results in this section still hold. 

In the constructions of Liu-Tian's virtual module cycles for Floer ho- 
mology and Gromov-Witten invariants the uniformizer charts of PS Banach 
orbifolds are PS Banach manifolds. In Appendix ID] we shall prove the exis- 
tence of PS cut-off functions on such PS Banach manifolds. 
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4 Virtual Euler chains and cycles of PS Ba- 
nach Fredholm orbibundles 



As said in Introduction our motivations in this paper come from the study 
of Flocr homology and Gromov-Witten invariants theory. Our abstract ver- 
sions of this section exactly contain applications needed in these two cases. 
We first give a general framework and then discuss two kinds of more con- 
crete ones, Framework I and Framework II. They are respectively used to 
construct Gromov-Witten invariants and Floer homology. 

4.1 A general framework 

Let X be a (weakly) PS Banach manifold and Aut(X) be the group of 
PS automorphisms of X. From now on saying a finite group G acting 
on X always means that G acts on X by PS automorphisms of X, i.e. a 
homomorphism representation G — > Aut{X). 

In Definition 12. 1[ if U is required to be a connected open subset of 
a (weakly) PS Banach manifold (with corner) one gets the notion of a 
(weakly) PS Banach orbifold chart (or simply (weakly) PS B-orbifold 
chart) on X. Such a chart ([/, Ff/, TTf/) is called effective if Tu acts on U 
effectively. Replacing the words "smooth" , "diffeomorphism" , "embedding" 
and "bundle open embedding") by "PS", "PS diffeomorphism", "PS embed- 
ding" and "PS bundle open embedding") in the other part of Section [27l1 one 
obtains all corresponding notions in the PS category, e.x. a PS injection 
from a (weakly) PS B-orbifold chart {U, TjjjTTu) to another one {V, Fy , Try), 
a (weakly) PS Banach orbifold, and a (weakly) PS Banach orbibun- 
dle etc. In particular, a (weakly) PS Banach orbifold {X, [A]) is called an 
effective (weakly) PS Banach orbifold if [A] contains an atlas A con- 
sisting of effective (weakly) PS Banach orbifold charts. 

Before continuing our definitions we discuss stratifications of a PS Banach 
orbifold. Let ([/, F[/, tt^) and {V ,Tv ,Trv) be two charts on X with U CV, 
and 9uv — i^uv ,juv) be an injection from (J7, Tu, ttu) to (V^, Fy, Try). As- 
sume that U = UaeA^Ua and V = Ua^A^Va are respectively stratification 
decompositions of U and V. Correspondingly we have stratification decom- 
positions U ~ UagA^t/a and V — UagA^,Va of U and V respectively. Since 
Ouv is a PS open embedding from U into V, it must induce an injection 
Luv : An — > At, preserving order such that for any a S A„ the restric- 
tion of duv to the stratum Ua is an open embedding into Ku^(a)- Clearly, 
UaGA^\t„^(A„)Ki is disjoint with U. Now we take a collection of PS Banach 
orbifold charts Q on X such that supports of all charts in f2 forms an open 
cover of X. Note that each chart {U, Tjj, Try) in gives a partially order set 
A„ via the stratification decomposition of U, U = UaeA^Ua- Consider the 
disjoint union 

A= U A„, 

(c7,r„,7rc7)Ga 
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and introduce an equivalence in it as follows: For {U, Tjj, nu) and (V, Fy, Try) 
in il we call a g A„ and b € Ay directly equivalence if UaC)Vb 0, and 
equivalence if there exists a chain of charts in 51, {UijTjji, T^Ui), « = 0, • • • ,n 
such that {U,Tu,TTu) = (C^o, r^/o, tt^/J, {V,Tv,Trv) = iUn,Tu„,TruJ and 
there exist G A^^ , i = 0, ■ ■ ■ , n such that ao — a, an = b and is directly 
equivalent to Oi+i for i = 0, ■ • • , n — 1. It is easily checked that this indeed 
defines an equivalence relation ^ in A and that the equivalence relation is 
also compatible with the partial order of each A„. Thus the partial orders 
in all these A„ induce a partial order in A — A/ ^ (with a maximal element 
0). It is not hard to prove that this partial order set A is unique up to a 
bijection preserving order, i.e. independent choices of chart covers of X. For 
a e A let 

Xo.= \J U 

{u,ru,Tru)en aeA„,aeQ 

Then X — Uai^AXa is the stratification decomposition of X indexed by 
A, and for each chart (J7, Ffj, TTfj) with stratification decomposition U = 
U(jgAu C^a we have an injection preserving order, i„ : A„ ^ A to satisfy 
U n Xi^^(a.) — Ua for any a £ A„. It is not hard to check that these Xa 
satisfy: 

• Any two X^ and Xp with oi ^ (3 are disjoint, and each point of X has a 
neighborhood that may only intersect with finitely many Xa- 

• Each Xa, called a stratum, is a smooth Banach orbifold with corner 
whose topology assures the inclusion X^ ^ A" to be continuous. 

• The stratum X^, called the top stratum of A", is a nonempty open subset 
in X. Other strata cannot contain any interior point of X, and are called 
lower strata. 

• For each a G A the stratum Xa is relatively open in {Jfj^aXp with respect 
to the induced topology from X . For any /? G A with (3 ^ a and (3 ^ a, the 
stratum Xp cannot contain any relative interior point of Xa in yjp^aXp. 

The above arguments show that the stratification decomposition of X, 
X — yJaehXa, is intrinsic. Similarly, we have a natural stratification decom- 
position of a weakly PS Banach orbifold indexed by a finite set which is not 
necessarily a partial order set. 

Many corresponding terminology with ones in Section [3] can be natu- 
rally introduced. (They will be omitted and be directly used when we 
need because one easily understands them.) In particular, we point out 
that a closed (weakly) PS Banach orbifold dimension rt is a compact 
(weakly) PS Banach orbifold whose lower strata have at least codimension 
two and whose top stratum is a n-dimensional Banach orbifold without cor- 
ners (including boundary). Moreover, a topological subspacc Z of a (weakly) 
PS Banach orbifold X is called a (weakly) PS Banach suborbifold of X 
if it is a (weakly) PS Banach orbifold with respect to the induced PS Banach 
orbifold structure obtained as follows: For each (weakly) PS Banach orbifold 
chart (C/, Ff/, TTy) of X with U C\ Z ^ % there exists a (weakly) PS Banach 
submanifold Zu C U that is not only stable under Fj/ but also compatible 
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with the inclusion map, such that the restriction (Zfj, r^/l^j^ , 7r[/|g^ ) is a 
(weakly) PS Banach orbifold chart for Z. 

Let p : X — > i5 be a (weakly) PS Banach orbibundle whose definition is 
obtained by replacing the words "Banach orbifold" , "Banach orbifold chart" 
and "smooth" in Definition O with the words "PS Banach orbifold" , "PS 
Banach orbifold chart" and "PS" respectively. For a PS B-orbifold chart 
iyV ,V^^ ,TXv/) on X let (i^vK, r^y, H^k) be the corresponding PS Banach or- 
bibundle chart on E with it, and "pw : Ew ^ be the PS Banach bundle 
projection with i:w opy^ — poIi\Y on Ey/- liW = UaeA„M^a is the stratifi- 
cation decomposition of W , then Ew — ^a^K^{'Pw)~^iWa) is the stratifica- 
tion decomposition of Ew- It follows that E = \Ja£AP~^{Xa) is exactly the 
stratification decomposition of E which is obtained as the above construc- 
tion of the stratification decomposition of X. Denote by Ea = p~'^{Xa) 
and by pa the restriction of p to Ea- Then each pa : Ea — > Xa is a Ba- 
nach orbibundle. Having these we have essentially same two methods to 
define a weakly Fredholm PS section and a weakly A;-Predholm PS 
section. The first is to replace the words "PS bundle" by "PS orbibun- 
dle" in Definition 13.51 To describe the second note that the restriction of 
each continuous section S : X ^ E to W = ttw{W) has a unique Tw- 
equivariant lift Sw ■ W — > Ew, called a local lift of S. A continuous 
section S : X ^ E is called weakly Fredholm PS section (resp. weakly 
/c-Fredholm PS section, resp. fc-Fredholm PS section) if each local lift 
Sw ■ W Ew as above is such a section in the sense of Definition 13.51 
In particular, it restricts to a Fredholm section Sa '■ Xa E\x^ on each 
stratum Xa of X. The index of 5* is defined as that of the top stratum 
restriction 5*1x0 ■ E\xo- Correspondingly, the notions of the weakly 

PS Banach Fredholm orbibundle of index r, weakly PS Banach k- 
Fredholm orbibundle and PS Banach fc- Fredholm orbibundle may be 
defined naturally. For example, a triple {X, E, S) consisting of a PS Banach 
orbibundle p : E ~> X and its weakly Fredholm section S : X ^ E (of in- 
dex r) is called a weakly PS Banach Fredholm orbibundle (of index r). 
The Banach Fredholm bundle {W, Ew,Sw) is called a local lift of {X, E, S) 
over W. A weakly PS Banach Fredholm orbibundle (resp. (weakly) PS Ba- 
nach fc-Fredholm orbibundle) {X, E, S) is called oriented if its top stratum 
{X,E,S)o = {Xq, E\x„, S\x„), as a Banach Fredholm orbibundle, is ori- 
ented. 

Since there is no corresponding slice theorem for action of Lie groups on 
PS Banach manifolds, a /c-regular PS Banach orbifold is defined as a PS 
Banach orbifold X on which each chart {W,Tw,t^w) of it is /c-regular in 
the sense that the fixed point set Fix{g) of each g € F;/ \Ker(rvi/, W) and the 
top stratum Wo of W intersects at the union of finitely many submanifolds 
of Wo of codimension at least k locally, i.e. Fix(g) D Wo is locally the union 
of finitely many submanifolds of Wo of codimension at least k. Remark 
that in Definition 13. II of the PS Banach manifold we do not require that the 
top stratum is dense. So Wo and thus the regular point set of Wo, Wq is 
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not necessarily dense in W. (The dense condition is needed if we make our 
construction in the category of effective PS Banach Fredholm orbibundles). 

In the following, for simplicity, as in Sections 12.3112.81 we always assume: 
JItl all PS Banach orbifolds are effective and 1-regular, 
^2 all PS Banach orbifolds (or orbibundles) have dense top strata. 
(Of course, the second condition will be moved out if our arguments are not 
in the effective category, but in arbitrarily one.) 

Then Wq and thus the regular point set of Wq, Wq, is open and dense 
in W. It is sufficient for proving the action of F/ on Wj to be effective as in 
Claim 

For a compact subset K C X, one only need replace the words "Banach" , 
"diffeomorphism" and "smooth" by "PS Banach" , "PS diffeomorphism" and 
"PS" respectively in the arguments in §[221 and ^ 12.31 and then repeats word 
by word the constructions therein to get a system of virtual PS Banach 
bundles 

{£{K),W{K)) ^ {iEj,Wi),Trj,nj,Tj,iT'j,n'j, X'j \ J C I e 
corresponding with ()2.15p . and its resolution system of PS Banach bundles 

{£iK),WiK)) ^ {{Ei,Wi),iTi,Ili,Ti,n'j,fl'j,X'j | Jc/eA/"}, 
Then take the pairs of open sets W- CC U- , j — 1, ■ ■ ■ ,n — 1 such that 

ul cwf ccuf CC-- - CC wr^ CC ur'^ ccwr = W„i = !,-■- ,n, 

and that K C 'Jf^iWl . As in §2.3.2 we can use them to get a renormalization 

of {£{K), W{K)), another system of PS Banach bundles 

{T{K),ViK)) ^ {{Fj,Vj),7rj,Ilj,Tj,7r'j,Il'j,X'j \JcIcAf}. 

From the local expressions in (|2.39p and (|2.52p one easily sees that both maps 
TT^j and IIj are partially smooth in the present case. As in Lemma [2. 301 we 
can prove that every PS section S oi E X may yield a global PS sections 
of the above PS Banach bundle systems, denoted by = {Si \ I C A/"}. 
The section S is equivariant in the sense that each Si is Fj-equivariant. If 
S is weakly Fredholm (resp. (weakly) fc-Fredholm), so is S, and Ind(5') = 
Index(5). 

Note that our PS Banach orbifolds might not have PS cut-off functions 
even if each stratum (as a Banach orbifold) admits smooth cut-off functions. 
From now on we make the following: 

Assumption 4.1 Each x C X admits PS cut-off functions with arbitrarily 
small supports!! 

So we easily obtain: 

Claim 4.2 Under Assumption \4. 1\ for any PS B-orbifold chart (W , T\y, ttw) 
on X , any point x CW and any neighborhood O of it there exists a PS cut-off 
function 6 such that supp((5) C O and 6=1 near x. 

It can be satisfied in the cases of Floer homology and GW-invariants, see Appendix ID] 
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A weakly PS Banach Fredholm orbibundle {X, E, S) is called to have 
rich local PS sections of class A if each local lift {W,Ew,Sw) of it, as 
a weakly PS Banach Fredholm bundle, has rich PS sections of class ^(VF). 

Let {X,E,S) have rich local PS sections of class A. If {W,Ew,Sw) 
and {V, Ev, Sv) are any two local lifts of it with W Ci V then for any 
X e W^nF, Xw e {ttw)~^{x) andxy e {tty)^^{x), as in Lemma l2.19l it follows 
from Lemma [2.4l that there exist small open connected neighborhoods 0(iu,) 
of Xw and O(i^) of x^, a PS diffeomorphism Xwv '■ 0{xw) — * 0{xv) that 
maps Xw to Xy, and a group isomorphism Awv ■ ^w{S:w) ^viS^v) such 
that 

Xwv o 4> = Awvift)) ° Xwv 

for any G Tw{xw)- Here rvy(a;uj) is the isotropy group of Tw at Xw Note 
also that the PS diffeomorphism Xwv is unique up to composition with 
elements in Twixw) and Tv{xv). Shrinking 0{xw) and 0{xy) if necessary 
it follows from the properties of PS orbifold bundles that there exists a PS 
bundle isomorphism 

Awv ■■ Ew\d(S:^) ^v\o(S:,) 

which is a lifting of Xwv, to satisfy 

Awv ° ^ 
for any (j) G Twiiw)- Here 



Awv{(l)) 



o A 



wv 



^ ■ ^w\o(i^,) Ewlot^i^) (resp. AwvW : Eyloa^) ^vlodJ 



IO(£„) -^^^ IO(i„) 



is the PS bundle isomorphism lifting of (j) (resp. Awv{4')) produced in the 
definition of PS orbifold bundles. 

Now let : y — > Ey be a PS section of class ^(V^)- Then 

^wvi'^) ■ o(x^) Ew\o{i:^}, y ^ ^wvi'^^i^^yiy))) 

is also a PS section. By Claim 14.21 we may take a PS cut-off function S : 
W ^ [0, 1] such that supp((5) C 0{xw) and S = 1 near x^j. Then 

S-X*^y{a):W ^Ew, (4.1) 

is a PS section that equals A^y(f7) and has support contained in 

0{xw)- Adding all such PS sections of Ew to the class ^(VF) we get a new 
class of PS sections of Ew, denoted by 

AiW). (4.2) 

Corresponding with Definition 13. 131 we introduce: 

Definition 4.3 Let {X, E, S) be a weakly PS Banach Fredholm orbibundle 
(resp. a (weakly) PS Banach fc-Fredholm orbibundle) with rich local PS 
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sections of class A. It is called good (resp. (weakly) fc-good relative 
to class A) if the PS Banach orbifold X satisfies Assumption 14. II and each 
local lift (W, Ew, Sw) of {X, E, S) is good (resp. (weakly) /c-good relative to 
class ^(ly) in the sense of Definition 13.131 i.e. the following two conditions 
are also satisfied: 

(i) For each local lift {W, Ew, Sw) of {X, E, S) the PS section Sw is quasi 

(resp. (weakly) /c-quasi) transversal to the zero section relative to class 
A(W). 

(ii) For each local lift {W, Ew,Sw) of {X, E, S) the PS section Sw is locally 

proper relative to class ^(ly) near Z{Sw)- 

Moreover, (X, S) is called smoothly good (resp. smoothly (weakly) 
fc-good ) relative to class A if the above condition (i) is replaced by 
(i)' For each local lift (W,Ew,Sw) of {X,E,S) the PS section Sw is 
smoothly quasi-transversal (resp. smoothly (weakly) fc-quasi-transversal) 
to the zero section relative to class yl(iy). 

In the applications to Gromov-Witten invariants and Floer theory, the 
condition (i) or (i)' in Definition 14.31 shall be checked by complicated gluing 
arguments. 

From now on we assume that S" is a (weakly) fc-Predholm PS sec- 
tion of index r and with compact zero locus Z{S). As before we 
always write 

{B,W) = {£{Z{S)),W{Z{S))), {J^,V) = {HZ{S)),V{Z{S))). 

As in Remark I2.34i for each i = 1, • • • , n let us take pairs of open subsets 
W^' CC ;7+^ i = !,■■■ ,n- \ such that 

Wf CC W^^ CC U^^ CC C//, j 1, • • • , n - 1. 

Then one gets another renormalization of the PS bundle system (£, W), 

(^+,l/+) = {(F+,l/+),7r+,Il+,r,,7r+^n+^AS | Jc/cAA}, 

such that Cl{Vi) C V}+ and thus Cl{Vi) C for each / e AA and that tt/, 
tv\ , Trj"^ and IIj^ respectively restrict to tt/, 11/, Tij^and ti\. 

Take the Fi-invariant PS cut-off function^ : Wi [0, 1] with support 
in Wl , i — 1, - ■ ■ , n such that 

Z{S) C iSl^^Ul (4.3) 

where Uf = 7r,(c7o) and = {x eWi\ 7i(i) > 0}. Let Si -.W^ ^ E, be the 
unique F^-equivariant lifts of S'lvKi , « = 1, ■ ' ■ : Since Cl{Uf) C W} ddWi 
and Z{Si) n Cl{Wl) C Wi are compact, and as in §[3] we can find finitely 

® Under Assumption 14.11 one might suspect the existence of such PS cut-off functions. If 
necessary, we can always shrink Wi and make suitable adjustments for completing arguments. 
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many PS sections of the PS Banach bundles Ei — > Wi of class A{Wi), Sij, 
J = 1, • ■ • , mi such that 

DS,{S){T,W,)+span{{S^l{z)r■■ = {E^)i 

for any z G Z{Si) Cl(Wl), i = 1, ■ ■ ■ ,n. (Note: the second condition in 
Definition 13.81 is used again!). Set aij = 7^ • Sy, j = 1, ■ • ■ ,mi. Then 

i:>S^,(y)+span({a,i(y),-- - ,^*m.(y)}) = {Ei)y (4.4) 

for any y G Z{Si) fl [/? and i = 1, • • • , n. By Lemma [2.331 each (7^ yields a 
global PS section o-y = {(^ij )/ | / G A/"} of the system of PS Banach bundles 

As in (|2.82p and (|2.83p let m — mi + • • • + to„ and consider the PS 
Banach bundle system 

{Vl^.VxW^) (4.5) 
= {(PtF/,V/ xR"),7r,,7r5,fl/,n5,p/,r, | Jc/gAA}, 

and its (weakly) /c-Fredholm PS section T = {T/ | / G Af}, 

T/ : V> X M" ^ VlFi, (4.6) 

[xi,{Uj}i<j<mi) ^ Si{xi) + ti.j{a^j)i{xi) 

rrii 

= ^/(i/) + ^^<y((7y)/(2:/). 

Then C;(V7) C V}+ for each / G A/", and T = {Tj | / G A/"} is naturally 
viewed as a PS section of (Pt^+, V+ xW). Let u/ G C;(V/) nZ(S^/). Then 
T/(m/,0) and it follows from (g^]) that u/ = 7r/(u/) G Uf^if7°. So u/ 
sits in C/f C Wi^ for some iq e I because of (|2.69p . As in (|2.89p . in the 
natural puUback charts of those in (|2.87p and (|2.88p we have the following 
local expression of T/, 

Tiq-.d^^xK"^ ^PUE^^l^J, (4.7) 

nii 

[x, {tij}i<j<mA 1-^ Si^{x) + y]y]tij($i o Ai^i)"^((5-y(0i o Ai^i(x))) 
^ i<i<n ' ~r7 ^ 

i=i ie/\{jg}j=i 

Here r/j (i) = ($i o Ai^i)"^ (ct^ ((/)j o Ai^i(i))). Note that multiplying f/^- by 
a PS cut-off function near Ui^ G Oi^ gives a PS section of the PS Banach 
bundle Ei^ Wi^ of class A{Wi^). So by Definition l4.3l we get a small open 
neighborhood 0{ui^) of Ui^ in Oi^ and £ > such that: 
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(|4?7)) i The restriction of the PS section Tjg to 0{u^Jx B^iR"") is a (weakly) 
/c-Fredholm PS section that is transversal to the zero section. 

(|4?7l) 9 The closure of the set (0(wjj x n Tj^{0) in CT(0(u,J) x 

R™ C W,;, X K™ is compact. 

It follows that there exists a neighborhood U[ui) of u/ in Vy^ such that: 

(|4?f)) c, The restriction of the PS section T/ to U{ui) x Be(R™) is a (weakly) 
fc-Fredholm PS section that is transversal to the zero section. 

(|4?7l) zi The closure of the set {U{ui) x ^^(M™)) n T^^{Q) in Cl{U{ui)) x 
R" c T// X M™ is compact. 

As before using the compactness of Cl{Vi) fl Z{Si) C Vy" we can find a 
small neig hborhood Ui of Cl{Vi) n ^(S'/) in 1/+ such that: 

dUllls The restriction of the PS section T/ to Ui x Be(R™) is a (weakly) 
fc-Fredholm PS section that is transversal to the zero section. 

(|4?f)) fi The set {Uj x ^^(R")) n Tj^{0) has a compact closure in Cl{Ui) x 
R" c V}+ X M™. 

Take an open neighborhood W* of Z{S) such that 

Then as before we have a system of PS Banach bundles 

called the restriction of {T, V) to the open subset W*. Clearly, Vj C Vj 
and thus Cl{V/) C for any / e A/". Note that each global section 
= {(o-)/ I / e A/"} of {T, V) restricts to a global section of {T*, V*), still 
denoted by a without confusions. Since Af is finite by shrinking e > and 
yy* we get: 

Theorem 4.4 There exists a small open neighborhood W* of Z{S) in X 
and e > such that for the restriction bundle system , V*) of (J-', V) to 
W* the restriction of the global section T = {T/ | / £ A/"} to {PIT*,V* x 
Bg(R"^)) is a (weakly) k-Fredholm PS section that is transversal to the zero 
section. Consequently, for each I £ M the set 

QiiS) := {{xi,t) e V; X B,(M™) | T/(x/,t) = 0} 

is a weakly k-PS submanifold of dimension Ind(S') + m and has compact 
closure in Cl{Vf) x R™ C x R™. They are compatible in the sense that 
for any J C / G J\f, 

7r5((7r5)-i(i/; X B,{W")) n ni{S)) = Imin'j) D hj{S) and 
that for any {xj, t) G Im(7rj) n ftj{S) all 

|r,|-|r,(x,)| + i ^ii^ 
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elements of the inverse image (tTj) ^{(xj,t)) sit in (tTj) ^{VJ x B^{M.™')) Ci 
17/(5) for any (£/,t) e (7r5)"H(*./7 *))• /or 

W°j := {£/ e VK,7(5) I Ti{xi) = {1}} and 

nj{sr ■■= nj{s) n (T?J X s,(M™)), 

f/ie restriction of the projection 

■■ {T^jy^iVj* X 5e(K™)) n 1^/(5) ^ ini(^5) n hj{S) 

to (7r5)-i(V7 X B,{K"'))r\hi{S)° is a \Ti\/\T,j\-fold (regular) PS covering 
to Im{TTj)r\ftj{S)° . Moreover, if{X,E,S) is smoothly good (resp. smoothly 
(weakly) k-good) then the above each fli{S) is a smooth manifold of dimen- 
sion Ind(S') + m (though it is not necessarily equal to flj{S)° ). 

The remarks and conventions below Theorem 13.141 are also effective in 
this section. 

From now on we also assume that X is separable, i.e. each stratum 
of it is separable. Since TV is a finite set Theorem 14.41 and the Sard-Smale 
theorem immediately give: 

Corollary 4.5 There exists a residual subset B^{R™')res C i?e(M™) such 
that for each t G B,{K'")res the global section T^*) = {T^*' \ I € Af} of 
the PS Banach bundle system (jF*, V^*) is a (weakly) k-Fredholm PS section 
that is transversal to the zero section and the setM]{S) := (T^*V^(0) 

IS a 

weakly k-PS submanifold of dimension Ind(S') and with compact closure in 
Cl{Vj*) C V+ C W+. Here t = fe}i<j<™. and 

l<i<n 

n nii 

T« : v; ^ i?;, xj ^ Tj{i,t) = SJ{xJ) + Y,Y.*^Ji^^3)IixI)■ 

4=1 J = l 

Moreover, the family 

M\S) = {M]{S) : I eAf} (4.8) 
is compatible in the sense that for any J d I E Af, 

*j{i^jr\VJ) n M\{S)) = lm{n'j) H M'jiS) and 
that for any xj G lm(7rj) fl A^j(S') the inverse image {7rj)^^{xj) contains 

|r,|-|r,(x,)| + i ^li^ 

elements and all sit in {T^j)~^iVJ) D A4\{S) for any xj G {t:^j)^^ {x j) . So 
for each stratum VJ^ of VJ and 

M'jisu ■■= M'jiS) n vj^, ] 

M^j{S)° := M*j{S) n VJ° and > (4.9) 

M^^(^sy^na (5) n J 
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it also holds that 

^'j{i^'j)-\Vj*) n d'^M'jiS)^) = Im(7r5) n d^M'jiS)^, ] 

7r5((^5)-i(v;;) n;Cit(5)''"9) = im{¥j) n M*j{sy"'9 J 

where /c € N and d'^VJ^ is the k-houndary of VJ^ as defined in Defini- 
tion \A.()[ Moreover, the restriction of the projection 

■■ i^jr'iVJ) n M'j{S) ^ Im(7r5) n M'jiS) (4.11) 

to {n'j)-'^{V*)nM^i{S)° is a \ri\/\rj\-fold (regular) PS covering to Im(7r5)n 
M^jiSy. Note, as m ^2, that each ttj : jW* (S')(resp. M^j{S)°) X is 
also proper. Furthermore, if {X,E,S) is smoothly good (resp. smoothly 
(weakly) k-good) then the above each M.\{S) is a smooth manifold of dimen- 
sion Ind(5) (though it is not necessarily equal to M\{S)° ), and each stratum 
M.\{S)a is a submanifold of it. 

For the final claim the reader may refer to the proof of Theorem 13.141 
Corresponding to Propositions 12.401 12.441 we also have: 

Proposition 4.6 (i) For any given small open neighborhood lA of Z{S) 
in D^^iWi there exists e G (0, e) such that Tri{M\{S)) C U for any 
t G B,(M™). 

(ii) If {X, E, S) is oriented then each weakly k-PS manifold A4\{S) in (^T5[) 

may be oriented naturally and the map tTj in J_Z[ j is orientation 
preserving for any J d I E M . 

(iii) For any two t, t' G Bg{W^)res the families of weakly k-PS manifolds 
M\S) = {M]iS)\I G Af} and M^' (S) = {M)' {S)\I G AA} are cobor- 
dant in the sense that there exist generic paths 7 : [0,1] i3e(M™) 
from t to t' such that: 

(a) for I the set 

T7'(7) := U (T]*'V'(0) X {t} 

ie[o,i] 

is a weakly k-PS manifold of dimension Ind(S') + 1 and with boundary 
{0} x7W*(S')U(-{l} xAl*'(S')) (Here {X, E, S) has been assumed to be 
oriented. Otherwise the negative sign before {1} should be removed. J 

(b) the family T~^(7) = {Tj^{'-f) \ I G A/"} is compatible in the similar 
sense to J^. -?_?[ ); 

(c) Tj^{'^) has a compact closure in Cl{Vj) x [0, 1] C x [0, 1]. 

(iv) Assume S G (0,e] so that the closure of Ui,=_\fTTi{M^j{S)) in Uf^^Wi 
may be contained in Uj^j^Vj for any t G Bs{M™). (This is always 
possible by (i) and Theorem \4-4\ ) Then for any t G Bs{M"^)res the 
set U/g7v'7r/(-M/(>5')) is compact. Consequently, the family A4*{S) = 
{A^*(5) I / G A/"} is "like" an open cover of a compact weakly k-PS 
manifold. Specially, each A4)^{S) is a finite set provided thatlnd{S) = 
0. 
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Proof, (i) The claim can be proved by completely repeating the proof of 
Proposition I2.40r i) . 

(ii) Combining the proof of Proposition l^^l^ with that of Theorem l3.14f ii.3) 
one can complete the proof. 

(iii) Let 'P'(t,t') denote the space of all C'-smooth paths 7 : [0,1] — > 
from t to t'. It is a Banach manifold. Consider the obvious puUback 

PS Banach bundle system 

(PIT*,V* X V'it^t') X [0,1]) 
and its global section = {^'/ | / G A/"} given by 

: v; X p\tA') X [0, 1] -> p*f;, 

(X/, 7, S) Sl{xi) + 

i=l 3 = 1 

Here 7(5) — {l{s)ij}i<j<mi, Pi is the projection to the first factor. As in 

l<i<n 

Step 1 in the proof of Theorem l3.14f ii.4) we can prove that j is transversal 
to the zero section. Since M is finite, the standard arguments yields a 
residual subset 'P'(t,t')reg C 7''(t,t') such that for each I £ JV and 7 G 
^'(t,t')reg the PS section 

^] : V; X [0, 1] ^ PlFi, 

(i/,s) (-> S'/(i/) + ^^7(s)y(o-y)/(i/) 

is a (weakly) /c-Fredholm PS section of index Ind(S') + 1 that is transversal 
to the zero section. That is, for each 7 G P''{t,t')reg the global section 
= {vl/]' 1 1 G M} of the puUback PS Banach bundle system 

(PIT*,V* X [0,1]) 

= {(pjf;,!/; X [o,i]),7r,,7r5,n,,n5,p,,r, | jc/gaa}, 

is a (weakly) fc-Fredholm PS section of index Ind(iS') + 1 that is transversal 
to the zero section. It follows that for each 7 G 7''(t,t')reg and I € J\f the 
weakly k-PS manifold with boundary (and corner) 

i^ir'iO) = {(i/, s) G V; X [0, 1] I */(£/, 7, s) = 0} (4.12) 

forms a cobordism between the weakly fc-PS manifolds A4\{S) and ^A* {S). 
This completes the proof of (a) in (iii). 

The conclusion of (b) in (iii) is obtained naturally. In order to prove (c) 
in (iii), note that T]'-''\x) = 'S]{x,s) for (x, s) G Vj* x [0, 1]. Let (x/fc,Sfe) G 
(^']')-i(0) and Sfe -> So e [0, 1]. Then 

n nii 

Si{xik) + ^^7(sfe)jj(o-y)/(x/fc) = 

i=l 3 = 1 
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for k — 1,2, ■ ■ ■ , and ^{sk)ij l{so)ij in as fc ^ cx). By Theorem 14.41 
the sequence {(i/fc, 7(3^))} has a convergent subsequence in Cl{Vj) x c 
y+ X M™. It follows that {i/fe} has a convergence subsequence in Cl{V/) C 
V}+. Hence T7i(7) = (^']')-i(0) has a compact closure in Cl{Vj*) x [0, 1] C 
Vj^ X [0, 1]. (iii) is proved. 

(iv) The proof can be obtained by replaceing the word "manifold" therein 
by "PS manifold" , and Corollarv l2.39l bv Corollarv l4.5l in the proof of Propo- 
sition d^OIiii)- O 

As in Remark [HSl if Z{S) C Int(X)) then PS manifold {•9])~^{0) in 
(|4.12p has only boundary but no corner for e > sufficiently small. In this 
case the family = {M^j{S)\I G J\f} is "like" an open cover of a 

compact weakly k-PS manifold. If Z{S) fl dX ^ then the PS manifold 
(^']')^^(0) might have only boundary but corner. 

Clearly, if S is transversal to the zero section so is the section S = 
{Si : I S Af}. In this case S'~"'^(0) is a compact PS orbifold of dimen- 
sion Ind(S') and t — G B^{M.™)res- It follows from Proposition 14.61 that 
UieN-fri{M'{{S)) = S^{0) and that M°{S) = {M°i{S) : I e Af} is cobor- 
dant to M^{S) = {M*j{S) : / G TV} for any t G B,{W")res- Actually, 
M*'iS) is exactly a resolution of the PS orbifold S'^^(O). 



4.2 Framework I 

This framework is designed for the application to the (closed string) Gromov- 
Witten invariants. We shall develop our theory in a weaker framework 
though what is needed in GW-theory as in [LiT' is the case that {X, E, S) 
is a (weakly) PS 1-Fredholm orbibundle which is smoothly (weakly) 1-good 
and satisfies Assumptions 14.11 14.71 

From now on, besides the assumptions in Section Fl.ll we also assume that 
A: > 1 and 

• {X, E, S) is oriented, 

• all PS Banach orbifolds satisfy Assumption 14. II 
As before let Xq be the top strata of X . Denote by 

M\{S)^^M\{S)r\{%i)-\Xa), 

d'M]{S)o = M]{S) n {7:j)-\d'Xo) Vi G N. 

In this subsection we also write dM){S)o — d^M){S)Q. By (|4.10p it holds 
that for any J C I € M and i G N, 

^'j{i^',rHVj*) n M*iS)o) = Im(7r5) n M'jiS)o, \ ,^ . 

^5((^,7)-'(V7) n d^M\{S),) = im(^5) n d^M'j{S),. / ^ ' ^ 

In order to use the family A4*(S'), t G Bs{W"'^)res constructing the virtual 
Euler class we need to make a stronger assumption than 1-regularity of X: 

Assumption 4.7 The top stratum Xq of X is contained in the regular part 
X° oiX. 
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If we only discuss the results on the level of chains, this assumption is 
not actually needed. Under Assumption 14.71 the top stratum A^*(S')o is 
contained in the regular part M\{S)° of M\{S) and other strata of M*j{S) 
have at most dimension r — 2. As in Section 12.61 we can use the family 
{A^* (S')o I / G A/"} to construct a family of cobordant rational singular chains 
of dimension Ind(S') in A, denoted by 

e{E,SY " " rR{'^^ ■ ^'iS)o ^ A} Vt e BsiR^res- (4.14) 

Then as before the boundary of e{E, S*)* is given by 

5e(i?,5)* = "^"-^{tt, :9Al^(5)o^A}. (4.15) 

ieJ\r ' 

Corresponding with Claim 12.461 we have: 

Claim 4.8 de{E, S)* is a rational singular cycle in X and the class of it, 
[de{E,S)^], is zero in i7^_i(A,Q). 

As in Remark I2.43r iii) let ~ be the equivalence relation in the disjoint 
union U/ejV' •^/('^)o generated by setting yi zj ii J C I and Ttj{yi) = zj. 
Denote by 

m\s)o [] M'i{S)o/ - (4.16) 

and by qj : 7W*(S')o — > A4*{S)o the restriction of the obvious quotient map 
to M\{S)o- Since M]{S)o C M]{S)° we have a well-defined label function 

X:M\s)o^Q, x^^^ iix€lm{qi), (4.17) 

|1 1\ 

where \qj^{x)\ is the number of elements in the set qj'^(x) and x/ is any 
element in qY^{x). With the same way we also define 

dM\s)o := [] dM'i{S)o/ - (4.18) 

Then the label function above naturally restricts to it, and all tt/, / G J\f, 
can be glued into a map tt from M {S)q to X. It is not hard to check that 
as rational singular chains in A, 

e{E,Sf = [n -.7^^5)0 X]. (4.19) 

If the top stratum Aq is a Banach orbifold without boundary 
and corner, then for t sufficiently small e{E, S*)* is a rational singular cycle 
in A, called a virtual Euler cycle of the triple (A, E, S), and its homology 
class 

e{E, S) = [e{E, 5)*] € Hr{M, Q) (4.20) 
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is said to be the virtual Euler class of the triple. Combining the above 
arguments with ones in Section 12.61 we can also prove that the homology 
class e{E, S) is independent of choices of the PS section o-y of class A and 
open subsets Wi. 

Now we begin to discuss the properties of the virtual Euler cycle (class) 
of the (weakly) PS Banach fc-Fredholm orbibundles. Their proofs can be 
obtained by combining those of the corresponding properties in § [5] and § [3J 
and are left to the interested readers. We only point out the places where 
some differences shall occur. 

Let {X, E, S) be as above and A C Z{S) be a nonempty compact subset. 
As in Section [2?7l if one only requires: 

(i) {W^ijf^i is an open cover of A, 

(ii) W* is an open neighborhood of A, denoted by W*(A), 
then we get the corresponding systems of PS Banach bundles, 

(f(A),W^(A)) ■.= {{Ei,Wi),7ri,fli,Ti,n'j,fl'j,X'j \ Jc/eAA}, 

{T*{A),v*{A)) :={(F;,f>;),^,,fi,,r,,7r^,n5,AS | JcieU}, 

where V7, V7, Fj (resp. Vf , Vf , Ff) are defined as in ((2J5)) and 
(resp. ((2JT|) ). Corresponding with the sections T^*) = {T^*^ j / e Af} 
in Corollary 14.51 we have a family of (weakly) fc-Fredholm PS sections of 
(.f*(A),i/*(A)), 

|t«(A) = {Tf (A) I / e AA} t = {<y}i<,<,„. e i3e(K")|, 

^ l<i<n 

n nii 

Tf\A) : Vj* ^ i?;, XI ^ Tj{x,t) - ^/(i/) + ^ ^ i,,(a,,)/(£7), 

i=i j=i 

and a residual subset ^^(M™)^^, of Be(R") such that for each / e TV the 
following are true. 

(a) For each t S ^^(R")^^^ the PS section T^*^(A) is a (weakly) fc-Frcdholm 
section that is transversal to the zero section, 

(b) (T^*^(A))-i(0) is a PS manifold with compact closure in Cl{Vj*) C V}+, 

(c) Foranyt,t' G B^iK"")^^^ the corresponding PS manifolds (T^*^(A))-i(0) 
and (Xf ^(A))-i(0) are cobordant. 

So we get a family of cobordant rational chains near A of dimension r, 
denoted by 

eiE,S)\ " J2 " rR{'^^ M){S,A)o ^ X} Vt e B^iW^L, 

and called virtual Euler chains relative to A of the triple (X, E, S). Here 
M^j{S,A) :— (Tj*^(A))^^(0) is a weakly k-PS manifold of dimension r and 
with compact closure in Cl{Vf) C Vj^ , and A4\{S,A)o is the top stratum 
of M]{S, A), i.e., 7Wt(5, A)o = M]iS, A) n (7r/)-i(Xo). 
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Let P be a smooth orbifold of finite dimension and f : X ^ P he a PS 
map. If a £ H'^{P,M.) has a differential form representative a* such that 
the support supp(/*a*) of f*a* is contained in A then we can define the 
integration 

/ /W:="^"-L/ ifoniTa*. (4.21) 

Je(E,S)\ j^j^ \^ I] JM]{S,A)o 

Here the integration in the right side is understand as follows: Multiply the 
form f*a* by a PS function to [0, 1] which is 1 outside a small neighborhood 
of tVI* (S*, A) \ (5, A)o and inside a smaller neighborhood and then pass 
to a limit as these neighborhoods get smaller. As before, J2iej\f P^^ 
double quotation marks in (I4.2ip because the repeating part is only counted 
once. Corresponding with Proposition 12.501 and Proposition 13. 161 we have: 

Proposition 4.9 fFirst localization formulaj. Let Assumption \4.7\ be 
satisfied so that the virtual Euler class e{E, S) is well-defined as in (^TT^p. 
Then there exists a residual subset i?e(R'")*g^ C -Be(R'")^g^ such that 

{e{E,S),ra) = / ra* 

for anyt G ^^(M")*^,. 

As above Proposition 12. 51i if e{E, S) exists and A^, i — 1, ■ ■ ■ ,p, are all 
connected components of Z{S), then one can start from these A^ to construct 
homology classes e{E, S)Ai £ H^{X, Q), i — 1^ - ■ ■ ,p such that 

p 

eiE,S)=J2<E,S)A,. 

i=l 

Let {X, E, S) be as above and X ~ UaeAATc be the stratification de- 
composition of X. Denote by the index of the restriction of S to Xa. 
Then for each a £ A, X" :— U/j^aX/j is a PS Banach suborbifold of X, 
and (X", i^lx" , <5'|x°) is also a (weakly) PS Banach A:-Fredholm orbibundle 
of index r^. Moreover, a PS suborbifold Y = UagAo^Q C X indexed by a 
partial order subset Aq C A with the maximal element ao is said to have fi- 
nite codimension n if the top stratum Y^a of F is a Banach suborbifold of 
codimension n in X^q and other strata of Y have at least finite codimension 
n in the corresponding strata of A". As arguments below Proposition 13. 161 
(y, E\y, S\y) is only a weakly PS Banach fc-Fredholm orbibundle of index 
rag — n. When Y is closed in X, Z{S\y) is also closed and thus compact 
in Y by the compactness of Z{S) in X. In the following we always con- 
sider these two kinds of PS suborbifolds and assume that they are 
closed in X. Then (Y, E\y, S\y) is also a PS Banach Fredholm orbibundle 
with rich PS sections of A\y, where A\y is the class of PS sections of E\y 
obtained by restricting the PS sections of E of class A to Y. 
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Note that each local lift {W,Ew,Sw) of {X,E,S) with W r\Y ^ ^ 
restricts to a natural lift of {Y.E\ytS\y), 

(W^^^^,5l;;,)=(^,^i(M^nr),^M.U-^i(,^ny).^H'l5„„)- (4.22) 

Since Y is closed in X one may easily prove that Sy^ is locally proper relative 
to class A{W n Y) near z(S'^). Here A{W n Y) denotes the class ofthose 
sections consisting of the restrictions of the PS sections in y^(VF) to . 

Carefully checking arguments above Proposition 13.171 and ones between 
Claim HT^ and Definition l4.3l we can prove that is weakly fc-quasi transver- 
sal to the zero section relative to class A{W n F). So we get 

(Y,E\ytS\y) is a (vifeakly) PS Banach fc-Predholm orbibundle 
which is (v^reakly) /c-good if F = X", and a v^reakly PS Banach 
fc-Predholm orbibundle which is weakly fc-good if y is a PS 
suborbifold of finite codimension that is closed in X. 

The following is a generalization of Proposition 12.511 and Proposition 13. 171 

Proposition 4.10 (The restriction principle/ Let {X,E,S) be an ori- 
ented (weakly) PS Banach k-Fredholm orbibundle of index r and with com- 
pact zero locus, have rich PS sections of class A and be (weakly) k-good 
relative to the class A. Suppose that a closed subset Y C X belongs to one 
of the above two classes of PS suborbifolds. Assume also that Y is fiat 
in X in the sense that for each point y (zY and each open neighborhood U 
of it in X there exists another open neighborhood V (Z U y in X such 
that Cl{y C\Y) = Cl{V) n Y . Then there exist a family of cobordant virtual 
Euler chains of the triple [X, E, S), 

e{E,sf = " ^ "t^A^i ■■ mUs)o ^ X} Vt' e S,(M™'),es, 
and another family of cobordant virtual Euler chains of {Y, E\y , S\y), 
e{E\Y,S\Y)' = " V "7^{^y : M'j{S\Y)n ^ F} Vt e i?e(K").e., 
such that for 

t' = {tij}l<j<mi G Bi.{R"^ )res and t := {ty}l<j<mi 
l<i<n' l<i<n 

one has 

MUS) n nj\Y) = V/ e AA' \ AA, 
M]{S\Y)^M'j{S)n7ry\Y), 
M^SIyT ^ M'j' {Sy n7rj\Y), 
M\{S\Yy'''^ = M'fiSy^'s n 7rj\Y), 

-yl - / I 



'^'^ Actually we only need to assume that some closed neighborhood of Z{S\y) in Y is flat 
X. 
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for any / £ A/" and J C I . It follows that 

M\s\Yr ^M''iSrnTT-\Y) and = 7r|^(s|^)o- 

Roughly speaking, e{E\Y, S\y)^ is the intersection ofe{E,S)* withY. 

It should be noted that if y n = then M^' {S)° n n-'^{Y) = 0. In 
this case even if both classes e{E\Y , S\y) and e{E,S) exist we cannot get 
any relation between them. However, this restriction principle is convenient 
for understanding relations among chains. 

Proof of Proposition [47101 This result can be obtained by almost repeat- 
ing the proof of Proposition 12.511 We only give different arguments. The 
first is to omit the second sentence " One can check that Assumption 12.451 
also holds for the suborbifold Y." in the proof of Proposition [2T5T] Next, in 
the present case the corresponding result with (|2.125p cannot be obtained. 
The purpose that we assume Y to be flat is for getting it. 

Finally, let us replace the arguments below (|2.127p as follows. Recall 
the arguments between (14. 3p and (|4.4p . We have the r^-invariant PS cut- 
off functions : Wi ^ [0, 1] with support in Wl , i = 1, • • ■ ,n' such that 
Z{S) JZ Uf^if/°, where [/f = 7r,(c7o) and f/° = {5 £ W^\"/^{S:) > 0}. Let 
Si : Wi ^ Ei be unique Fi-equivariant lifts of S\wi, i = 1, ■ ■ ■ ,n' . Since 
Cl{U°) C Wl CC Wi, using the compactness of Z{Si) H CliWl) C and 
the assumption of richness we can find finitely many PS sections of the PS 
Banach bundle Ei Wi of class A(Wi), Sij, j = 1, ■ ■ ■ ,mi such that 

DS,{S){TsW)+span{{S^l{S)r■■ = iE^)i 

for any z € Z{Si) fl Cl{Wl), i ~ 1, ■ ■ ■ ,n' . Set aij = ji ■ Sij, j — 1, ■ ■ • , m^. 
Then 

DSi{z) -I- span({CTii(5), • ■ • ,o-i„,(z)}) = {Ei)=, 

for any z C Z{Si) fl Cl{U^) and i = 1, - ■ ■ ,n'. By Lemma 12.331 each aij 
yields a global PS section dij = {{aij)i \ I C A/"} of the system of PS Banach 
bundles {T,V). 

Note that for each i — 1, - ■ ■ , n, the restriction 

Sf = S,\^^:Wr^Ey 

is exactly the lift of the restriction S\^/y, and the restriction of % to W^'^, 
denote by , has support contained in W^^. Hence 

uf {ieW^l jf{i) > 0} = t/° n VK,^ CC Wf and 

71 71 

Z{S\Y)ci[juf=[jMUf). 

i=l 1=1 

Let s^j denote the restriction of to IFf . Define sections 
■= ■ ■■ Ef, J = !,■■■ ,m,. 
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They are restrictions of aij to . Since both the sections Si and Sf are 
weakly fc-Fredholm, by increasing rrii we may assume 

DSy{2) + span({afi(z), • • • , aL.(^~)}) = (Efh 

for any i £ Z(5,f ) n Cl{Uf) and i = 1, • • • , n. 

By the assumptions, {X, E, S) is (weakly) fc-good relative to class A 
and {Y,E\y,S\y) is weakly fc-good relative to class A\y as showed above 
Proposition l4.10l As the arguments below (|4.5p we use these to get a global 
PS section of (j^*, V*), T^*') = {T^*'^ | / e A/"'} given by 

n' 7ni 

i=l i=l 

and that of ( J^y*, Vv*), T^'^*) = {T^ *^ U e A/"} given by 

n nii 

i=i j=i 

Here A/" = {/ £ A/"' | max/ < n}. Furthermore we can find a small e > 
and a residual subset B^{M.™ )res C B^{MJ" ), m' = X]r=i such that for 
any 

t' — {tij}i<j<mi G -B£(M™ )res and t := {iij}i<j<mi 

l<i<n' l<i<n 

the above PS sections T^* and Tj'*"* are all weakly fc-Fredholm PS sections 
that are transversal to the zero section (by shrinking W* and increasing n 
and n' if necessary). (Note that when t' takes over i?e(]R™ )res all corre- 
sponding t := {tij}i<j<„n form a residual subset B^{M."^)res C B^{W"-).) 

l<i<n 

Set 

M*'{S) = {mUs) = (Xf ^1(0) | / e AA'} and 
M\S\y) = {M]{S\y) = (Tf^)-\Q) \IeAf}, 

and repeat the remnant arguments in the proof of Proposition 12 . 5 11 to arrive 
at the desired conclusions. □ 

Recall that Proposition 12.511 is used in the proofs of Propositions 12.541 
12.561 and 12.571 When proving the corresponding result with 12.561 i.e., the 
following Proposition l4.141 we need the flatness of y = AT x {i} in X x [0, 1], 
i = 0,1- These hold obviously. However, for the corresponding results with 
Propositions 12.541 and 1^371 i.e., the following Proposition 14. 121 and 14.151 we 
shall add this condition. 

Corollary 4.11 fSecond localization formula/ Let f : X ^ P be a PS 

map from X to an oriented smooth orbifold of finite dimension, and Q <Z P 
be an oriented closed suhorbifold of dimension m such that 
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(i) Y :— f^^iQ) <Z X is a PS Banach suborbifold of codimension dim P — m, 

(ii) Y is fiat in X and satisfies Assumption ^. 7\ 

(Hi) the top stratum ofY, Y^, is contained in the top stratum Xq of X . 
Assume also that e{E,S) exists and that (Y, E\y , S\y) is orientable and 
e(£^|Y,S'|y) exists (after choosing an orientation of it). Then for any class 
K £ -ff*(Q,R) of dimension dimP — r it holds that 

{PDQ{t,)J4e{E\Y,S\Y))) = {PDp{K)J4e{E, S))). 

Here PDQ{a) (resp. PDp(a)) is the Poincare duality of a in H*{Q,M) 
(resp. H*{P,R)). 

Since Yq C Xq, (Y, E\y , S\y) has index r — dim P + ni and it follows from 
Proposition [Ho] that M]{S\y)o = M]' (S) n ttJ^Yq) = [8)0 n ny^Y) 
for any I e JV. The desired equality can be obtained as in the proof of 
Proposition 1 1.1 21 If the top stratum of Y can be contained a lower stratum 
of X, then /*(e(i?|y, S'|y)) E H^{P,Q) has degree less than r+m — dim P. In 
this case {PDq{k), f^{e{E\Y, S\y))) is necessarily zero because PDq{k) G 
^r+m-dimP(g But {P D p{k) , f^{e{E , S))) might be nonzero. So the 
assumption Yq C Xq is reasonable and necessary. 

Now we shall give a common generalization of Proposition 12.541 and 
Proposition 13.181 

Let X be a separable PS Banach orbifold satisfying Assumption 14. 71 and 
(X, i?*^*', S''-*') be the oriented (weakly) PS Banach /c-Fredholm orbibundles 
of index and with compact zero locus Z{S^'^^)^ i = 1,2. Assume also 
that {X, E^^\ S^^^) has rich local PS sections of class Ai and is (weakly) 
/c-good relative to the class Ai, i — 1,2. Consider the direct sum E := 
£:(!) © £:(2) X, S -.^ S^^^ ® 5(2) : X ^ E and A -.^ Ai® ^2- Clearly, 
Z{S) = Z(S'(i)) n Z(S'(2)) and Z{S) = Z{S^^')\z(^s Then iX,E,S) is 
an oriented (weakly) PS Banach fc-Fredholm orbibundle with rich local PS 
sections of class A. One also easily shows that (X, E, S) is also (weakly) 
/c-good relative to the class A from the arguments above Proposition 13.181 
and ones above Definition gj] (by showing that A{W) = Ai{W) © A2{W) 
and ^(V7) = ^i(M^) ® A2{W), which are easily proved). 

Proposition 4.12 CStability;. Let {X, E'-^\ S'-'^), i ^ 1,2 be above. Fur- 
thermore, assume: (i) Z(S'(i)) RXq ^ and Z{S^^^)nXo ^ 0, (ii) S'^^) ig 
transversal to the zero section at each point x G Z{S), (Hi) DS'^'^^\z{s) is 
surjective. Then one has: 

(a) For some small open neighborhood lA of Z{S) in X the intersection 

^(5'(2)^* := Z[S'^'^'^)r\lA is a weakly k-PS Banach orbifold of dimension 
T2. (In particular, the top stratum of Z{S^'^^)* is contained in Xq.) 

(b) P'(5'(i'|2(5(2))0 : (TZ(S'(2)))|^(5) ^ E^^^ziS) a PS Fredholm bundle 

map of index Ind(Z3(S'^"'^-' 1^(5(2))* ) — Ind(I?S') (which precisely means 

lnd{D{S^^^\z(^si-,y){x)) = lnd{DS{x)) Vx £ Z{S) ). 
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(c) // (Z(5(2))*,£:(i)|2(_5(2))*,S'(i) 1^(5(2))* ) is (weakly) k-good relative to 
-4i|z(S(2))* O'lT'd some closed neighborhood of Z{S) in Z{S'^'^^)* is flat 
inX, then iZ{S'^^'>)* , E^^'>\z^smf* , S^^'>\z(^s(^yy) and {X,E,S) have re- 
spectively virtual Euler chains C'l and C such that C = Ci. In particu- 
lar, ifbothe{E,S) and e(i?^"'"^ 1^(5(2))* , S'^"'"^ 1^(5(2))* ) exist, then C and 
Ci can be chosen as closed weakly k-PS manifolds (thus being cycles). 
Consequently, 

e{E,S) = fe(5,2,)0*e(i?W|^(s(2,).,5(i)|z(s(2,)0. 

Here (^^(si^))*)* "i-s the homomorphism between homology groups in- 
duced by the inclusion iz^s^^^Y ' 

Proof. The proof may be obtained by almost completely repeating the 
proof of Proposition 12.541 The main changes are: 

• All words "Banach orbifold" , "Banach orbibundle" , " bundle" , "suborb- 
ifold" and "section" are changed into words "PS Banach orbifold" , "PS Ba- 
nach orbibundle" , "PS bundle" , "PS suborbifold" and "PS section" . 

• Delete "As before we assume ..." from the third line above (|2.129p to the 
end of this paragraph, and add "Since the hft PS section sf''' : Wi — > E^^^ 
of S'f^V. restricts to a lift PS section sf^" = -S^f^. : Wf e[^'^" 
of 5''-^^|vi/^, as in the proof of Proposition 11.131 we can show that on each 
stratum the vertical differential DS\^^'^{x) at each zero point x of is 
Fredholm and has the same index as DS^\x). This yields the first conclu- 
sion." 

• Change "Note that S**-^-* is transversal to the zero section are strongly 

transversal to the zero section." in the fourth pargraph of proof of Propo- 
sition [2T54] into: "Note that S"*^^) is transversal to the zero section and that 
(Z(S'(2) £;(!) |2(5(2))* , S'(i) |2(s(2))* ) is (weakly) fc-good relative to Ai\z(s'-^)y 
As in the proof of Proposition 14. lOl for each i — 1, ■ ■ ■ ,n we can construct 
the PS sections 5-,^|^ = 7, • s^^^ : Wi e\^^ C Ei and 

such that for sufficiently small W*, e > and each t ~ {ty}i<j<mi in a 

\<i<n 

residual subset B^{W^)res C B^{W^) the global PS section of the PS Banach 
bundle system {f\ V*), T^*) = {T^*' | / e A/"}, 

n vfii 

and that of {T^^>'\V"), T«(i)^ = {T^ | / G A/"}, 

n vrti 
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are all weakly fc-Fredholm PS sections that are transversal to the zero sec- 
tion." The remnant arguments are the same as ones in the proof of 
Proposition 12 . 541 (Note that in the present case our proof seems to be sim- 
per because many technically local arguments are actually absorbed in the 
good assumption of PS orbibundles.) □ 

Let {X, £'('\ S'(*') be the oriented (weakly) PS Banach fc-Fredholm orbi- 
bundle of index r and with compact zero locus ^(5'^*^), i — 1,2. Assume also 
that (X, E'^*^ S"*^*^) has rich local PS sections of class Ai and is (weakly) fc- 
good relative to the class Ai, i — \,2. As in Section [2T8l or Proposition 13. 201 
we can similarly define a honiotopy between them and get the following 
result corresponding with Proposition 12 . 561 

Proposition 4.13 (Uomotopyj Let {X, E^^K^ S^^^), z = 0, 1, be as above, 
and {Xx [0, 1], E, S) be an oriented homotopy (weakly) PS Banach k-Predholm 
orbibundle between them which is (weakly) k-good relative to class A. As- 
sume that OXq — 0. Then there exist virtual Euler chains of {X x [0, 1] , E, S), 
{X,E^°\S^°'>) and {X, E^^\ S^^'>) respectively, e{E,Sf, e{E^°\ S^°'>)*° and 
e(£;(i),S'(i))*i such that 

de{E,Sf = e(E("),5("))*« U {-e{E^^\ S^^'^f'). 

In particular e{E^'^\ S^-^"^) = e{E'^^\ S'--^"') because they exist by Assump- 
tion\JJ\and OXq = 0. 

As pointed out below Proposition l2 . 56l for any m S N if the m-boundary 
d"^Xo 7^ then we have more general conclusion in the proposition above, 
i.e., after neglecting the orientation the m-boundary of e{E,S)*', 

d"'e{E, S)^ = 9™~ie(s(°), ^(o))*'' U d""^e{E'^^\ S^^^)'' U e(S, 5)^, 

where e{E, S)l^ is defined by 

" J2 ''i^i^i ^ i7Tir\d"^Xo X (0, l))^Xx [0, 1]}. 

Finally, we study the functoriality. Let {X, E, S) and {X' , E', S') be two 
oriented (weakly) PS Banach fc-Fredholm orbibundles with compact zero 
loci. Assume that (^X,E,S) (resp. {X' , E' , S')) has rich PS sections of 
class A (resp. A') and is also (weakly) fc-good relative to class A (resp. 
A'). A morphism from {X, E, S) to {X', E', S') is a PS Banach orbibundle 
embedding {tp, : E ^ E' with following properties: 

(A) 5 o = * o S" and Z{S') = V(^(-S')); 

(B) For any x S Z{S), the differential dipix) : T^X T^{x)X' and the 
above restriction ^ x '■ ^'f{x) induce isomorphisms 

dip(x) : Keri^DSi^x)) -> KeT(DS' {^p{x))) and 
[■fx] : Cokei{DS{x)) -> Coker(i:>S"(7/'(a;))), 



158 



and the resulting isomorphism from det{DS) to det(_DS") is orientation 
preserving. (These are all understand on levels of lifts.) 

Clearly, {X,E,S) and {X',E',S') have the same index. Moreover, (A) 
implies that Z(S") C ip{X). Later writing "(V', 3 ^" will be under- 

stood as follows. (By the definition of the morphism we may assume: X 
is a PS Banach suborbifold oi X' , E is a. PS suborbibundle of E'\x and 
S = S'\x- il' and ^ become the natural inclusions.) For a PS orbifold chart 
(W', T', tt') on X' andW = W' nX let C M^' be a PS submanifold that 
is stable under F and compatible with the inclusion maps, such that the 
restriction (VF, F',7r) = (W^, F'|^, 7r|^) is a PS Banach orbifold chart on X 
with support W. Then "(?/;, '^)*A' 3 A" means that each PS section of the 
PS bundle _E ^ TF^ of class ^(M^) can be extended into a PS section of the 
PS bundle E' W' of class A'iW). 

The following is corresponding result with Proposition 12.571 

Proposition 4.14 Let {X, E, S) and {X' , E', S') be as above, and {ip, ^) be 
a morphism from {X,E,S) to {X' , E' , S') satisfying {ip,"^)*A' 5 A. Sup- 
pose that X and X' satisfy Assumption \4.7\ and that some closed neighbor- 
hood of Z{S') = ^{Z{S)) in ij{X) is flat in X' . Then there exist a family 
of strongly cobordant virtual Euler chains of the triple [X' ,E\S'), 

e{E\S'f = " ''t^M'i ■■ M\{S% X'} Vt e i?e(K™)re., 

and that of strongly cobordant virtual Euler chains of the triple {X, E, S), 
e{E,Sf = " "pf^{^/ : M\{S)a ^ X} Vt e Be(M")res, 

and a family of PS emheddings {ipi \ I £ A/"}, i/'/ • ~* which are also 
compatible with the projections ttj and tt'] , such that for any I & N and 
J Cl, 

ipi{M]{sy'"^) = M]{s'Y'"a n {tt'j)-\-4;{X)), 

(^y((7r:/)-i(Kr)nAT*(5')))n(7r:,)-i(v.(x)) 

(lm(7rS^)nATM^'))n(7rS)-i(^(X)) 

= 7A,(lni(7r5)nyW*,(5)). 

IfW and W are the spaces constructed from {VF/ | / G A/"} and {Wj \ I G Af} 
respectively then {"0/ 1 1 £ A/"} induce a natural map ip : W W such that 
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Consequently, if Z{S) n Xq ^ 0, Z{S') n ^ and ij{Xo) C X^, OXq = 
OXq — and hence e{E,S) and e{E',S') exist, then {ip*a,e{E, S)) = 
{a,e{E',S')) for any a G H*{X',X' \ iIj{X);M). (In this case we say 
ip:te{E,S) to be the intersection of e{E' , S') with ^j{X).) 

Proof. The proof may be obtained by almost completely repeating the 
proof of Proposition 12.571 The main changes are: 

• The terms such as "manifold" , "orbifold" and "bundle" are changed into 
corresponding terms in the PS category. 

• Below Claim [2?58l from "For the chosen trivializations...." to the end of 

the next paragraph " are strongly transversal to the zero section for all 

/ e A/"." is changed into: "Note that ^P)*^' 3 A. By the explanation 
above Proposition 14. 141 for and Wi as above each PS section of the PS 
bundle Ei — > Wi of class .4(Wi) can be extended into a PS section of the 
PS bundle E[ of class A'iWl). Since {X,E,S) has rich PS sections 

of class A, we may choose PS sections s^j, = 1, • ■ • , of the PS bundle 
Ei — > Wi such that 

DS2{x){TiWi)+s^a.n{~s,i{S:),--- , S^™. (£)} = (i^Os '^x e z(S.i). 

(This is always possible by shrinking Wi if necessary.) Let s[^, j — \, - ■ ■ ,mi 
be the PS sections of E'^ W[ of class ^'(W/) obtained by extending s^ , 
j = 1, • • • , m^. With the same proof as in Claim [27581 we get that 

DS\(x){T^W';) + span{4(i), • • • , 5^.(5)} = (^Ds e ^(^0 = Z(S,). 

Consider the sections cr-^- :— 7- • s-^- of E[ with supports in W'^ , and 
(Tij :— 7j' • Sij of Ei with supports in W} , j ~ 1, • • • ,rni. Clearly, an = 
(T-il^.,-- - ,aira, = cr'im.lw.' ^ = ^, ' ' ' , n. Note that Z{S') C X. We can 
assume that the above small neighborhood W* of Z{S') in X is contained 
in Uf=iC/f (and thus W* = W* n X C U^LiC/°)- Since {X,E,S) (resp. 
{X' , E' , S')) is (weakly) fc-good relative to class A (resp. A'), as before we 

can shrink W"* and find a small e > such that for each t = {tij}i<j<mi in 

r<i<n 

a residual subset B^{R™)res C i?e(M™) with m = X^ILi ^^'^ sections 

n nii 

rf^ : v; f;, xj ^ Sj{xj) + ^^ty(^„)Ki/), 

2 = 1 j=l 

n irii 

1=1 j=i 

are all weakly fc-Fredholm PS sections that are transversal to the zero sec- 
tion for all / G Af. The remnant arguments are the same as the proof of 
Proposition [2371 ^ 

As above Proposition 13. 21[ a PS Fredholm map of index d from PS 
Banach orbifolds F to X is a PS map whose restriction to the top stratum 
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(resp. each lower stratum) is a Fredholm map of index d (resp. index less 
than or equal to d). Finally we give a generalization of Proposition 12 . 59l and 
prove it carefully. Still using the notations therein we have: 

Proposition 4.15 Let X and X' he two separable PS Banach orbifolds sat- 
isfying Assumptions \4-l\ \4- ^ f^^d f : X X' be a proper Fredholm map 
of index d. Let (X,E,S) (resp. {X' ,E' ^S')) be the (weakly) PS Banach k- 
Fredholm orbibundle of index r (resp. r' ) with compact zero locus. Assume 
that f : (X,E,S) —^ {X' , E' , S') is a PS bundle map, i.e., a bundle map 
f : E E' covering f and satisfying S' o f ~ f o S , and that each local lift- 
ing of f is a Banach space isomorphism when restricted to each fiber. (That 
is, {X, E, S) is the pull-back of {X' , E' , S') via f ). Furthermore assume that 
f IS a PS submersion, Z{S) X^ ^ % and f-^{XQ n Z{S)) n Yq ^ 0. (The 
latter implies /(Iq) C Xoj- Then 

(i) r = r' + d and Z{S') = f^^{Z{S)) is compact. 

Moreover, if {X' , E' , S') has also rich PS sections of class A' and is (weakly) 
k-good relative to the class A' , then 

(ii) {X,E,S) is weakly k-good relative to the class f* A! , and there exist a 
resolution V of X near Z[S) and that V' of X' near Z{S'), and a natural 
map f : V V' induced by f, and the virtual Euler chain e{E,S)* (resp. 
e{E', S')^), as a PS map from M\S) C V (resp. M\S') C V') to X (resp. 
X' ) satisfy 

foe{E,Sf=e{E',S'fof. (4.23) 

Ln addition, for i — 0,1,2, if f sends the strata {X,E,S)i of {X,E,S) 
of codimension i to those {X' ,E' ,S')i of {X' ,E' ,S') of codimension i, fi 
also sends the strata of AA\{S) of codimension i to those of M\{S') of 
codimension i. 

As conjectured in Remark l2 . 601 there should exists some kind of Q- valued 
topological degree deg(/) of / so that (|4.23p gives 

fME,S)^deg{f)e{E',S') 

in the case that d — and both e{E, S) and e{E', S') exist. 

Proof of Proposition 14.151 Since each local lifting of / restricts to a 
Banach space isomorphism on each fiber we have Z{S') — f^^{Z{S)). This 
local lift is also proper because of the properness of /. 

Firstly, we prove (i). For x e Z{S) let ([/, Fc/, tt^/) be the PS B- 
orbifold chart centered at x, and {U' ,Vjj, ,nu') be one centered at f{x). As 
in Section [TT] assume that {fuifuifu) ■ {Eu,U,Tu) — > {E^,,U',r^,) is a 
local representation of /. Let Su : U Ejj and S[j, : U' E[j, be the 
local lifts of S and 5" in the above PS Banach charts respectively. 

By (1231), fuoSu = S'jj, o fu. It follows that 

dfu{Su{i)) o dSuii) = dS[j,{fu{i)) o dfuii) 
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for the lifting 5: of a; in U. Note that Su{x) = (5,0) and that T(^x,o)Eij = 
TxU ® {Eu)x- One easily checks that 

d/c/(i, 0){TxU) = dfu{i){TiU) and 
d!u{iM{Euh) ^ Clu)imj)i). 

So the vertical differentials DSuix) and DS[j,{fu{x)) satisfy: 

{!u)x o DSuii) = o dfu{i). (4.24) 

This leads to r = r' + d. (i) is proved. 

Next w^e prove that {X, E, S) is weakly fc-good relative to the 
class f*A'. For y e Z{Su) denote by y' = fu{y)- For PS sections of E'^,, 
<y'i, ■ ■ ■ ,cr'i^, we can define PS sections ai : U ~> Ejj by 

'yAy)--=Cl)y\<Cfum) (4.25) 
because {fu)z is the Banach space isomorphism for each z. Suppose that 

iu,{DSu{y)) + ^vM{<yi[y).--- ,'ykm) = {Eu)v- (4.26) 

By (|4.24[) we can easily get that 

Im(D5[;,(y')°d/V(y')) +span(K(y'),--- ,fTfe(^')}) - (^[/)y'- 
Note that lTn{DS'jj,{y') o dfu{y)) C Im(D5[;, (y')) ■ We get that 

Im(i?5^,(y')) +span(K(y'),-- - = (E'uh'- (4-27) 

Since {X' , E' , S') is (weakly) fc-good relative to the class A' there exist a 
small open neighborhood 0{y') of y' in [/' and rj > Q such that the section 

0{y')xB,iR'^)-.Ul{E'^,\oiy^^), 

k 

$' : (z';ti,--- ,tfe)^^[„(z')+E^^'^^'(^')' 

i=l 

is a (weakly) fc-Fredholm PS section that is transversal to the zero section. 
Here IIi : 0{y') x B,,{R'') 0{y') is the natural projection. As in ((i?^ . 
we can derive from (|4.25p that for any z G {Su + ^i'^i) ^(0)i 

fe k 
i=l 1=1 

As in the proof of Proposition 13. 2 11 all these imply that the section 
f[}'{0{y')) X B^im") ^ mEulf^^^oiy,)-^), 

k 

$ : (z; ti, • ■ • , tfe) 1-^ S'£/(-S) + ^ iicri(z), 
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is a weakly PS fc-Fredholm section that is transversal to the zero section. 
Hence this shows that Su is weakly /c-quasi transversal to the zero section 
relative to class f*A{U'). 

Note that for any t = (ti, ■ • ■ , t^) e M*-', 

k k 
i=l i=l 

One also easily proves that Sjj is locally proper relative to class f*A{U') 
near Z{Su). So (X, E, S) is weakly fc-good relative to the class f*A' . 

Finally we prove (ii). Since Z{S') is compact we can choose finitely 
many such local representations of /, 

ikJu^fu.) ■■ {Eu^,U,,Tu^) -> {E[j,,Ui T'u,), (4.28) 

the corresponding open subsets U^^ C W--' CC U'/ CC Wl CC t//, i = 
1, • • ■ , n, j = 1, • • ■ , n — 1, and the PS sections 

with support in Cl{U'^)^ such that 

Im(I)5[,,(yO)+span(Ki(yOr-- = \ (4.29) 

Vy'eCT(C/;o)nZ(5[,,), z = l,--- ,n. 

For z = 1,... set [/« = Wi = /-HW,'^), f// = r^iU?): 

= /-i(M^/) and = /"HC^D, and 

^./(y) := Cl)y\'^'aCfu{v)))^ l = l,---,m,, 

then C/° C W/ CC J7f CC Wi CC j = 1, ■ • • , n - 1, each cti; has support 
in Cl{U^), and it also holds that 

Z{S) C Uf^it/o, 

Im(£)5j/.(y)) +span({cr,i(y),-.. ,(Ti„,(y)}) = {Eu^g \ (4.30) 
VyGCT(?7,o)nZ(^a.), i = l,--- 

Let m = mi + ■ • • + m„. As in (|4.5p and (14. 6p we have the PS Banach 
bundle systems 

(Pt.F , y X M™) 

= {(PtF/,V/ xM'"),^/,7r5,n,,n5,p,,r/ | jc/cAA}, 

(PlP, V' X K") 

= {(PtF;,y;xM'"),7r;,7r:/,fi;,n:/,p;,r^ I JC/CAA} 
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and their global PS sections T = {T/ | / e A/"} and T' = {T^ | / e TV}, 
where 

T/ : t>/ X R™ ^ PlFi, 

n rrii 



n nii 




So each t = {i,j}i<j<™, £ R'" gives a global PS section T^*) = {T^*^ | / e 

l<i<n 

TV} (resp. T'^*^ = {T'^*^ | / G AA}) of the PS Banach bundle systems (V", F) 
(resp. {V',F')), where 

T^*^ : Vi -> Fi, XI ^ Ti{xi,t) and 

Carefully applying the resolution arguments in Section r2.31 one can prove 
that for each I G TV, (|4.28p induces a natural group homomorphism ipi : 
F/ — > P/, a (^/-equivariant PS map fi'.Vi~> V/ and a (/^/-equivariant PS 
bundle map fi'-Fj^ Fj covering // such that for any J C / G TV it holds 
that 

° // = fj o (resp. n'/ o /, = f'j o nS) (4.31) 
on in^jyHVj) (resp. (fl'j)-^Fj)). So they give a PS map 

(/, /) = {(//, //) I / G AA} : {V, F) ^ {V', F'). 

By the assumptions one can check that each // is a proper PS Fredholm map 
and sends the strata of Vi of codimension i to those of V/ of codimension 
i, i = 0, 1, 2. Moreover, each / restricts to a Banach space isomorphism on 
each fiber. The sections T^*^ and T'^*^ above satisfy: 

/, o T^*' = T'^*) o /, (4.32) 

for any / G TV. 

Since / is proper for each sufhciently small open neighborhood W'* of 
Z{S') in U"^;^[/-" the inverse image W* := f^^iW*) is also very small open 
neighborhood of Z{S) in Uf^^U^. Note that iX,E,S) and {X',E',S') are 
/*^-good and .A-good respectively. As before, using (|4.29p and (|4.30p we 
have a sufficiently small £ > and a residual subset i?e(R™)res in -Be(R™) 
such that for each t = {tij}i<j<mi & 5e(K"')res both sections 

l<i<n 

t'^P -.V; ^F*, xi^Ti{xi,t) 



164 



and 

are (weakly) fc-Fredholm PS section and also transversal to the zero section. 
Here 

^ [niY^W* nVi) and FJ=Fi\^,. 

As before we set 

M\{S) = (t(*V(0) and M\{S') = (T'^*V(0)- 

Then (|4.32p implies that for any / e TV and J d I eM, 

fi{M'j{S)) ^ M]{S') and n'J o fj ^ fj o tt'j. (4.33) 

Since /(Vq) C Xq, it easily follows that the following commutative diagram 
holds: 

f 

X X' 

which is, by (|4.16p . is equivalent to (|4.23p . (That is, e{E, S")*, as a PS map 
from M*{S)o cVtoX, and e{E', S')\ as a PS map from A4*(S")o C V' to 
X', satisfy (|4.23p .) Here we also use / to denote the induced natural map 

from7W*(S')o to 7W*(S")o- 

Under the final assumption, it is easily seen that // also sends the strata 
of A4*j{S) of codimension i to those of A^j(S") of codimension i, i = 0, 1, 2. 

□ 



4.3 Framework II 

In the studies of the Floer homology and the (open string) Gromov-Witten 
invariants one needs to consider the oriented (weakly) PS Banach 0-Fredholm 
orbibundles with the strata of codimension 1. (Actually, the bundle should 
also be smoothly (weakly) 0-good.) By Definition IS . 71 there is a stratum of X, 
denoted by Xi, such that {X,E,S)i = {Xi, E\xi, S\xi) is a Banach Fred- 
holm bundle of index Ind(S')-l. As before let [X, E, S)o = {Xq, E\x„,S\xo) 
denote the top stratum of {X, E, S), i.e. the stratum of codimension 0. De- 
note by Xqi = XoLi Xi and 

M'jiS), = M*j{S) n {7rj)-\X,), z = 0, 1, 
M){S)oi = M'j{S) n {TTirHXoi). 
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Then by (|4l0)) it holds that 



for any i = 0, 1 and A: G N. In general, AA\{S)m is a weakly 0-PS manifold 
of dimension r. Since the closure of M\{S) in C^(V^*) is compact, the 
topological boundary of A4*(S')oi in Vj 

dtM\{SU C dM\{S)o U U 7W^(^)>2, (4.35) 

where dM\{S)o = M\{S)fi n {TTiy^{dXa) and 9Xo is the boundary Ba- 
nach orbifold of Xq, and M-\{S)>2 is the union of all strata of M.\{S) of 
codimension more than 1. We first prove: 

Lemma 4.16 If r = 1 and t e Bs(R"^)res then all sets M]{S)i and 
dM\{S)o are finite. 

Proof. Firstly, UI(=^^^rI{M){S)l) is a closed subset in (Ji^f^ni{M){S)). 
In fact, let 7ri{xjk) x for some sequence {xjk} C ni{M\{S)i). Since the 
set U/g7v'7r/(A^/(S')) is compact by Proposition l4.6r iv) . so is Cl{M]{S)i). It 
follows that TrJ^{Cl{M]{S)i)) is compact in Cl{Vj*). By RcmarkE^H after 
passing a subsequence (if necessary), we may assume xjk xj G ttY^{x) C 
C;(V7) C V+. This i/ must belong to V+ n 7r7i(Xi) since r = 1 and 
thus X = XqKJ Xi. Moreover, the compactness of yJi(zj^TTi[M\{S)) implies 
X G nL{Ai\{Sy) for some L G A/", where L C I or I C L. Let a; = 7rL(a;L) 
for some x^ G A4\^{S). As at the beginning of the proof of Theorem 12.381 
T = {T/ I / G Af} can naturally extend to a (weakly) PS 0-Fredholm section 
of (PIT+,V+ X R"*), denoted by T+ = {T+ J / G A/"}. Let T^^*) be the 
corresponding (weakly) PS 0-Frcdholm section with T^*' in Corollary 14.51 
Then each T^) restricts to Tj*'' on Vj . By the compatibility of the family 
e AA}, we have xi G (T^*))-i(0)i and thus xl e Mi{S)i 
and X G TrL{M\{S)i). The claim is proved. 

Next, the compactness oiL)i^j\fTri{M\{S)) imphes that U/e^7r/(A/( j(S')i) 
is compact. The desired conclusion easily follows from the fact that each 
A^*(iS')i is a manifold of dimension zero. 

Similarly, we can prove that Ui^j^Tri{dA4*i{S)o) is a closed subset in 
U/e^'S'/(A^/(S')). Thus it is compact and hence a finite set. □ 

In contrast with Assumption l4.7l in Framework I, from now on we make: 

Assumption 4.17 The union Xqi of Xq and Xi is contained in the regular 
part X° of X. 

In contrast to (I4.14p . for any t G B^{W"-)res wc formally write 

eiE, S)' := " " pf^{*/ : >t*/(5)oi - X} (4.36) 



166 



where "X]/ga^" understand as in (|2.111[) . It is a rational singular chain 
in X of dimension r — Ind(S'), called a virtual Euler chain of the triple 
{X,E,S). 

As in Remark I2.43r iii) let be the equivalence relation in the disjoint 
union U/eAT -^/('S')oi generated by setting yj ^ zj if J C I and nj{yi) = 
zj. Denote by 

m\s)oi:^ l[M]{S)oi/ (4.37) 

and by qj : A^j(S')oi A^*(5)oi the restriction of the obvious quotient 
map to X*(S')oi. Since M\{S)oi C M\{S)° we have a well-defined label 
function ^ 

A:A7*(5)oi ^Q, ^-M [fxelmiqi), (4.38) 

where |(7j^(x)| is the number of elements in the set qY^{x). 

We hope that M\{S)oi is a smooth manifold with boundary M\{S)i. 
In the case that the bundle {X, E, S) is also smoothly (weakly) 0-good, the 
final claim in Corollary 14.51 tells us that each A^*(S') is a smooth manifold 
of dimension r and with corner, and each stratmn A4*j{S)i is a submanifold. 

Proposition 4.18 Under Assumptio n^.lT] if the bundle {X,E,S) is also 
smoothly (weakly) 0-good, then each M*j{S)oi is a r-dimensional oriented 
manifold with boundary dA4]{S)o U M*j{S)i, i.e. 

dM\iS)oi - dM]{S)o U M]{S)i. (4.39) 

In particular, if Xq has no boundary as a Banach orbifold, then 9A^* (S')oi = 
M'iiS)! because dM*i{S)o = 0. 

Proof. By ijOK)) . 9t7W*(S')oi C dM]{S)Q U M]{S)i U M]{S)>2. In the 
present case we conclude 

dtM*i{S)oi = dM*i{S)o U 7W*(5)i U M]{S)>2. (4.40) 

In fact, for any x £ M*{S)i U A^*(S')>2, if there exists a small open neigh- 
borhood Z^(a;) of X in Vj* such that h({x)nM\{S)o = 0, then the intersection 
U{x)r]M){S) = U{x)r]M){S)>i is a weakly PS manifold of dimension less 
than r and with finitely many strata. This contradicts to the fact that 
L({x) n Ai*j{S) is a nonempty open subset of the r-dimensional manifold 
m{{S). Hence M]{S)i U M]{S)>2 C dtM]{S)oi and thus (1440)1 holds 
true. 

Recall that a boundary manifold (or manifold boundary) of the manifold 
A^*(5')oi is a submanifold of codimcnsion one on which each point is a 
topological boundary point. Hence (|4.39p follows immediately. □ 

Under the assumption of Proposition 14.181 the boundary of e{E, S)* is 
defined as 

deiE, S)' " J2 " rR{^^ 9M'jiSU ^ X}. (4.41) 
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Corresponding with Claim 14751 we still have: 



Claim 4.19 Under the assumptions of Proposition ^. 1 8\ thende(E,S)* is a 
rational singular cycle in X and its homology class [de{E, S)*] G Hr-i{X, Q) 
is zero. 

If r = 1, by Proposition l4. 181 each M\{S) — A^*(S')oi is a 1-dimensional 
oriented manifold with boundary 9A^*(S')o U7Wj(S')i. By the classification 
theorem of the 1-dimensional manifold each connected component of M*^{S) 
is diffeomorphic to either the circle or one of three intervals [0, 1], [0, 1) 
and (0, 1). For each xj G dM\{S), as usual the orientation ofM\{S) induces 
an one of x/, i.e., a number o{xi) e {1,-1}. More precisely, since there 
must exist an embedding ip : (0, 1) — > Int(A^* (5)) such that (f{l/n) xj as 
n —>■ oo, o{xi) is defined as 1 (resp. —1) if ip is orientation preserving (resp. 
reversing). From this definition and (j4.34p it immediately follows that 

o{n'j{xj)) ^ o{xj) (4.42) 

for any J C I £ J\f and xi £ (7rj)"^(T^/) H dM\{S). Moreover, under 
Assumption 14. 1 7l if r = 1 then for any J C I E Af the projection 

■■ i^jr\vj) n M'liS) Im(^5) n M'jiS) 

is a |r/|/|r,/|-fold (regular) PS covering. So using (|4.34p and (|4.42p we can 
derive that for any J C I € J\f, 

E _ Th^(y)- (4-43) 

We call the rational number 

H9e(£;,^)*:="E" E ^°(*) (4-44) 

the oriented number oi de{E,S)*^, where as before "X^/gA^ " EnGS-ns that 
for the parts 

E- :o(x) in :o(x) 

and ^ ^ 

E- — :o{y) in > - — Toiy) 

we only count them once because they are same by (j4.43l) . 
By (lO^ . for X e dM\s) = djt {S)qi we can define 

o{x) := o{x) (4.45) 
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with any representative of the equivalence class x, and then using the label 
function A in (|4.4ip define the oriented number of dAA {S) by 

^dM\s) \{x)o{x). (4.46) 
One easily proves that 

^de{E,SY = ^dM\s). (4.47) 
It follows from Claim 14.191 that 

Theorem 4.20 Under the assumptions of Proposition R.J^ if r = \ then 
the oriented number '^de{E, S")* = for any t S -Be(K™)res- 

In the Floer homology, though the case r = is sufficient for defining the 
boundary map, the case that r = 1 and Xq has no boundary as a Banach 
orbifold will be used when one proves the boundary map to be indeed a 
boundary operator. The case that r = 1 and has a boundary is also 
needed for one proving the associated chain homomorphisms with different 
Hamiltonian homotopies are chain homotopy equivalent. 

Finally, after replaceing Assumption 14.71 by Assumption 14.171 (if neces- 
sary) in Prop ll.lOl fthc restriction principle), Prop l4.12l (stability). Prop l4.13l 
(homotopy), Prop l4.14l and Prop l4.15l (functorialitv) all corresponding con- 
clusions about the virtual Euler chains still hold. 

The deep studies of different product operators in Floer theory require 
us to consider the case r > 1. For a smoothly (weakly) 0-good PS Banach 
0-Fredholm orbibundle, our theory and techniques can easily be further de- 
veloped to satisfy different needs. We here do not present them. 

A Appendix: Banach manifolds with corners 

For convenience of the readers we review some basic materials on the Ba- 
nach manifolds, cf. [MaOu] . Let ,Bn be real Banach spaces. For 

(Xi, • • • ,Xn) e Bi X ■ ■■ X B„, 

\\{xi, ■ ■ ■ ,Xn)\\ = max{||a;i||, • ■ • , ||a;„||}, 

define one of three typical equivalent norms on the real linear space Bi x 
• • • X Bn- Their topology is the product topology of the spaces Bi, - ■ ■ ,Bn- 
For a real Banach space B denote by C{B,M.) the space of all continuous 
real linear functionals on B. Let A — {Ai, • • • , A„} be a linearly independent 
system of elements of £(i?, R). The set 

B+ := {x(EB\Xiix) > O,-- - ,Xnix) > 0} 

is called the A-quadrant of order n of _B. If A = {A} we also denote Bj^ 
by B+. Then it is clear that B^ = n^^j^E^^ and = B if A = 0. We also 
denote nf^iKer(Ai) by B^ or 5^ if A = {A}. Then we have B^ = Df^^^B^^ 
and B9 = S if A = 0. 
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Definition A.l Let B and F be two real Banach spaces, Bj^ a A-quadrant 
of B and U an open set of Bj^ . For p G N we say that a map f : U ^ F is 
of class p on U ii f is p times differentiable on U and the map D^f : U 
£f (i?, F) is continuous. If / is of class p onU for all p € N we say that / is 
of class cx) on [/. 

Proposition A. 2 Let f : U ^ F be as in Definition \A.l[ and p e N U oo. 

(i) If the real Banach space B admits differentiable partitions of unity of 
class p, then f is of class p on U if and only if for any x E U there 
exist an open neighborhood V{x) of x in B and a map fx ■ V{x) — > F 
of class p (in the sense of the ordinary Differential Calculus ) such that 
fx and f coincide on V{x) n U . 

(ii) If p € N, then f is of class p onU if and only if there exist an open set 
G of B and a map f : G F of class p (in the sense of the ordinary 
Differential Calculus) such that G n — U and f — f on U. 

Let X be a Hausdorff topological space. A Banach chart on AT is a 4- 
tuple ([/, (fi, B, A) consisting of an open subset U oi X, a real Banach space 
B, a linearly independent system A of elements of C{B, M) and a homeomor- 
phism Lp from U to an open subset (p{U) of Bj^. The space B is called the 
model of the chart, and U the domain of the chart. Two Banach charts 
{U, tp, B, A) and {U' , (p' , B', A') on X are said to be compatible of class p 
if Lp{U n U') and (p'{U n U') are open subsets in BJ^ and respectively, 
and 

if' oip-'^ : ip{UnU') ^ ip'iUnU') and ipo ip'-'^ : ip' (U nU') ip{U nu') 
are of class p (and hence C^-diffeomorphisms) . 

Definition A. 3 A collection A of charts on a Hausdorff space X is called 
an atlas of class p on AT if the domains of the charts of A cover X and any 
two of them are compatible of class p. Such two atlases A and A' on X is 
said to be equivalent of class p if ^ U is also an atlas of class p on X. 
It may be proved that this is indeed a equivalence relation over the atlases 
of class p on X for each p G N U {oo}. Denote by [A] the equivalent class of 
the atlas of class p on X. It is called differentiable structure of class p on 
X and the pair (AT, [A]) is called C^-Banach manifold, usually only denoted 
hyX. 

It should be remarked that for two charts {U, (p, B, A) and {W, (p', B', A') 
of a Banach manifold AT at a; the Banach spaces B and B' arc not linearly 
homeoniorphic . 

Definition A. 4 Let i?^ be a A-quadrant of order n in the real Banach space 
B as above, and U an open set of i?^. For x S B^, indA(a;) := tl({i | Xi{x) = 
0} is called A-index of x. The sets OaU :~ {x E ?7|indA(a;) > 1} and 
intA?7 := {x E U \ indA(a:) = 0} are called A-boundary of U and A-interior 
of U, respectively. 
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Proposition A. 5 Let be a K-quadrant of order n in the real Banach 
space B as above, and U an open set of B^ . Then we have: 

(i) U - dfJJ = intAt/ = t/ n init^Bl; 

(ii) U = [dfjl) U intAt/ and {OaU) H intAf/ 7^ 0; 

(iii) // A = then d^U = and i-oifJJ = U ; 

(iv) intA?/ is the topological interior ofU in B. 

(v) // dAU i- then and vsAaU 0. 

Moreover, if is a V -quadrant of order m in another Banach space F, V 
an open set of F+ and f : U ~^ V a diffeomorphism of class p>l, then 

(vi) indA(a;) — indr(/(a;)) for all x € U ; 

(vii) OaU if and only if drV ^ 0; 

(viii) /(intA?/) = intrV and f{d{JJ) = d^v; 

(ix) /|intA(7 ■ intAt/ intrV is a diffeomorphism of class p. 

It follows that for any Banach manifold X of class p > 1, if a; G X is con- 
tained in the domains of two Banach charts {U, if, B, A) and ([/', (p', B', A') 
of X one has indA(¥'(a;)) = indA'(<^'(a;)). Thus we may define indA(<p(a;)) to 
be index of x, denoted by ind(a;), where {U, (p, B, A) is any Banach chart of 
X whose domain contains x. One can prove that for any x £ X there exists 
a Banach chart {U, if, B, A) of X such that x € U and ip{x) = 0. Such a 
chart is called centered chart at x. 

Definition A. 6 Let X be a Banach manifold of class p > 1. For any 

A: e N U {0} we define 

d''X :={xeX\ md{x) > k} and BkX = {xgX\ md{x) = k}. 

The former is called fc-boundary of X. In particular d^X is called bound- 
ary of X and denoted by dX. Clearly, d^X = X. BqX is called interior 
of X and denoted by Int(X). 

Proposition A. 7 Let X be a Banach manifold of class p > 1. Then we 
have: 

(a) Int(X) is a dense open set of X. 

(b) d'^X is a closed set of X for any fc G N. 

(c) For every A: G N U {0} there exists a unique differentiable structure of 

class p on B^X such that for all x S Bj^X and all charts {U, (p, B, A) of 
X centered at x, the triplet {UdBi-X, flunSkX , B^) is a Banach chart 
of that structure. Furthermore Bk has no boundary, i.e. d{BkX) = 0, 
and the topology of the manifold BkX is the topology induced by X . 

(d) There is a unique differentiable structure of class p on Int(Ar) such that 
for all X G Int(X) and all charts {U, ip, B, A) ofX centered at x (hence 
A = 0, [/ C Int(A:) and B\ = B) the triplet {U,p,B) is a chart of 
lnt{X). Furthermore Int(X) has no boundary and its topology is the 
topology induced by X. 
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(e) // d'^X — 0, there is a unique dijferentiable structure of class p on dX 
such that for all x G dX and all charts {U, ip, B, A) of X centered at 
X (hence A — {\}), it happens that ([/ n (p|[/nax, ^ chart 

of dX . Furthermore dX has boundary and its topology is the topology 
induced by X . 

Proposition A. 8 Let X and X' be two Banach manifolds of class p > 1, 
and f : X X' a diffeomorphism of class p. Then we have: 

(1) ind(x) = ind(/(x)) for all x £ X ; 

(2) f{d''X) = d'^X' and f{BkX) = BkX' for allkeNf) {0}; 

(3) For all k e N n {0}, fls^x ■ BkX — > BkX' is a diffeomorphism of 

class p, where BkX and BkX' are the manifolds described in Proposi- 
tion \A.7^ c). In particular, if d^X — ^, f is a diffeomorphism of class 
pofdX^ BiX onto dX' = B^X' . 

Proposition A. 9 Let X and Y be two Banach manifolds of class p. Then 
there is a unique structure of differentiable manifold of class p, [A\ , in X x 
Y such that for every chart {U,(p, B, A) of X and every chart (Vjip, F,T), 
{U X V,^p X iIj,B X F,AopiUT o pa)) is a chart of {X x Y, [A]). The pair 
{X X Y, [A] ) is called the product manifold of X and Y. Then we have: 

(1) The topology of the product manifold X xY is the product of the topolo- 
gies of X and Y ; 

(2) For every {x,y) £ X xY , ind(x,?/) — ind(a;) + ind(y); 

(3) d{X xY)^ {dx xY)\j{Xx dY), more generally, for all k £ N Ci {0}, 

d^{X xY)= IJ {d'x X d^Y); 

i+j=k 

i>0,j>0 

(4) lnt{X xY) = lnt{X) x Int(r), more generally, for allk eNCi {0}, 

BkiXxY)^ U {B,xxB,Y); 

i + j = k 
i>0.j>0 

and these BiX x BjY are pairwise disjoint open sets of Bk{X x Y). 

Theorem A. 10 (Xiocal Inverse Mapping Theorem for Open Sets 
with Corners^. Let U be an open subset of a quadrant B^, F^t a quadrant 
of a Banach space F, f : U F^ a map of class p (p £ N U {oo}) such 
that f{dAiU)) C dF+. For x e U, suppose that DF{x) : B ^ F is a 
linear homeomorphism. Then there exist an open neighbourhood Ui{x) of 
X in U and an open neighborhood U' of f{x) in F^ such that f\ui{x) o, 
diffeomorphism of class p from Ui{x) onto U' . 

Theorem A. 11 fThe Implicit Function Theorem for Manifolds with 
Corners ). Let X, Y, Z be differentiable manifolds of class p (p G NU {oo} ), 
f: XxY^Za map of class p and (a, b) £ X x Y . Suppose that 
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D2f{a,b) : T^Y — » Tf(^^^i,-^Z is a linear homeomorphism, and suppose that 
there are an open neighborhood V{a) of a and an open neighborhood V(b) of 
b such that f{V{a) x {V{b) n dy)) C dZ. 

Then there are an open neighborhood W{a) of a, an open neighborhood 
W{b) of b and a unique map g : W{a) W{b) such that: 

(1) f{x,g{x)) = f{a,b)forxeW{a); 

(2) g{a) = b and g is of class p on W{a); 

(3) For every x G W{a), D2f{x,g{x)) is a linear homeomorphism from 

T^Wia) = T^X toTg^,)W{b) = Tg^^^Y, andDg{x) = -{D2f{x, g{x)))-^o 
D,f{x,g{x)). 

Proposition A. 12 (Topological properties of the differential mani- 
folds^. Let X be a Banach manifold. Then 

(1) X is locally connected and locally path- connected; 

(2) X satisfies the first axiom of countability; 

(3) X satisfies the second axiom of countability if and only if one of the 

following two conditions hold: 

(3.1) X sa,tisfi,es the Lindelof property and has an atlas whose charts 
are modelled over separable real Banach spaces; 

(3.2) X has a countable atlas whose charts are modelled over separable 
real Banach spaces; 

(4) X is locally compact if and only if it is locally of finite dimension; 

(5) X is a Baire space; 

(6) X is a metrizable space if and only if X is a paracompact space. 

Let X and Y be Banach manifolds with p>l. A C^-map f : X ^Y 
is called Predholm at a; G X if df{x) : T^X Tf(^^yY is a Frcdholm 
operator. In this case the Fredholm index of / at x, inda;(/), is defined 
as the Fredholm index of df(x). f is said to be a Fredholm map if it is 
Predholm at each point of X. A point a; e X is called singular if df{x) 
is not surjcctivc. The set of singular points of / is denoted by S{f). Each 
point in X \ S{f) is called a regular point of /. A point in T \ f{S{f)) is 
called a regular value of /. 

Theorem A. 13 ('Smale and Quinn Density Theorem^. Let X and Y 

be Banach manifolds. For a Fredholm map f : X ^ Y such that 

j; > 1 + ind2;(/) for every x E X one has: 

(Smale ) If X and Y are topological spaces and X is Lindelof then Y \ 
f{S{f)) is a residual set in Y and therefore it is dense in Y. 
CQuinnj If X is a T3 space and f is also a-proper then Y \ f{S{f)) is a 
residual set in Y and therefore it is dense in Y. Moreover, if f is proper 
then Y \ f{S{f)) is open and dense in Y. 
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Proposition A. 14 Let X and Y be separable Banach manifolds, and Z 
be a Banach space. Suppose that ^ : X x Y ^ Z is transversal to a point 
q ^ Z. Then ^A{^, q) := {{x, y) £ XxY \ $(a;, y) — q] is a separable Banach 
manifold and y ^Y is a regular value of the restriction of the projection Py 
(to the second factor Y ) to A^($, q) if and only if the map 

: X ^ Z, X 1-^ ^{x, y) 

is transversal to q. In particular, if <^ is equal to f ®g : X xY ^ Z, {x,y) >—>■ 
f{x) + g{y), where f : X ^ Z is a Fredholm map of and g : Y ^ Z a 
-smooth map, then the restriction of the projection Py to A^($,g) is a 
Fredholm map of index Ind(/). 

Proof. The first conclusion is standard. To arrive at the second note 
that y ^ Py(7W(<I>, 9)) if and only if $(a;,?/) ^ q for any x & X. When 
y e Py(A^($,g)) and x e {^yy^{q), i.e. ^{x,y) = q, the differential 

.... )(a;,j/):r(,,,)A^($,g)^r,r, (^,,7)^^77 

is surjective if and only if for each rj e TyY there exists ^ G T^X such 
that (^,77) e Ker($(x,?/)), i.e. d^^x,y)iO + dyHx,y){r]) = d^y{x){C) + 
dy^{x,y){ri) = 0. If $y is transversal to q at this x, then d^y{x) : T^X — > 
is onto, and thus for any 77 e TyY one has ^ € T^X satisfying d^y{x){^) = 
—dy^{x,y){ri). Conversely, for any z e Z, since d^{x,y) is surjective we 
have(Ci,?y) eT^X x TyY such that dx^{x,y){Ci) + dy^{x,y){ri) = z. More- 
over, dlPy li^iV) is surjective one has also C2 G T^X such that 

(C2,-'7) e r(^,j^)7W($,g), i.e d^<P{x,y){C2) + dy<P{x,y){-'n) = 0. It follows 
that dx^{x,y){(i + (2) = z. That is, d.j;^y{x) is surjective. 

Finally, if $ = / © then at any {x,y) £ A^($,g) the tangent space 
T(,,,)A^($, q) = Kcr($(a;, y)) - {(e, v) e T^X x TyY \ df {xm + dg{y){7^) = 
0}. Since the differential 

d<^{x,y) : T(,,,)(X X y) ^ T,Z = Z, (C, v) ^ df{xm + dg{y){v) 

is onto, and df{x) is Fredholm, by Lemma [TT^T i) the projection P2 : T^X x 
TyY — > TxY to Ker((i$(x, y)) (which is equal to the restriction of the differ- 
ential dPyiXjy) to Ker{d^{x,y))) is Fredholm and has index lndex{df{x)). 
□ 



B Appendix: Slice theorem for actions of Lie 
groups on Banach manifolds 

This appendix is written in terms of Section 2 in Appendix. B of [GuGiKa] 
by Guillemin-Ginzburg-Karshon. Let A be a connected Banach manifold. 
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and a compact Lie group G smoothly acts on X by automorphisms of X. 
The isotropy group (or stabilizer) of a point x ^ X \s 



Gx ^ {g ^ G\g ■ X ^ x), 



and the orbit of a point x G X is 



G-x = {g-x\gC,G}. 



The orbit type of a point x e X is defined to be the conjugacy class 
of its isotropy group Gx in G. Since Gg.x = gGxg~^ the conjugacy class 
is constant along an orbit. For any subgroup C G let {H) denote the 
conjugacy class of H in G. We set 



The fixed point set of a non-trivial subgroup H d G is defined by 

X" := {x e X\g -x = xVg e H}. 

Theorem B.l For any x G X^ there exists a G-equivariant diffeomor- 
phism from a neighborhood of the origin in TxX onto a neighborhood of x 
in X . 

Proof. For any small G- invariant neighborhood t/ of x we can take a smooth 
map f : U ^ TxX such that its differential at x is the identity map on 
TxX. With the Haar measure dg of G we define the average of / over G as 



(If G is a finite group F is defined by F{y) — J2g<£G 9*fi9^^ ' 2/))- Then 
dF{x) = It^x and F{h ■ y) = h^{F{y)) for any y e U and h E G. By 
the implicit function theorem there exists a small G-invariant neighborhood 
V C U oi X such that F\v '■ V F{V) is a diffeomorphism. Its inverse is a 



Theorem IB.ll is often called the local linearization theorem. 

The tangent space of an orbit G ■ x a,t x, Tx{G ■ x), is a Ga;-invariant 
subspace of TxX. Since Tx{G ■ x) is finite dimensional, elementary func- 
tional analysis arguments imply that there exists a direct sum decomposi- 
tion TxX = Tx{G ■ x) (B Y . However Y is not necessarily Ga; -invariant. Note 
that the direct sum decomposition TxX ^ Tx{G ■ x) ®Y corresponds with 
bounded projection P : TxX — > Tx{G ■ x) in a one-to-one way. We can 
average a projection by the G^j-action to get an G^-invariant complement 
subspace Y of Tx{G ■ x), TxX ^ Tx{G ■ x) ® Y. Let W be an open Gx- 
invariant neighborhood of the origin in Y , and G Xg^ be the associated 
bundle. 



XH = {xeX I Gx = H}, 

^(H) = {x E X\Gx is conjugate to iJ}. 



F:U^ TxX, 




desired diffeomorphism. 



□ 
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Theorem B.2 (Slice theorem) For small W there exists a G-equivariant 
dijfeomorphism $ from the bundle G Xq^W onto a neighborhood of the orbit 
G-x in X such that the restriction of it to the zero section Gxq^ {0} = G/Gx 
is given by 

GIG., -^X, gG^^g- x. 

Proof. By Theorem lB . 1 1 there exists a G-equivariant difFeomorphism (p from 
a neighborhood U of the origin in T^X onto a G-invariant neighborhood V 
of X in X. Shrink W so that W CU, then the map 

$:Gxg. W^^X, [g,^]^g-m, 

is well defined and is a local diffeomorphism at the point [e, 0]. Here e is the 
unit in G. The G-equivariance implies that $ is a local difFeomorphism at 
all points of the form [e, 0] . Thus one only need to prove that is one-to-one 
for sufficiently small W. The latter can be easily obtained by a contradiction 
argument because G is compact. □ 

Using the slice theorem we easily derive: 

Corollary B.3 For any subgroup H <Z G the set ^(h) *s a submanifold 
of X . If H is nontrivial then its fixed point set X^ is a disjoint union of 
closed submanifolds of X . Moreover, if the action of G is effective, X° := 
{x G X \ Gx = {!}} is an open and dense subset of X , and X**™^ := {x 6 
X I Gx 7^ {!}} is equal to the union Ufl-^jijX^. 

Corollary B.4 If the action ofG on X is locally free, i.e., each point x e X 
has finite isotropy group Gx, then the quotient X/G is a Banach orbifold. 

C Appendix: Three results on linear func- 
tional analysis 

All Banach spaces are real unless otherwise stated. 

Proposition C.l Let A : X Y be a bounded linear Fredholm operator 
of index r from Banach spaces X to Y . Assume that H C X is a subspace 
of finite codimension r' > 1. Then the restriction A\h : H ^ Y is also a 
Fredholm operator and Index(A|/j) = r — r'. 

Proof. Case 1. Ker(A) C H. We have direct sum decompositions H = 
Ker(A) ® Hi and X = H ® Xi. Then A{X) = A{Hi) ® A{Xi). Since 
dYmY/A{X) is finite there exists a direct sum decomposition F = Yi © 
A{X) = Yi © A{Hi) © A{Xi). Note that A\h{H) = A{Hi). We have 
Y/lm{A\H) = Yi ® A{Xi) and thus 

Index(A|ij) = dimKer(A|^f) - dimY/lm{A\H) 
= dimKer(A) - dim(yi © A{Xi)) 
= dimKer(A) - dimYi - dimA(Xi) 
= r — r'. 
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Case 2. Kcr(^) f) H = {0}. We have direct sum decompositions X = 
H © Ker(A) © H2 and Y = Yi® A{X) = Fi © A{H2) © A{H). So Y/A{H) ^ 
Yi © A{H2). It follows that 

Index{A\H) = dimKei{A\H) - dimY/lm{A\H) 
= - dim(Yi © A{H2)) 
= — dimCoker(j4) — dimi72 
= — dim Coker(y4.) — (r' ^ dimKer(A)) 
= dimKcr(A) - dimCoker(A) - r' 
= r — r'. 

Case 3. Ker(A) n ff ^ {0} and Ker(A) can not be contained in H. 
We have direct sum decompositions Ker(A) = Kex{A)r\H®Z, H = Ker(A)n 
© F3 and X = i? © Z © X2 and y = Fi © A{X) = Yi® A{X2) © A{H). 
So Y/A{H) ^ Yi © A{X2) and 

lndex{A\H) = dimKer(A|H) - dimy/Im(A|ff) 

= dimKer(^|/f) - dim(yi © ^(Xa)) 

= dimKer(yl) nH - dimCoker(A) - dim^(X2) 

= dimKer(^) n H - dimCokcr(7l) - dimX2 

= dim Ker(^) (IH - dim Coker(^) - (r' - dim Z) 

= dim Ker(yl) DH + dim Z - dim Coker(>l) - r' 

= dimKer(A) - dimCoker(A) - r' 

= r — r' . 

□ 

Let X be a Banach space and M C X be a closed subspace. codimM := 
dim(X/M) is called codimension of M (in X). We have the following ele- 
mentary fact, which is still proved for completeness. 

Proposition C.2 If the subspace M c X has codimension k G [2, +00] 
then for any natural number I < k there exists a closed subspace Xq c X of 
codimension I such that M c Xq. 

Proof. Since M C X is a proper closed subspace there exists a nonzero 
Xi G X such that di = dist(xi,M) > 0. By the Hahn-Banach theorem we 
have /i e X* such that /i(a;i) = 1 and fi{M) = 0. Let Mi be the subspace 
spanned by M and xi . It is a closed subspace of codimension k—1. If Z = 1 or 
k we may take Xq = Kcr(/i) or M. If 1 < Z < /c— 1 We can continue to choose 
a nonzero X2 & X such that d2 = dist(a;2, Mi) > 0. Using the Hahn-Banach 
theorem again we get a /2 € X* such that f2{x2) = 1 and /2(Mi) = 0. 
Note that /i and /2 are linearly independent. Thus Ker(/i) n Ker(/2) is 
a closed siibspace of codimension 2 and contains M. If Z = 2 we may 
take Xq = Ker(/i) n Ker(/2). If Z > 2 we may continue this procedure. 
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After I steps we get I linearly independent vectors xi, ■ ■ ■ ,xi and functionals 
fi € X*, i = 1, ■ ■ ■ ,1 such that fi{xi) ~ 1 and fi{Mi^i) ^ 0, where Mi is 
the subspace spanned by Xi and Mi_i, i = 1, • • • J and Mq = M. Clearly, 
/i,--- ,// are linearly independent. Then Xq = n-^jKer(/i) is a desired 
closed subspace because any finite elements in {/i, • • • , /;} are also linearly 
independent. □ 

Proposition C.3 Let G and H he two Banach spaces, and A : G ^ H 
he a hounded linear Fredholm operator. Suppose that H = Hi ® H2 is a 
direct sum decomposition of Banach spaces, and Pi : H Hi are natural 
projections and Ai = Pi o A for i = 1,2. If A2 : G H2 is onto, then 

A : Ker(A2) = A~\Hi) Hi, x^ A{x) 

is a hounded linear Fredholm operator and Ind(j4) = Ind(j4). 

Proof. Denote hy Ai — Pi o A, i = \, 2. We first prove that A has a closed 
range. Let {^2;„} C Im(A) converge to y £ H. Since Im(yl.) is closed, 
there is a x £ G such that Ax = y. Note that Hi is closed and Axn G Hi 
for n = 1,2,- ••. We get Ax = y G Hi, and thus x G A~^{Hi). Hence 
y e lm{A). Namely, Im(A) is closed. 

Next it is clear that Ker(JL) = Ker(A) since Ker(^) C 
Finally, we prove Coker(yl.) ~ Coker(^). Since Im(A) C Im(A) we have 
a well-defined linear map 

if : Coker(i) = Hi/lm{A) ^ Coker(yl) H/Im{A), [y]o ^ [y], 

where [y]o — y + Im(v4) and [y] = y + lm{A}. So it suffices to prove that 
is a linear isomorphism. Assume that <y9([y]o) = for some [y]o G Coker(A). 
Then [y] = and thus y G Im(A), i.e., y = Ax for some x £ G. Since y £ Hi, 
we get A2X = or X G Ker(A2) = A^^{Hi). Hence y = Ax E lm{A), i.e., 
[y]o = 0- This shows that ip is injective. To see that ip is also surjective, we 
take any [y] G Coker(^). Decompose y into 2/1+2/2, where yi G Hi, i = 1,2. 
Since A2 is onto, we have 2/2 = A2X for some x € G. Set z = yi — Aix e Hi. 
Then z ~ y — yi — Aix — j/i — j/2 = —Aix — A2X — —Ax G Im(^). Hence 
(^([zjo) = [z\ = [y]. It follows that A is Fredholm and has index Ind(yl) = 
Ind(yl) because is a linear isomorphism. □ 



D Appendix: Existence of partially smooth 
cut-ofF functions in GW-theory 

In this appendix we shall show how to construct desired PS cut-ofF functions. 
To limit the length of this paper we directly adopt the constructions in §2.4 
of [Lu3| . Let [f] e Mg^miM,J,A) and f = z) be a representative of 

it. Let y = {yi, ■ ■ ■ ,yi} be the set of all points added to S for stabilizing 



178 



(E, z). Then a :— (E,z U y) is a genus g stable curve with m + I marked 
points. By (2.5) in jLu3| we have a local deformation of u: 

form{^) ^ ^resolve 

(a) Mg {u,v) [E(„^^,),zUy], 

where Vdeform{<^) X Vresoiveio') is a small open neighborhood of the origin in 
some vector spaces of finite dimension. In §2.4.2 of [Lu3| . for each {u,v) € 
Vdeformicr) X Vresoiveicr) we coustructcd a map /(„ „) : E(„ M satisfying 

diam,, (/(„,„)(£(„,„))) < diam^(/(E)) + 4|w|i/4 

with respect to a fixed Riemannian distance cIm on M. By Remark 2.12 in 
|Lu3| we can choose a 5f > so small that the open ball Vs^ with center 
and radius Sf is contained in Vde/orm(c) x Vresoive, and that each i(^u.v} = 
(/(u^t,), E(„^i,), z), {u,v) G Vsf, is a stable L'^'P-map and has the homology 
class A and the energy i?(f(„ „)) < uj{A) + 1 since E{t) = L^iA). For e > let 
U£((5f ) by the set of all tuples z U y) satisfying the following 

conditions: (i) {u,v) € Vs^, (ii) g(u,v) ■ '^(u,v) — > M is a L'^'^-map, (iii) 
IIsCu.d) — /(«,!>) life, p < e, where the norm || • ||fe^p is measured with respect to 
the metrics T(u,d) and gj — fi. For each < 5 < Sf we denote by 

VsA^) — {i9{u,v),^{u,v),2Uy) e U,((5f) I e Vs., \{u,v)\ < 5} 
and by 

U5,e(f) := {[g(u,v),^iu,v},z] I (g(„,„),S(„,^),zUy) E VsA^)} ^ ^g!ni,A- 

The latter is the desired neighborhood of [f] G Bg^„^ j^, and the XJs,e{i) is 
the uniformizer of U5.e(f). 

For < (Jo ^ and < eo <C e let us choose two smooth cut-off functions 

771 : Vs, ^ [0, 1] and 772 : [0, +^) ^ [0, 1] 

such that 

1 ii\{u,v)\<So, „ _ f ^ ifO<t<eP, 



Viiiu,v)) = i ^ ^„ ; ^ ^ ; r72(i) = 



p 



if \{u,v)\ > 2So, ' ■ ' to if t > 2eo 

Let us define 77 : U5.e(f) M by 

V{9iu,v)) = ??i((u,«))'72(||5K«) - /(«,«) ID- 
It is not hard to check that 77 is a partially smooth cut-off function on 
XJs,e{f)- By shrinking 60 > and eo > we can also require that its support 
is contained in a given small neighborhood of f. As in §2.4.4 of |Lu3| let 

U5,<:(f,H) := {{gi^u,v),^{u,v),2'Uy) G VsA^) \9(u,v){yj) e Hj Vy^ G y} 

for < S < Sf and small e > 0. Clearly, the above 77 restricts to a natural 
PS cut-off function on U5^e(f, H). By the obvious averaging process we can 
get a ^ut(f)-invariant PS cut-off function on U5e(f, H) from it. 
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